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x(t) = Ax+ Bu, x(0) = xo, AeR™"  BeR™™,
y(t) = Cx+ Du, CeRPX? D e RP*M,

Linear Systems in Frequency Domain

Application of Laplace transformation (x(t) — x(s), X(t) — sx(s))
to linear system with x(0) = 0:

Introduction

sx(s) = Ax(s) + Bu(s), y(s) = Bx(s) + Du(s),

yields |/O-relation in frequency domain:

y(s) = ( C(sl, — A)1B + D)u(s)
—:G(s)

G is the transfer function of 2.
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Problem

sl Approximate the dynamical system

5. X = Ax-+ Bu, AeRM™" BeR™™M
' y Cx + Du, C eRPX" D e RPX™

by reduced-order system

|

of order r < n, such that

A% + Bu, AeR™r, BeR>m
Cx+Du, CeRPXr, DeRPxm

<> X
[

ly =9l = [6u = Gul| < |G — &]ll|ull < tolerance - |u].
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Balanced Truncation(BT)

R _
ABEs

= A system ¥, realized by (A, B, C, D), is called balanced, if
solutions P, @ of the Lyapunov equations

Balanced
Truncation

AP+ PAT + BBT = 0, ATQ+QA+C'C = 0,

satisfy: P = Q = diag(o1,...,0,) with o1 >0 > ... > 0, > 0.
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m A system X, realized by (A, B, C, D), is called balanced, if
solutions P, @ of the Lyapunov equations

Balanced
Truncation

AP+ PAT +BBT =0, ATQ+QA+C'C =0,
satisfy: P = Q = diag(o1,...,0,) with o1 >0 > ... > 0, > 0.
m {01,...,0,} are the Hankel singular values (HSVs) of X.

m Compute balanced realization of the system via state-space
transformation

T:(AB,C,D) — (TAT ', TB,CT ', D)
_ A A B
- <[A21 Azz]’{Bz]’[Cl Cz]’D)

N

m Truncation ~ (/A47 B,C, ﬁ) = (A11, B1, G, D).
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S Motivation:

Peter Benner HSV are system invariants: they are preserved under 7 and determine
the energy transfer given by the Hankel map

Balanced

Truncation H : L2(—OO70) — L2(O7 OO) Ve g AT
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Balanced Truncation(BT)

Unstable BT & H H o
S Motivation:

Peter Benner HSV are system invariants: they are preserved under 7 and determine
the energy transfer given by the Hankel map

Balanced

Truncation H : Ly(—00,0) — Ly(0,00) : u_ +— y.
In balanced coordinates . ..energy transfer from u_ to y;:

T y(6)Ty(t) dt
E:= sup

u€lLy(—o0,0]

(=% f u(t)Tu(t) dt B 0”2

Za

— Truncate states corresponding to “small” HSVs
= complete analogy to best approximation via SVD!
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Unstable BT & Implementation: SR Method

Peter Benner

Compute Cholesky factors of the solutions of the Lyapunov
equations,
Tatnearon P=S"S, @=R'R.
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Balanced Truncation(BT)

Unsteble ST & Implementation: SR Method

Peter Benner

Compute Cholesky factors of the solutions of the Lyapunov
equations,
Tatnearon P=S"S, @=R'R.

Compute SVD
v,
V2T ’

W=RTVis[Y?  v=5Tus Y
Reduced model is (WT AV, WTB, CV, D).

5
SRT = [Uy, Us] l '

PX

Set
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Balanced Truncation(BT)

Unstable BT & H .
St Properties:

Peter Benner

m Reduced-order model is stable with HSVs o4, ..., 0,.

m Adaptive choice of r via computable error bound:

n
by =gl (232 ok lull

Balanced
Truncation
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Balanced

Truncation for For unstable A, integrals diverge!
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Balanced Truncation for Unstable Systems

Basic Idea

Unsable BT & For A stable, BT is based on balancing system Gramians, defined by

Peter Benner

P:/ e*BBT M ¢ dt, Q:/ ATt CT Ce™ dt.
0 0

Balanced

Truncation for For unstable A, integrals diverge!

Unstable Systems

Frequency-domain definition of Gramians

P = i/ (jw— A) BB (ju — A" dw,

s /Oo (jw—A)"CTCjw — A) ! dw.

Properties [ZHOU/SALOMON/WU 1999]

m Well-defined if A (A) NR = 0; for stable A, definitions coincide.
m (A, B) controllable & P > 0; (A, C) observable & Q > 0.
m BT can be based on P, Q, BT error bound holds!



