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Iterative Solution Derive numerical algorithms for solving
=

Peter Benner

(continuous-time) algebraic Riccati equation (ARE)

with indefinite Hessian,
R(X):=CTC+ATX + XA+ X(B1B] — B,B))X =0,

where
m A€ R™"is large and sparse,
m B e R™™ (j =1,2),
m C e RPXM
m N> m;,p.
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(continuous-time) algebraic Riccati equation (ARE)

with indefinite Hessian,

R(X):=CTC+ATX + XA+ X (BB —B,B) )X =0.
—_——
=G

Hessian of R(X)
Frechét derivative of R(.) at X:

Ry :Z — (A+ GX)TZ + Z(A+ GX).
Hessian/2nd order Frechét derivative of R(.) at X:
H:(Z,Y)— ZGY + YGZ

is indefinite in general unless B; = 0 or B, = 0.
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Motivation: H,.-Control

Iterative Solution
of AREs

Peter Benner Linear time-invariant systems

Motivation:

H oo -Control X _ AX + Bl o + B2 u7
2 z = C]_X aF Dll w  + D12 u,
y = Gx + Duyw + Dypu,

where A € R™", B, € R™ ™, C; € CP*", Dy € RP>Mk,

x — states of the system,

w — exogenous inputs

u — control inputs,

z — performance outputs

y — measured outputs v =Ev+Fy
u=Hv+Ky




Motivation: H..-Control

Transfer functions

Iterative Solution

of ARES Laplace transform == transfer function (in frequency domain)

Peter Benner

i G(s) = [ Gu(s) Gu(s)]
| Gul(s) Guls)

where for x(0) = 0, Gj; are the rational matrix functions

u Gll(S) = C]_(SI — A)_lBl + D11,
| G12(S) = Cl(sl — A)_182 + Dqo,
u Gzl(s) = C2(SI — A)ilBl + Doy,
] 622(5) = CQ(SI — A)_lBQ + Do,

describing the transfer from inputs to outputs of ¥ via

z(s) = Gu(s)w(s) + Gia(s)u(s),
y(s) Go1(s)w(s) + Gxa(s)u(s).
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The Hoo-Optimization Problem

Iterative Solution
of AREs

ESEERE  Consider closed-loop system,
Motivation: where K(s) is an internally
Hoo Contrel stabilizing controller, i.e., K
stabilizes G for w = 0.
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where F(G, K) is the linear fractional transformation of G, K.
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of AREs Z

SR Consider closed-loop system, 1 G(s) |
Votivation: where K(s) is an internally
Hoo Contrel stabilizing controller, i.e., K u[ ] Y
stabilizes G for w = 0. K(s)

find K that minimize error outputs

z= (G + GK(I — GoK) 'Gy) w =: F(G, K)w,

where F(G, K) is the linear fractional transformation of G, K.
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i F(G, K .
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Motivation: H,.-Control
The Hoo-Optimization Problem

Iterative Solution
of AREs

SR Consider closed-loop system, 1 G(s) |
Votivation: where K(s) is an internally
Hoo Contrel stabilizing controller, i.e., K u[ ] Y
stabilizes G for w = 0. K(s)

find K that minimize error outputs

z= (G + GK(I — GoK) 'Gy) w =: F(G, K)w,

where F(G, K) is the linear fractional transformation of G, K.

H.o-suboptimal control problem:

For given constant v > 0, find all internally stabilizing controllers
satisfying

1F(G, K)o < -



Motivation: H,.-Control
Solution of the Hoo-(Sub-)Optimal Control Problem

Iterative Solution

=
Peter Benner Simplifying assumptions

Motivation:

Hoo-Control Dll = O'

Dy =0;
(A, By) stabilizable, (Cy, A) detectable;

(A, By) stabilizable, ((,, A) detectable (= X internally
stabilizable);

DL [ G Di2] = 1[0 I, |;
B, 17 [0
8| o Joa=[p ]

Remark. 1.,2.,5.,6. only for notational convenience, 3. can be relaxed, but

derivations get even more complicated.



