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Motivation
The LQR Problem

The linear-quadratic regulator (LQR) problem

. /Ooox(t)TQx(t)+u(t)TRu(t)dt (=V0e) (1)

u€L>[0,00]

subject to
x(t) = Ax(t) + Bu(t), x(0)=x, € R". (2)

AER™ BER™™ 0<Q=QT eR™ 0<R=R" e R™*™m,
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Motivation
The LQR Problem

The linear-quadratic regulator (LQR) problem

. /Ooox(t)TQx(t)+u(t)TRu(t)dt (=V0e) (1)

u€L>[0,00]

subject to
x(t) = Ax(t) + Bu(t), x(0)=x, € R". (2)

AeR™ BeR™ 0<Q=QT eR™", 0< R=RT e R™m.

Solution: optimal control/Riccati feedback [KALMAN 1960]

u(t) = —R71BT X.x(t), (3)

where X, = X € R"*" is the unique positive semidefinite solution of
the algebraic Riccati equation (ARE)

0=Q+A"X + XA - XBB"X =: R(X). (4)
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The LQR Problem

Properties of the Riccati solution

0=Q+A"X +XA—XBB"X =: R(X).

(I) X, is unique element in X := {X € R"™"|R(X) = 0} which is
spsd and spd if (A, @) controllable.
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The LQR Problem

Properties of the Riccati solution

0=Q+A"X + XA - XBB"X =: R(X).

(I) X, is unique element in X := {X € R"™"|R(X) = 0} which is
spsd and spd if (A, @) controllable.
() X, > X for all X € X.

(1) X, is unique element in X with
AN(A—BRIB™X)cC™ :={zecC|R(z) <0}

= lim;00 x(t; ux) = 0.
(IV) V(x0) = xg Xixo-
(V) u(t) = argmin, g &llx(t)|

X, pointwise in t.
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LQR Control in Action

An example: the double inverted pendulum

Movie thanks to Patrick Kiirschner, Chris Miller; 3 June 2014.
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Motivation

Goal: Avoid overshoot!

Avoid/reduce large increase in ||x(t)||2 in transient phase (" overshoot”).

1 10 1 0 0.1628  1.1398
A= B = —Q=R ~ X= .
1.1398 16.1214

0o 1 0 1

Transient response using Riccati feedback
T T T T

" [—Riccati feedback
—no control

10 T

Il

09 1

0.3 0.4 0.5 0.6 Q.7 0.8
time t

0 0.1 0.2

Ideally, guarantee monotonic decrease of ||x(t)|| from xo!
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The Riccati Eigenproblem

Problem statement

Motivated by the Lyapunov eigenproblem [KonaupT 2008]
ATP + PA= P,

and the improved stability results for free dynamical systems x = Ax
using || . ||p instead of || . ||2, we investigate the

Riccati eigenproblem (RICEP)

ATX + XA — XGX = \X,

where for the LQR problem, G = BR™1B7.
We aim at eigenvalues A\ € R with A < 0 and "eigenvectors” X > 0.
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replacing ARE solution by appropriate eigenvector of RICEP?
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Problem statement

Motivated by the Lyapunov eigenproblem [KonaupT 2008]
ATP + PA= P,

and the improved stability results for free dynamical systems x = Ax
using || . ||p instead of || . ||2, we investigate the

Riccati eigenproblem (RICEP)

ATX + XA — XGX = \X,

where for the LQR problem, G = BR™1B7.
We aim at eigenvalues A\ € R with A < 0 and "eigenvectors” X > 0.

Q: can the transient behavior of closed-loop system be improved by

replacing ARE solution by appropriate eigenvector of RICEP?
Note: formally, we replace constant term Q in ARE by —AX in RECIP. This
corresponds to modified cost functional

oo
min / “ax(8)TXx() + u(t)T Ru(t) dt.
u€lr[0,00] Jo
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The Riccati Eigenproblem (Ce

Results

For G = GT >0, consider RICEP
ATX + XA — XGX = \X,

Suppose A < 0, X > 0 is an eigenpair of RICEP, then:
a) X is stabilizing, i.e., N(A— GX) Cc C.
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Results

For G = GT >0, consider RICEP
ATX + XA — XGX = \X,

Suppose A < 0, X > 0 is an eigenpair of RICEP, then:
a) X is stabilizing, i.e., N(A— GX) C C.

b) Consider the minimization problem
min d [Ix(2)]I ointwise in t
in —||x intwise in t.
u(t) dt x

Its optimal solution is u.(t) = —R™1BT Xx(t).

v
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Results

For G = GT >0, consider RICEP
ATX + XA — XGX = \X,

Suppose A < 0, X > 0 is an eigenpair of RICEP, then:
a) X is stabilizing, i.e., N(A— GX) C C.

b) Consider the minimization problem
min d [Ix(2)]I ointwise in t
in —||x intwise in t.
u(t) dt x

Its optimal solution is u.(t) = —R™1BT Xx(t).
c) It holds
< Ix(e)lx < pllx(B)lx

= Strict mon. decrease of ||x(t)||x \ 0 ~> vibration suppression.