Balanced Truncation for Unstable Systems

Basic Idea

Unstable BT &
ABEs

Peter Benner Computation of Gramians for Unstable Systems

If (A, B) stabilizable, (A, C) detectable, and A (A) NR = @, then
Balanced P, Q are solutions of the Lyapunov equations

Truncation for
Unstable Systems

(A—BB"X)P+P(A—-BB"X)T +BBT = 0,
(A-YCTO)TQ+QA-YCTC)+CTC = o,

where X and Y are the stabilizing solutions of the dual algebraic
Bernoulli equations

ATX + XA — XBBTX
AY + YAT —YCTCY =



Algebraic Bernoulli Equations

Basics

Unstable BT &

A Algebraic Bernoulli Equations (ABE)

Peter Benner

ATX + XA—-XGX =0, AcR™" G=G" ¢ R™"
as special case of

k—1
LX)+ AX [ [T AX | Ac=0,
Jj=1

Basics

where £(X) is a linear operator and A; € R"™ " for j =0,1,..., k.
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A Algebraic Bernoulli Equations (ABE)

Peter Benner

ATX + XA—-XGX =0, AcR™" G=G" ¢ R™"
as special case of

k—1
LX)+ AX [ [T AX | Ac=0,
j=1

Basics

where £(X) is a linear operator and A; € R"™ " for j =0,1,..., k.

Why Bernoulli?

Bernoulli differential equation

y(t) = p(t)y(t) + a(t)y(t)*, Kk #0,1.
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ATX + XA— XGX =0

Unstable BT &
ABEs

Peter Benner

... almost Lyapunov equations:
if X were invertible: X "1(ABE)X ! =

Basic YAT + AY = G, where Y =X71



Algebraic Bernoulli Equations
ATX + XA— XGX =0

Unstable BT &
ABEs

Peter Benner

... almost Lyapunov equations:
if X were invertible: X "1(ABE)X ! =

Basic YAT + AY = G, where Y =X71

... special algebraic Riccati equations (ARE):
Q+ATX+XA—XGX =0  with Q=0,

i.e., ABE is homogeneous ARE.
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Peter Bene m ABE is homogeneous => X = 0 is a (positive semidefinite)
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ATX + XA — XGX =0
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Peter Benner

m ABE is homogeneous = X = 0 is a (positive semidefinite)
solution;

m as special ARE, solution can be obtained from invariant
subspaces of corresponding Hamiltonian matrix: if

: A G ul | U nxn
Basics |:O _AT:||:V:|_|:V:|W’ U,V,WER 5
=H
and U is invertible, then
X=-w!

is a solution of the ABE, where A (A — GX) = A (W) C A(H).



Trivia about ABEs

ATX + XA — XGX =0
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Peter Benner

m ABE is homogeneous = X = 0 is a (positive semidefinite)
solution;

m as special ARE, solution can be obtained from invariant
subspaces of corresponding Hamiltonian matrix: if

_ A G ul | U nxn
Basics |: O _AT :| |: V :| = [ V :| W, U’ \/7 W S R 5
—_——

=H
and U is invertible, then
X=-w!

is a solution of the ABE, where A (A — GX) = A (W) C A(H).
If A(W)=A(H)NC~, then X is a stabilizing solution.
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Theory

Unstable BT &
ABEs Theorem

e Consider the ABE
ATX + XA—-XBB"X =0 (1)

with (A, B) controllable. Then

B there exist symmetric solutions X, > 0, X_ < 0, with
Theory X_ < X < X, for all solutions X of the ABE;
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Algebraic Bernoulli Equations

Theory

Unstable BT &
ABEs Theorem

e Consider the ABE
ATX + XA—-XBB"X =0 (1)

with (A, B) controllable. Then

B there exist symmetric solutions X, > 0, X_ < 0, with
Theory X_ < X < X, for all solutions X of the ABE;

m X_ is the unique solution satisfying A (A— BBTX_) C C* U1R;
m X, is the unique solution satisfying A (A — BBT X,) C C~ U1R.

m If A(A)NR =0, then X_ is the unique anti-stabilizing solution
and X, is the unique stabilizing solution of the ABE.

Corollary

If (A, B) is stabilizable and A (A) N:R = (), then the ABE (1) has a
unique stabilizing solution X; and X > 0.
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Low-Rank Solutions of ABEs

Unstable BT &
ABEs Theorem

S Consider again the ABE (1), i.e.,

ATX + XA—XBB"™X =0

with (A, B) stabilizable, A (A) N«R = 0, and its unique stabilizing
solution Xj..

Then

Sohuens of rank (X,) = k,

ABEs

where k is the number of eigenvalues of A in CT.



Algebraic Bernoulli Equations

Low-Rank Solutions of ABEs

Unstable BT &

S Consider again the ABE (1), i.e.,

ATX + XA—XBB"™X =0

with (A, B) stabilizable, A (A) N«R = 0, and its unique stabilizing
solution Xj..

Then
Low-Rank

Solutions of I'ank (X+) = k7

ABEs

where k is the number of eigenvalues of A in CT.

Corollary

If (A, B) is stabilizable and A (A) N:R = (), then the ABE (1) has a
unique stabilizing solution

X; =Y. Y], where Y, €R™k



Numerical Solution of ABEs

ATX + XA — XGX =0

Unstable BT &
ABEs

Peter Benner Reca”

m X can be obtained from invariant subspaces of
o A G
1o AT |
m ABE is homogeneous ARE = ABE can be solved by any
method for AREs, e.g., invariant subspace methods.