Motivation: H,.-Control
Solution of the Hoo-(Sub-)Optimal Control Problem

Iterative Solution
SfARES Theorem [DoyLE/GLOVER/KHARGONEKAR/FRANCI

Peter Benner

Given the Assumptions 1.—6., there exists an admissible controller K(s)
Motivation: solving the Ho.-suboptimal control problem <—-

H oo -Control
(i) There exists a solution Xoo = XL > 0 to the ARE

GG +ATX + XA+ X(y ’BiB] — B:B) )X =0, (1)

such that Ax is Hurwitz, where Ax = A+ (7 2B1B{ — B:BJ )Xo
(i) There exists a solution Y = Y., > 0 to the ARE

BBl +AY + YAT + Y(v’G. G - &G )Y =0, (2)

such that Ay is Hurwitz where Ay = A4 Yo.(v °GC — GG).
(i) ¥* > p(Xoo Yoo).
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Solution of the Hoo-(Sub-)Optimal Control Problem

Iterative Solution
SfARES Theorem [DoyLE/GLOVER/KHARGONEKAR/FRANCI

Peter Benner

Given the Assumptions 1.—6., there exists an admissible controller K(s)
Motivation: solving the Ho.-suboptimal control problem <—-

H oo -Control
(i) There exists a solution Xoo = XL > 0 to the ARE

GG +ATX + XA+ X(y ’BiB] — B:B) )X =0, (1)

such that Ax is Hurwitz, where Ax = A+ (7 2B1B{ — B:BJ )Xo
(i) There exists a solution Y = Y., > 0 to the ARE

BBl +AY + YAT + Y(v’G. G - &G )Y =0, (2)

such that Ay is Hurwitz where Ay = A4 Yo.(v °GC — GG).
(i) ¥* > p(Xoo Yoo).

H..-optimal control

Find minimal ~ for which (i)—(iii) are satisfied ~ ~-iteration based on
solving AREs (1)—(2) repeatedly for different ~.



Motivation: H,.-Control
Solution of the Hoo-(Sub-)Optimal Control Problem

Iterative Solution
of AREs

Peter Benner Hoo-(sub-)optimal controller

Atz If (i)—(iii) hold, a suboptimal controller is given by

H oo -Control
o TA|B] s aias
K(S) = [ﬂT} = C(Sln A) B7

where for
Zoo = (/ - 7_2 YooXoo)_la
A A+ (Y 2B1B] — BoBI ) Xoo — Zoo Yoo CJ G,
B = Z.Y.C/,
C = —B]X..

K(s) is the central or minimum entropy controller.
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General form for A,G = GT,W = WT € R"™" given and X € R"*"
unknown:

Large-Scale
Standard AREs

0 = R(X):=ATX+XA—-XGX + W.

Large-scale AREs from semi-discretized PDE control problems:
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unknown:

Large-Scale
Standard AREs

0 = R(X):=ATX+XA—-XGX + W.
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Solving Large-Scale Standard AREs

Iterative Solution
of AREs

Peter Benner

General form for A,G = GT,W = WT € R"™" given and X € R"*"
unknown:

Large-Scale
Standard AREs

0 = R(X):=ATX+XA—-XGX + W.
Large-scale AREs from semi-discretized PDE control problems:
mn=10%-10° (= 10% — 1012 unknowns!),
m A has sparse representation (A = —M~1K for FEM),
m G, W low-rank with G, W € {BBT,CTC}, where
BeR™™ m«n CeRP" pkn.
m Standard (eigenproblem-based) O(n®) methods are not
applicable!
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Low-Rank Approximation

AREO0=ATX + XA—- XBBTX + CCT
Iterative Solution
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Consider spectrum of ARE solution (analogous for Lyapunov
equations).
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Iterative Solution
of AREs

Peter Benner

Large-Scale
Standard AREs

equations).

m Linear 1D heat equation with
point control,

s Q=[0,1]
m FEM discretization using linear
B-splines,

= h=1/100 = n=101.

Low-Rank Approximation

AREO0=ATX + XA— XBBTX + CCT

Consider spectrum of ARE solution (analogous for Lyapunov
Example:

eigenvalues of Ph for h=0.01
o
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s
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Low-Rank Approximation
AREO0=ATX + XA—- XBBTX + CCT
Iterative Solution

of AREs

Peter Benner

Consider spectrum of ARE solution (analogous for Lyapunov
equations).

