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Mjl The Model Reduction Problem

MOR for
Unstable Systems -
oeer bemer | Orriginal System Reduced-Order System

- {x(r) = Ax(t) + Bu(t), s {Q(t) = A%(t) + Bu(t),

y(t) = Cx(t) + Du(t). 9(t) = Cx(t) + Du(t).
= states x(t) € R”, m states X(t) €eR", r < n

m inputs u(t) € R™, m inputs u(t) € R,

m outputs y(t) € RP. = outputs j(t) € RP.
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|ly — 7|l < tolerance - ||ul| for all admissible input signals.




Balancing-Related Model Reduction

MOR for
unstable Systems Il Basic Principle of Balanced Truncation (BT)
Peter Benner

Given positive semidefinite selfadjoint operators P = S'S,
Q = RTR, compute balancing state-space transformation so that

Balancing. P = Q = diag(o1,...,0, )=%X, o01>...>0, >0,
Related
MR

and truncate corresponding realization at size r with o, > o,41.
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Given positive semidefinite selfadjoint operators P = S'S,
Q = RTR, compute balancing state-space transformation so that

Balancing. P = Q = diag(o1,...,0, )=%X, o01>...>0, >0,
Related
MR

and truncate corresponding realization at size r with o, > o,41.

Classical BT MuLLis/ROBERTS '76, MOORE '81

m P = controllability Gramian of system given by (A, B, C, D).
m Q = observability Gramian of system given by (A, B, C, D).
m P, @ solve dual Lyapunov equations

AP+ PAT + BBT = 0, ATQ+QA+C'C = 0.
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Q = RTR, compute balancing state-space transformation so that

Balancing. P = Q = diag(o1,...,0, )=%X, o01>...>0, >0,
Related
MR

and truncate corresponding realization at size r with o, > o,41.

LQG Balanced Truncation (LQGBT) JONCKHEERE/SILVERMAN ’83

m P/Q = controllability/observability Gramian of closed-loop
system based on LQG compensator.

m P, Q solve dual algebraic Riccati equations (AREs)

0 = AP+PAT —PCTCP+B'B,
0 = ATQ+QA-QBB"Q+C'C.



Balancing-Related Model Reduction

MOR for
Unstable Systems M Basic Principle of Balanced Truncation (BT)

Peter Benner

Given positive semidefinite selfadjoint operators P = S'S,
Q = RTR, compute balancing state-space transformation so that

Balancing. P = Q = diag(o1,...,0, )=%X, o01>...>0, >0,
Related
MR

and truncate corresponding realization at size r with o, > o,41.

Hs balanced truncation (HinfBT) MusTAFA/GLOVER '91

m Based on H,, theory.
m P, @ solve dual H..-AREs

= AP+ PAT —(1-6)PCTCP+B'B,
= ATQ+QA-(1-6)Q@BB'Q+C'C,

where § =1 — % and ¥ > Yopt := MiNg stapilizing 17(G, K)|Heo -



Properties of Balancing-Related Model Reduction

applied to minimal systems

MOR for
Unstable Systems

Peter Benner LQG Balanced Truncation

m Applicable to unstable systems.

m Directly “applicable” to co-dim. systems, developed convergence
Balancing- theory [CurTaIN ’03].

Related
MR

m Provides LQG controller as by-product which exponentially
stabilizes co-dim. plant [Morris ’94].

m Computable error bound:
o n ,LQG
I[N M]=[R @]l < >0 =

j=r+1 /14 (UJ-LQG)2

where G = M=IN, G = M~1N are left coprime factorizations of
G, G.
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ety B Hs, Balanced Truncation

m Applicable to unstable systems.

m Computable error bound:

Balancing-
Related
MR n [Hlss

JA o;
1IN M= N M ]e< Y —L——=td",
. Heo \2
Jj=r+1 1"‘(501' )
where G = M=IN, G = M~1N are left coprime factorizations of
G, G and

(Need to assume v > max{1, Yopt }-)
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applied to minimal systems

MOR for

Unstable Systems
ety B Hs, Balanced Truncation

Provides H.o controller with a priori robustness check as by-product:
if K is the Ho-(minimum entropy) controller of the (normalized)
reduced-order system, then K stabilizes G <

Balancing-
Related
MR

ehte = gt (4 + §) < 1.
In this case,

=1 +7)(1+v+p)