.
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The Riccati Eigenproblem ’

A numerical algorithm

Lyapunov Eigenvalue lteration

INPUT. AcR™", 0< G =GT € R™", Xo with A (A — %GXO) cC.
OUTPUT. Riccati eigenpair (A, X) with A < 0, X = XT > 0.
FOR, j=1,...

Solve Lyapunov eigenproblem

1 1
(A= 56X)" Xj1 + Xja(A = 5 6X;) = \iXji

for minimal real eigenvalue.
ENDFOR

In case of convergence, X; — X, \; = A.
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The Riccati Eigenproblem

Properties of Lyapunov eigenvalue iteration

o Partial convergence results.
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Properties of Lyapunov eigenvalue iteration

o Partial convergence results.
o Lyapunov eigenvalue problem is a standard matrix eigenvalue
problem:

1 1
((A = 50X) @+l @ (A~ EGXJ)> Xj41 = AjXjtts

where x; = vec (Xj).
Note: there exist at least n negative real eigenvalues A\, (A) + Ax(A).
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Properties of Lyapunov eigenvalue iteration

o Partial convergence results.

o Lyapunov eigenvalue problem is a standard matrix eigenvalue
problem:

1 1
((A = 50X) @+l @ (A~ EGXJ)> Xj41 = AjXjtts
where x; = vec (Xj).

Note: there exist at least n negative real eigenvalues A\, (A) + Ax(A).

o Alternative: solve non-homogeneous Lyapunov eigenproblem:

(A= GX)T X1 + Xi1(A — GX;) = AiXi1 — X GX;.

Max Planck Institute Magdeburg @© P. Benner, The Riccati Eigenproblem 10/16



RICEP
o

The Riccati Eigenproblem

Alternative Riccati-like eigenproblems

© Replacing Q in LQR cost functional by AX + XGX —-
(A—GX)TX + X(A— GX) = \X.

Advantages:

= &lx(®lx = plx(®)]x.
— More natural Lyapunov eigenvalue iteration.
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The Riccati Eigenproblem

Alternative Riccati-like eigenproblems

© Replacing Q in LQR cost functional by AX + XGX —-
(A—GX)TX + X(A— GX) = \X.

Advantages:

= &lx(®lx = plx(®)]x.
— More natural Lyapunov eigenvalue iteration.

@ Lyapunov eigenvalue problem naturally has rank-1 eigenvectors
Py = yky[’, where yj are eigenvectors of A. ~» Consider the coupled
nonlinear EVP:

(A= GX)" Xk + Xu(A—GX) = MXe, k=1,....n,
> X
k=1

We have a Lyapunov eigenvalue style iteration for this.
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The Riccati Eigenproblem

Example

modified from [HAGEDORN 1978]

£-DOF model with Coulomb-like friction force functions Dy, generated by
conveyors moving with velocities vy:

OO (8) @
ok

4)/(!) | > f(t) —>f(t)

Ky

ORAO]OIIO

Ler Loy L

Linearization ~» 2nd order linear dynamical system My + Sy + Ky = Fu <—

. 0 1 y 0
X = Ax + Bu = + [ ] u,
-M7'k —m71s| |y M~1F
with A (A) C {z|R(z) > 0}.
y
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The Riccati Eigenproblem
Example: coupled conveyor belts
Open-loop dynamics
10
9 o
vl x O 1l
8- / B
-
6 4
5 4
4 ]
30 1‘0 2‘0 3‘0 4‘0 5‘0 6‘0 7‘0 8‘0 5;0 100
t
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The Riccati Eigenproblem

Example: coupled conveyor belts

Closed-loop dynamics measured in || . |2

YO 1l

s

Vol X0

Feedback via ARE Feedback via RICEP
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The Riccati Eigenproblem

Example: coupled conveyor belts

Closed-loop dynamics measured in || . ||x

YlxO

v

Feedback via ARE

YOl

¥

Feedback via RICEP
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Motivation RICEP Conclusions and Outlook

Conclusions and Outlook

@ The Riccati EVP is a nonlinear EVP with linear dependence on the
eigenvalue, but nonlinear in the eigenvector.

(4]

Structure of spectrum and geometry of eigenspaces widely unknown.
Solutions corresponding to real negative eigenvalues can be used in
feedback control instead of the classical LQR solution.

Effects of overshoot in the transient phase can be avoided or
reduced, vibration suppression in some cases.

o Which eigenpair provides best feedback controller?

@ Better numerical methods for the Riccati EVP are required.

(]

Further reading:

@ P. Benner and L. Kohaupt.
On a nonlinear Riccati matrix eigenproblem.

@ L. Kohaupt.
Solution of the matrix eigenvalue problem VA + A*V = pV with applications to
the study of free linear systems.
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