Large-Scale EXample:

Standard AREs

m Linear 1D heat equation with
point control,

s Q=[0,1]

eigenvalues of Ph for h=0.01

m FEM discretization using linear
B-splines,

= h=1/100 = n=101.

o
o
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g
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Newton's Method for AREs

[KLEINMAN ’68, MEHRMANN 91, LANCASTER/RODMAN ’95,
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Iterative Solution
of AREs

m Consider 0=7R(X)=CTC+ATX + XA— XBBTX.

Newton's
Method for
AREs
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Iterative Solution
of AREs
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’ -1 .
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Newton's Method for AREs

[KLEINMAN ’68, MEHRMANN 91, LANCASTER/RODMAN ’95,

B./BYERs ’94/'98, B. '97, Guo/LAUB ’99]

Iterative Solution
of AREs

m Consider 0=R(X)=CTC+ATX + XA— XBBTX.
m Frechét derivative of R(X) at X:

Peter Benner

Ry:Z— (A-BBTX)TZ + Z(A—- BBTX).

Newtons m Newton-Kantorovich method:
ethod for

AREs

’ -1 .
)<j+1=)<j_ (RXJ) ’R’()<J)v ./:071727"'

Newton's method (with line search) for AREs
FORj=0,1,...
A; — A—BBTX; =: A— BK,.
Solve the Lyapunov equation A N; + N;A; = —R(X)).
X1 < Xj + t;N;.
END FOR j




Newton's Method for AREs

Properties and Implementation

Iterative Solution
of AREs

SN m Convergence for Kj stabilizing:
m A =A—BK =A— BB'X;is stable V j > 0.
B limj_ ||R(X;)||F = 0 (monotonically).
m limj—o X; = X, > 0 (locally quadratic).

Newton's
Method for
AREs



Newton's Method for AREs

Properties and Implementation

Iterative Solution
of AREs

m Convergence for Kj stabilizing:
m A= A— BK;= A— BBTX; is stable ¥ j > 0.
B limj_ ||R(X;)||F = 0 (monotonically).
m limj—o X; = X, > 0 (locally quadratic).

Peter Benner

oo m Need large-scale Lyapunov solver; here, ADI iteration:
ARES linear systems with dense, but “sparset-low rank” coefficient
matrix A;:
A = A - B - K;

= |sarse| - S




Newton's Method for AREs

Properties and Implementation

Iterative Solution
of AREs

m Convergence for Kj stabilizing:
m A= A— BK;= A— BBTX; is stable ¥ j > 0.
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m limj—o X; = X, > 0 (locally quadratic).

Peter Benner

Mty m Need large-scale Lyapunov solver; here, ADI iteration:
ARES linear systems with dense, but “sparset-low rank” coefficient
matrix A;:
A = A
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m m < n = efficient “inversion” using
Sherman-Morrison-Woodbury formula:

(A=BK) ' =(lh+ A 'B(ln — KA 'B) 'K))A™ ™.




Newton's Method for AREs

Properties and Implementation

Iterative Solution
of AREs

m Convergence for Kj stabilizing:
m A= A— BK;= A— BBTX; is stable ¥ j > 0.
B limj_ ||R(X;)||F = 0 (monotonically).
m limj—o X; = X, > 0 (locally quadratic).

Peter Benner

Mty m Need large-scale Lyapunov solver; here, ADI iteration:
ARES linear systems with dense, but “sparset-low rank” coefficient
matrix A;:
A = A

— B . KJ
= sparse - . :]

m m < n = efficient “inversion” using
Sherman-Morrison-Woodbury formula:

(A=BK) ' =(lh+ A 'B(ln — KA 'B) 'K))A™ ™.

m BUT: X = X7 € R™" = n(n + 1)/2 unknowns!




ADI Method for Lyapunov Equations

Iterative Solution
of AREs

Peter Benner

m For A € R"™" stable, B € R"™™ (w < n), consider Lyapunov
equation
AX + XAT = —BBT.