F(G,K)<~+ 1= o




Computation of Reduced-Order Systems from

Gramians

MOR for
Unstable Systems

RO Given the Gramians P, Q of the n-dimensional system from
either pair of LEs or AREs in factorized form

P=S"S, Q=R'R,

T ]
22 V2T '
Set W=RTVix;"?and V =5STU ;"2

Then the reduced-order model is

Balancing-

Related compute SVD

SRT =[ Uy, Us]

(A, B,,C,) = (WTAV, WTB, CV).
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MOR for
Unstable Systems

RO Given the Gramians P, Q of the n-dimensional system from
either pair of LEs or AREs in factorized form

P=S"S, Q=R'R,

T ]
22 V2T '
Set W=RTVix;"?and V =5STU ;"2

Then the reduced-order model is

Balancing-

Related compute SVD

SRT =[ Uy, Us]

(A, B,,C,) = (WTAV, WTB, CV).

Thus, need to solve large-scale algebraic Riccati equations—but need
only factors!



Solving Large-Scale Algebraic Riccati Equations

Newton's Method

[KLEINMAN ’68, MEHRMANN ’91, LANCASTER/RODMAN 95, B./BYERS ’94/798,
B. '97, Guo/LAUB '99]
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Newton's Method
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B. '97, Guo/LAUB '99]

MOR for
Unstable Systems

m Consider 0=R(Q)=C'C+A"Q+ QA—-QBB'Q.
m Frechét derivative of R(Q) at Q:

Peter Benner

Ro:Z— (A-BBTQ)TZ+Z(A-BBTQ).
m Newton-Kantorovich method:

Newton's
Method

’ -1 .
Qit1=Q — (RQJ) R(Q;), j=0,1,2,...

Newton's method (with line search) for AREs
FORj=0,1,...
A — A—BBTQ = A— BK,
Solve the Lyapunov equation A N; + N;A; = —R(Q)).
Qi1 — Q + ;.
END FOR j




Newton's Method

Properties and Implementation

MOR for
Unstable Systems m Convergence for Kj stabilizing:

et Bene m A =A—BKj=A—BB"Q is stable ¥ j > 0.
m limj_. [|R(Q;)||F = 0 (monotonically).
B limj_.o Qj = Q« > 0 (locally quadratic).
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Newton's Method

Properties and Implementation

MOR for
Unstable Systems m Convergence for Kj stabilizing:

et Bene m A =A—BKj=A—BB"Q is stable ¥ j > 0.
m limj_. [|R(Q;)||F = 0 (monotonically).
B limj_.o Qj = Q« > 0 (locally quadratic).

m Need large-scale Lyapunov solver for dense, but “sparse+low
Newton'e rank” coefficient matrix A;:
Method _

A = A

— B . KJ
= sparse — . :]

m m < n = efficient “inversion” using
Sherman-Morrison-Woodbury formula:

(A=BK) ' =(lh+ A 'B(ln — KA 'B) 'K))A™".

m Solve Lyapunov equations using low-rank ADI [Penzl '99,
Li/White '02], K-PIK [Simoncini '06] or alike, yielding Q; = ZJZJT
Z; € R™M, nj < n.



Low-Rank Newton-Kleinman for AREs

[Banks/ITo 91, B./Li/PENzL 1999]

MOR for
Unstable Systems

Re-write Newton’s method for AREs

ATN + NA; = ~R(Q)

===
Low Ronk Al (Qi+ Nj)+ (@ + Nj)Aj = —CTC— QBB Q;
Kleinman for —_———— ———
=Qjn1 =Qj11 :%Wﬂ/\/jT

Set Q; = Z;Z" for rank (Z;) < n =

AN(ZpaZl ) + (2 Zl ) A = - WW)T



Low-Rank Newton-Kleinman for AREs

Computing stabilizing initial feedback

MOR for Consider ARE:

Unstable Systems
SR AT (X + N) +X41 (A= BBTXj) = —=My—X;BBTX; forj=1,2,...
N—— N—————’
=Xj+1 =4

Recall: for convergence to stabilizing solution need

Ay = A— BBTXO stable, i.e., all eigenvalues in left half plane.

Low-Rank
Newton-
Kleinman for
AREs



Low-Rank Newton-Kleinman for AREs

Computing stabilizing initial feedback

MOR for Consider ARE:

Unstable Systems
SR AT (X + N) +X41 (A= BBTXj) = —=My—X;BBTX; forj=1,2,...
N—— N—————’
=Xj+1 =4

Recall: for convergence to stabilizing solution need

Ay = A— BBTXO stable, i.e., all eigenvalues in left half plane.