ADI for
Lyapunov



ADI Method for Lyapunov Equations

Iterative Solution
of AREs

Peter Benner

m For A € R"™" stable, B € R"™™ (w < n), consider Lyapunov
equation
AX + XAT = —BBT.

m ADI lIteration: [WACHSPRESS 1988]
ADI for
Lyapunov
(A+p)X(k—1)2 = —BBT = Xi1(AT — pil)
(A+pc)X = —BBT — X1y 2(AT — pxl)

with parameters py € C™ and pyi1 = Pr if px € R.
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m For Xy = 0 and proper choice of py: klim X = X superlinear.
— 00



ADI Method for Lyapunov Equations

Iterative Solution
of AREs

Peter Benner
m For A € R"™" stable, B € R"™™ (w < n), consider Lyapunov
equation
AX + XAT = —BBT.

m ADI lIteration: [WACHSPRESS 1988]
ADI for
Lyapunov
(A+p)X(k—1)2 = —BBT = Xi1(AT — pil)
(A+pc)X = —BBT — X1y 2(AT — pxl)

with parameters py € C™ and pyi1 = Pr if px € R.

m For Xy = 0 and proper choice of py: klim Xx = X superlinear.
— 00

m Re-formulation using X, = Yk YkT yields iteration for Yk...



Factored ADI lteration

Lyapunov equation 0 = AX + XAT = —BBT.

Iterative Solution
of AREs

Setting Xx = Yk Y,’, some algebraic manipulations =
7, L1/WHITE 2002, B./L1/PENzL 1999/2006]

Peter Benner

Algorithm  [PENzZL 19

V1 — —2Re (pl)(A + p1/)_1B, Yl — V1
FOR j = 2,3,...
Lvapimoy
Vi — % (Vi—1 — (P + Pe=1) (A + picd) " Vi) s

Yi—[ Yeor Vi ]

Yi < rrqr( Yk, 7) % column compression

Note: Implementation in real arithmetic possible by combining two steps.



Factored ADI lteration

Lyapunov equation 0 = AX + XAT = —BBT.

Iterative Solution
of AREs

Setting Xx = Yk Y,’, some algebraic manipulations =
7, L1/WHITE 2002, B./L1/PENzL 1999/2006]

Peter Benner

Algorithm  [PENzZL 19

V1 — —2Re (pl)(A + p1/)_1B, Yl — V1
FOR j = 2,3,...
Lvapimoy
Vi — % (Vi—1 — (P + Pe=1) (A + picd) " Vi) s

Yi—[ Yeor Vi ]

Yi < rrqr( Yk, 7) % column compression

At convergence, Yy, Y[ ~ X, where

range ( Yk,,.) = range ([ V1 View 1) Vi = H ecmm,

Note: Implementation in real arithmetic possible by combining two steps.



Low-Rank Newton-ADI for AREs

Iterative Solution

of ARES Re-write Newton's method for AREs
Peter Benner

AT N; + NjA; = =R(X;)

—
Al (X + Nj) + (X; + Nj) Aj = —CT C — X;BBT X;
—_—
=Xji1 =Xjt1 = VVJVVJT

Low-Rank
Newton-ADI

Set X; = Z;Z] for rank (Z) < n =

Al (Zi1Z80) + (ZinZla) A = —ww)T




Low-Rank Newton-ADI for AREs

Iterative Solution

CHARES Re-write Newton's method for AREs
Peter Benner

AT N; + NjA; = =R(X;)

—
Al (X + Nj) + (X; + Nj) Aj = —CT C — X;BBT X;
—_—
=Xjt1 =Xjt1 = VVJVVJT

Low-Rank
Newton-ADI

Set X; = Z;Z] for rank (Z) < n =

Al (Zi1Z80) + (ZinZla) A = —ww)T

Factored Newton lteration [B./Li/PENzL 1999/2008]

Solve Lyapunov equations for Z;1; directly by factored ADI iteration
and use ‘sparse + low-rank’ structure of A;.



Solving Large-Scale Standard AREs

Numerical Results

Iterative Solution
=

Linear 2D heat equation with homogeneous Dirichlet boundary
and point control/observation.

m FD discretization on uniform 150 x 150 grid.

m n = 22500, m= p =1, 10 shifts for ADI iterations.

m Convergence of large-scale matrix equation solvers:

Inner (ADI) Iterations Relative Change in Feedback Matrix
50
: 10°
Numerical
Results 40
=
2 AT
530 =
£z =
2 "
a 20 s
Ed A
¥ 10"
10
10"
12 3 45 6 7 8 910111213 0 2 4 10 12 14

6 8
Newton steps Newton steps



Solving Large-Scale Standard AREs

Performance of matrix equation solvers

Iterative Solution
of AREs

Feter Bemer Performance of Newton's method for accuracy ~ 1/n

grid unknowns % it. (ADI it.) | CPU (sec.)
8x8 2,080 | 4.7e-7 | 2 (8) 0.47
16 x 16 32,896 | 1.6e-6 | 2 (10) 0.49
Nercors 32 % 32 524,800 | 1.8e-5 | 2 (11) 0.91
Results 64 x 64 8,390,656 1.8e-5 3 (14) 7.98
128 x 128 || 134,225,920 3.7e-6 3 (19) 79.46

Here,
m Convection-diffusion equation,
m m =1 input and p = 2 outputs,

B X =XT e R = @ unknowns.



AREs with Indefinite Hessian

Iterative Solution Back to
of AREs

R(X):=CTC+ATX + XA+ X(B,B] — BB )X =0.

AREs with
Indefinite Hessian
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Iterative Solution Back to
of AREs

R(X) = CTC+ATX + XA+ X(B.B] — B,B] )X = 0.

ARESs with Problems

Indefinite Hessian

m For large-scale problems, resulting, e.g., from H,, control,
standard methods based on Hamiltonian/even eigenvalue
problem can not be used due to O(n®) complexity/dense matrix
algebra.
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algebra.

m Krylov subspace methods might be employed, but so far no
convergence results, and in case of convergence, no guarantee
that stabilizing solution is computed.



AREs with Indefinite Hessian

Iterative Solution Back to
of AREs

R(X) = CTC+ATX + XA+ X(B.B] — B,B] )X = 0.

ARESs with Problems

Indefinite Hessian

m For large-scale problems, resulting, e.g., from H,, control,
standard methods based on Hamiltonian/even eigenvalue
problem can not be used due to O(n®) complexity/dense matrix
algebra.

m Krylov subspace methods might be employed, but so far no
convergence results, and in case of convergence, no guarantee
that stabilizing solution is computed.

m Newton/Newton-ADI method will in general diverge/converge to
a non-stabilizing solution.



ml Nl e (ot S

Iterative Solution Back to
of AREs

R(X) = CTC+ATX + XA+ X(B,B] — B,B] )X =0.

Problems
Quick-and-dirty solution: consider X "R (X)X~ = 0 [Damm 2002]
~ standard ARE for X = X!

AREs with
Indefinite Hessian

R(X) := (B1B{ — BBy )+ XAT + AX + XCTCX = 0.

Newton's method will converge to stabilizing solution, Newton-ADI
can be employed (with modification for indefinite constant term).

But: low-rank approximation of X will not yield good approximation
of X = not feasible for large-scale problems!



Lyapunov lterations/Perturbed Hessian Approach
[CHERFI/ABOU-KANDIL/BOURLES 2005 (Proc. ACSE 2005)]

Iterative Solution

of AREs

Perturb Hessian to enforce semi-definiteness: write

0=ATX+XA+Q—XGX = ATX + XA+ Q@ — XDX + X(D — G)X,

Lyapunov Itera- Where D G + Oél Z 0 Wlth @ Z mln{07 )\max(G)}
tions/Perturbed

Hessian

Approach



Lyapunov lterations/Perturbed Hessian Approach

[CHERFI/ABOU-KANDIL/BOURLES 2005 (Proc. ACSE 2005)]

Iterative Solution
of AREs

PRz (B _

Perturb Hessian to enforce semi-definiteness: write

0=ATX+XA+Q—XGX = ATX + XA+ Q@ — XDX + X(D — G)X,

Lyapunov Itera- Where D G + O{I Z 0 Wlth @ Z mln{07 )\max(G)}
tions/Perturbed

Hessian

Approach

Here: G = B,B) — BB/
= use o = || By ||? for spectral/Frobenius norm or
a =Bl [Bifloe-

Remark
W > —G can be used instead of al, e.g., W = 3B, B] with 8> 1.