Low-Rank
Newton-
Kleinman for
A

REs Basically, 3 approaches to compute Ky := B Xg:
m pole placement,
m Bass algorithm (based on Lyapunov equation) [ARMSTRONG ’75],

m algebraic Bernoulli equations: [B. '06/°07],
(for discrete-time systems: [GALLIVAN/RA0/VAN DOOREN 06]).
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Algebraic Bernoulli Equations

MOR for Consider the algebraic Bernoulli equation
Unstable Systems

ATX + XA—XBB™X =0
associated to a standard ARE with zero constant term.

Theorem

a) Let (A, B) be controllable. Then

m there exist symmetric solutions Xy > 0, X_ < 0, with

X_ < X < X; for all solutions X of the ABE;
Algebraic m X_ is the unique solution satisfying A (A — BB” X_) c C* U1R;
Equations m X, is the unique solution satisfying A (A — BBTX,) C C~ UR.
m If A(A) NeR = @, then X_ is the unique anti-stabilizing solution

and X is the unique stabilizing solution of the ABE.

b) If (A, B) is stabilizable and A (A) N:R = @, then the ABE has a unique
stabilizing solution X; and Xy > 0.
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MOR for Consider the algebraic Bernoulli equation

Unstable Systems

ATX + XA—XBB"X =0

associated to a standard ARE with zero constant term.

Theorem [B. ’06]

If (A, B) is stabilizable, A (A) N2R = @, then the unique stabilizing solution

X, satisfies
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where k is the number of eigenvalues of A in C*.
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Algebraic Bernoulli Equations

MOR for Consider the algebraic Bernoulli equation

Unstable Systems

ATX + XA—XBB"X =0

associated to a standard ARE with zero constant term.

Theorem [B. ’06]

If (A, B) is stabilizable, A (A) N2R = @, then the unique stabilizing solution
X, satisfies
rank (X}) = k,

Alnebrai where k is the number of eigenvalues of A in C*.
gebraic
Bernoulli Hence

Equations

X, =Y.Y], where Y,cR™k

Theorem [B. ’07]

ANA-BBTXy)= (A(A)NCT)U— (A(A)NCH),

i.e., unstable eigenvalues are reflected at imaginary axis.



Mjl Algebraic Bernoulli Equations

MOR for Consider the algebraic Bernoulli equation
Unstable Systems

ATX + XA—XBB"X =0

associated to a standard ARE with zero constant term.

Computation of X

m Solve as ARE (inefficient).

m Sign function method [BARRACHINA /B./QUINTANA-ORTI '05].
Anerai m Sign function method for Y, [B. 06, BARR./B./Q.-ORT{ '07].
Bernoulli

Equations m Extension to descriptor systems [B. ’08].
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Algebraic Bernoulli Equations

MOR for Consider the algebraic Bernoulli equation

Unstable Systems

ATX + XA—XBB"X =0

associated to a standard ARE with zero constant term.

Computation of X

m Solve as ARE (inefficient).

m Sign function method [BARRACHINA/B./QUINTANA-ORTI ’05].
Neehrae m Sign function method for Y, [B. '06, BARR./B./Q.-ORTf *07].
Eauations m Extension to descriptor systems [B. ’08].

m For large-scale systems, use partial stabilization idea:
Project onto unstable invariant/deflating subspace of A/AE — A,

Q"AQ=AcR"* setB:=Q"B.

Solve small-size ABE 0 = A”X + X — XBB"X for full-rank X;.
Construct feedback as F := BT XQ".

Cf. also related work by [AMODEI/BOUCHON '08].
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MOR for i
Unstable Systems m Point control problem for 1D heat flow.

Petes Benne m FEM ~» n =200, m=1, p=1.
B Yopt ~ 5.938, v = 6.

m Computed reduced-order model: r = 3.

numerical Results | Bode plot Absolute errors
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Numerical Results

Algebraic Bernoulli Equations: BT vs. LQG BT

MOR f .
Unstable Systerns m Boundary control problem for 2D heat flow in copper on rectangular

e B domain; control acts on two sides via Robins BC.
m FDM ~» n = 4496, m = 2; 4 sensor locations ~ p = 4.

m Numerical ranks of BT Gramians are 68 and 124, respectively, for
LQG BT both have rank 210.

m Computed reduced-order model: r = 10.

Numerical Results
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