Lyapunov lterations/Perturbed Hessian Approach
[CHERFI/ABOU-KANDIL/BOURLES 2005 (Proc. ACSE 2005)]

Iterative Solution
of AREs

PRz (B _

Perturb Hessian to enforce semi-definiteness: write

0=ATX+XA+Q—XGX = ATX + XA+ Q@ — XDX + X(D — G)X,

Lyapunov Itera- Where D G + OCI Z 0 Wlth @ Z mln{07 )\max(G)}
tions/Perturbed
Hessian
Approach

Lyapunov iteration

Based on
(A—DX)TX + X(A— DX) = —Q — XDX — aX?,

iterate

FOR k =0,1,..., solve Lyapunov equation

(A= DXi) " Xiy1 + Xir1(A — DXy) = —Q — X DXy — aX?.



Lyapunov lterations/Perturbed Hessian Approach
[CHERFI/ABOU-KANDIL/BOURLES 2005 (Proc. ACSE 2005)]

Iterative Solution

=
Peter Benner Lyapunov iteration

FOR k=0,1,..., solve Lyapunov equation

(A — DXi) " Xiy1 + Xis1(A — DXi) = —Q — X DXy — aX?.

Lyapunov Itera-
tions/Perturbed
Hessian
Approach

Easy to convert to low-rank iteration employing low-rank ADI for
Lyapunov equations, e.g. with W = B; B} instead of a/: the Lyapunov
equation becomes

(A= BaB) YiYi) " Yir1 Yot + Vi1 Yier (A — BaBY i Yi)
= —CCT —vY/ BB/ Y.Y! — Y Y[ B.B) YiY,/
CT
= —[C, YWY/ By, YWY/ B | B/ YWY/
Bl Y.y,



Lyapunov lterations/Perturbed Hessian Approach

Convergence

Iterative Solution

of AREs Theorem [CHERFI/ABOU-KANDIL/BOURLES 2005]

Peter Benner |f
= 3 X such that R(X) >0,
m 3 X = X, > X such that R(Xp) < 0 and A — DXj is Hurwitz,

then

Lyapunov Itera-
tions/Perturbed
Hessian
Approach
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Convergence

Iterative Solution

of AREs Theorem [CHERFI/ABOU-KANDIL/BOURLES 2005]

Peter Benner |f
= 3 X such that R(X) >0,
m 3 X = X, > X such that R(Xp) < 0 and A — DXj is Hurwitz,

then
Lyapunov Itera- a) X() Z L. 2 Xk Z XkJr]_ 2 . Z )A<’

tions/Perturbed
Hessian
Approach

Main problems

m Conditions for initial guess make its computation difficult.

m Observed convergence is linear.
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Convergence

Iterative Solution

of AREs Theorem [CHERFI/ABOU-KANDIL/BOURLES 2005]

Peter Benner |f
= 3 X such that R(X) >0,
m 3 X = X, > X such that R(Xp) < 0 and A — DXj is Hurwitz,

then
Lyapunov Itera- a) X() Z L. 2 Xk Z XkJr]_ 2 . Z )A<’

tions/Perturbed
Hessian

Approach b) R(Xk) S 0 for all k = Oa 1) oo op

Main problems

m Conditions for initial guess make its computation difficult.

m Observed convergence is linear.



Lyapunov lterations/Perturbed Hessian Approach

Convergence

Iterative Solution

of AREs Theorem [CHERFI/ABOU-KANDIL/BOURLES 2005]

= 3 X such that R(X) >0,

m 3 X = X, > X such that R(Xp) < 0 and A — DXj is Hurwitz,
then
el 3) Xo > ... > X > Xy > ... > X,

tions/Perturbed
Hessian

pproach b) R(Xx) <0 forall k=0,1,...,
c) A— DXy is Hurwitz for all k =0,1,...,

Main problems

m Conditions for initial guess make its computation difficult.

m Observed convergence is linear.



Lyapunov lterations/Perturbed Hessian Approach

Convergence

Iterative Solution

of AREs Theorem [CHERFI/ABOU-KANDIL/BOURLES 2005]

e If

= 3 X such that R(X) >0,

m 3 X = X, > X such that R(Xp) < 0 and A — DXj is Hurwitz,
then
el ) X0 > .. > X > Xk 2.2 X,
rereach b) R(Xx) <0 forall k=0,1,...,

c) A— DXy is Hurwitz for all k =0,1,..

d) 3 limgoe Xk = X > X,

Main problems

m Conditions for initial guess make its computation difficult.

m Observed convergence is linear.



Lyapunov lterations/Perturbed Hessian Approach

Convergence

Iterative Solution

of AREs Theorem [CHERFI/ABOU-KANDIL/BOURLES 2005]
S If
= 3 X such that R(X) >0,
m 3 X = X, > X such that R(Xp) < 0 and A — DXj is Hurwitz,
then
el o) Xo> ... > X > X 2.2 X
pproach b) R(Xx) <0 forall k=0,1,...,
) A — DX is Hurwitz for all k =0,1,...,
d) 3 limgoo Xk =1 X > X,
)

@

©

X is semi-stabilizing.

Main problems

m Conditions for initial guess make its computation difficult.

m Observed convergence is linear.



Riccati lterations
[LANZON/FENG/B.D.O. ANDERSON 2007 (Proc. ECC 2007)]

Iterative Solution
of AREs

PRz (B _

Consider
ATX + XA+ CTC+ X(B1B] — B,B )X =: R(X).

Then
RX+Z) = RX)+ (A+ (BB — BB )X)TZ + ZA

Riccati Iterations =:A

+Z(B1B] — B:B))Z.
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Iterative Solution
of AREs

PRz (B _

Consider
ATX + XA+ CTC+ X(B1B] — B,B )X =: R(X).

Then
RX+Z) = RX)+ (A+ (BB — BB )X)TZ + ZA

Riccati lterations =A
+Z(B1B] — B:B))Z.
Furthermore, if X = X7, Z = Z7 solve the standard ARE
0=R(X)+ATZ+ZA—-ZB,B] Z,
then
R(X+2Z) = ZBBZ,



Riccati lterations
[LANZON/FENG/B.D.O. ANDERSON 2007 (Proc. ECC 2007)]

Iterative Solution
of AREs

PRz (B _

Consider
ATX + XA+ CTC+ X(B1B] — B,B )X =: R(X).

Then
RX+Z) = RX)+ (A+ (BB — BB )X)TZ + ZA

Riccati lterations =A
+Z(B1B] — B:B))Z.
Furthermore, if X = X7, Z = Z7 solve the standard ARE
0=R(X)+ATZ+ZA—-ZB,B] Z,
then
R(X+2Z) = ZBBZ,
IR(X)]2 18] Z||2-



Riccati lterations
[LaNZON/FENG/B.D.O. ANDERSON 2007 (Proc. ECC 2007)]

Iterative Solution
=

Set Xp = 0.

FOR k=1,2,...,
(i) Set Ak := A+ Bi(B{ Xk) — B»(B] X«).
(ii) Solve the ARE

R(Xk) + AL Zk + ZkAx — ZkB:B] Z = 0.

Riccati Iterations

(iii) Set Xii1 := Xk + Zk.
(iv) IF ||Bf Z|l2 < tol THEN Stop.

Remark. ARE for k = 0 is the standard LQR/H, ARE.



Riccati lterations
[LANZON/FENG/B.D.O. ANDERSON 2007 (Proc. ECC 2007)]

Iterative Solution
of AREs

Peter Benner Theorem [LaNzoN/FENG/B.D.O. ANDERSON 2007]

m (A, By) stabilizable,
m (A, C) has no unobservable purely imaginary modes, and
m J stabilizing solution X_,

then

a) (A+ B1B] X, By) stabilizable for all k =0,1,.
Zy >0 forall k=0,1,.

Riccati Iterations

b

c) A+ BB/ Xy — BoBJ Xy 11 is Hurwitz for all k =0,1,.
d) (Xk+1) = ZkB1B] Zj for all k=0,1,...,

e) X >...>2 X1 > X > ... >0.

f) If 3 I|mk_>OO Xy =: X, then X = X_, and

g) convergence is locally quadratic.



Riccati lterations
[LANZON/FENG/B.D.O. ANDERSON 2007 (Proc. ECC 2007)]

Iterative Solution
of AREs

Peter Benner Riccati iteration — low-rank version  [B. 2008]

Solve the ARE
CTC+AZy+ ZbA— Z,ByB] Zy =0
using Newton-ADI, yielding Yy with Zy ~ Yo Y.
Set R, = Yb. {% RiR] ~ X;.}
Riccati lterations FOR k=1,2,...,
(i) Set Ak := A+ Bi(B{ R\)R! — Bo(BS R)R/ .
(ii) Solve the ARE

Yie1(Yi_1B1)(B! Yi_1)Yi 1 + AL Zk + ZkAx — ZkBaB; Z, = 0

using Newton-ADI, yielding Yi with Zx ~ Y. Y, .
(III) Set Rk+1 = rrqr([ Rk, Yk], T). {% Rk+1R,z—+1 ~ Xk+1}
(iv) IF |I(B{ Y)Yy ||l2 < tol THEN Stop.



AREs with Indefinite Hessian

Numerical example

Iterative Solution

of AREs m Trivial example (n = 2) from [CHERFI/ABOU-KANDIL/BOURLES 2005].
Pty B m Compare convergence of Lyapunov and Riccati iterations.
m Solution of standard AREs with Newton's method.

Numerical
example



AREs with Indefinite Hessian

Numerical example

Iterative Solution
of AREs m Trivial example (n = 2) from [CHERFI/ABOU-KANDIL/BOURLES 2005].

Pty B m Compare convergence of Lyapunov and Riccati iterations.
m Solution of standard AREs with Newton's method.

Absolute Residuals

10 T T
—&— Lyapunov iteration
. —& - Riccati iteration
10 1
Numerical = 107 i
example =
43
E 10—10 L 4
1 0-15 L 4
-20
10 L L 1 L L
0 2 4 6 8 10

k = # of Lyapunov equations solved



Conclusions and Open Problems

Iterative Solution
of AREs

Peter Benner

m Low-rank Riccati iteration yields a reliable and efficient method
for large-scale AREs with indefinite Hessian, useful, e.g., for Hy,
optimization of PDE control problems.

m Low-rank Lyapunov iteration is an extremely simple variant for
large-scale problems, but exhibits slower convergence and
Comd o end requires difficult-to-compute initial value.

Open Problems



Conclusions and Open Problems

Iterative Solution
of AREs

e m Low-rank Riccati iteration yields a reliable and efficient method

for large-scale AREs with indefinite Hessian, useful, e.g., for Hy,
optimization of PDE control problems.

m Low-rank Lyapunov iteration is an extremely simple variant for

large-scale problems, but exhibits slower convergence and
Gonelusions and requires difficult-to-compute initial value.

m To-Do list:

— Implement Riccati iteration in LyaPack/MESS style.
— More numerical tests.
Re-write Riccati iteration as feedback iteration.
Efficient computation of initial value for Lyapunov
iterations?
3 perturbed Hessian so that Lyapunov iteration
quadratically convergent?



Conclusions and Open Problems

Iterative Solution
of AREs

Peter Benner m Low-rank Riccati iteration yields a reliable and efficient method
for large-scale AREs with indefinite Hessian, useful, e.g., for Hy
optimization of PDE control problems.

m Low-rank Lyapunov iteration is an extremely simple variant for
large-scale problems, but exhibits slower convergence and
requires difficult-to-compute initial value.

m To-Do list:
— Implement Riccati iteration in LyaPack/MESS style.
— More numerical tests.
Re-write Riccati iteration as feedback iteration.
Efficient computation of initial value for Lyapunov
iterations?
3 perturbed Hessian so that Lyapunov iteration
quadratically convergent?

Conclusions and
Open Problems

Fin.
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