Numerical

Solution



Numerical Solution of ABEs
ATX + XA — XGX =0

Unstable BT &
ABEs

Peter Benner Reca”

m X can be obtained from invariant subspaces of
o A G
1o AT |
m ABE is homogeneous ARE = ABE can be solved by any
method for AREs, e.g., invariant subspace methods.

In particular, if P is a projector onto anti-stable, H-invariant
Numerical subspace, then { ’)"< ] € kerP
—A+

Solution

—> solve consistent least-squares problem

L 1 | Pu P I
o 42 2] 4]

Pty _ | Pu
~~ compute projector from P = (1, + sign (H)).




Numerical Solution of ABEs

The Matrix Sign Function

Unstable BT &
ABEs

Peter Benner Definition

For Z € R™*" with A(Z) N:R = () and Jordan canonical form
Jt 0
Z=5"1 S
0
the matrix sign function is

Numerical I 0
Soluion sign (Z) := S s




Numerical Solution of ABEs

The Matrix Sign Function

Unstable BT &
ABEs

Peter Benner Computation of sign (Z)

sign (Z) is root of /, => use Newton's method to compute it:
1 1, ,
ZO<_Zv ZJ'+1<_§ CJZJ_‘_;JZJ ) J:1a2a

= sign(2) =limj_« Zj.
(¢j > 0 is scaling parameter for convergence acceleration and rounding
Numerical error minimization.)

Solution



Solving ABEs with the Matrix Sign Function

Method

Unstable BT &
Ao Apply sign function iteration Z « 1(Z + Z71) to H:

Peter Benner

L [A G Al ATIGATT
HH _{0 —AT 0 -AT
= Sign function iteration for ABE:
Ac—A, AL (A +A1),
ot (44 47) j=0,1,2,....

1 -1 -T
ls\llj‘lvgrical GO‘ G7 Gj+1‘ 2 <Gj + Aj G]AJ ) )
olution

Define Ay :=limj_ o Aj, Go i=limj_ G;.



Solving ABEs with the Matrix Sign Function

Method

Unstable BT &
ABEs

Apply sign function iteration Z « 1(Z + Z71) to H:

Peter Benner

H+H‘1—[A G ] [Al A1GAT]

0 AT 0 —A°T

= Sign function iteration for ABE:
Av—A, Aj1—3 (Aj + Aj_1> ,

GG, G} (G +ATGAT).

Solution
Define Ay :=limj_ o Aj, Go i=limj_ G;.

Solve linear least-squares problems

Goo _ | At
S =[]

j=0,1,2,....
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Peter Benner

Computing
Solution Factors

Consider ATX 4+ XA — XBB7 X = 0 and recall that
Xi =Y. Y], Y. e Rk

Sign function iteration can be re-written as for Lyapunov equations:

Bis1Bli =G =

(64764 7)

(BBT+A BB A )

1
2
1
2
1 _ T
5B AT'Bi ][ B AT'B; ]
'B;

and use RRQR of [ B; AS | for column compression.



Computing Solution Factors

Unstable BT &
ABEs

s Consider ATX 4+ XA — XBB7 X = 0 and recall that
Xi =Y. Y], Y. e Rk

Sign function iteration can be re-written as for Lyapunov equations:

BBl =G =

(G- + Aj—lch.—T)

(BBT+A BB A )

Computing
Solution Factors

1
2
1
2
1 _ T
5L B AT'Bi ][ B AT'B; ]
'B;

and use RRQR of [ B; AS | for column compression.

But: still need Goo = limj_, oo BJ-BJ-T for least-squares solution and Y.
not directly obtained from least-squares problem!



Mjl Computing Solution Factors

Unstable BT &
ABEs

Peter Benner
Theorem [B. 2006]

Let (A, B) be stabilizable, A (A) N:R = (), and X, be the unique
stabilizing solution of the ABE

ATX + XA— XBBTX = 0.

If Boo = limk_, o By is obtained from the factorized form of the sign

function iteration for the ABE, then a full-rank factor Y, € R¥k of

Computing X+ |S glVen by

Solution Factors Y+ — \/EQYR_I, (2)

where the columns of Qy form a basis of ker (/ — sign (A)") and R is
the upper triangular factor in the “skinny” QR factorization of

BIQy.



rW Other Applications of ABEs

Unstable BT &

ABEs

Peter Benner

m Coprime factorization problems for rational transfer functions,

Other m computing (sub-)optimal H., controllers using a mixed
Al sensitivity approach (S-over-KS design),

ABEs
m state feedback stabilization of LTI systems.



Other Applications of ABEs

Stabilization

Unstable BT & o[ .
ABEs Feedback stabilization problem

For A€ R™" B e R™™ find F € R™ " such that
A(A—BF)c C-.

Corresponds to finding u € L5(0, 00; R™) such that the solution
trajectory of

x(t) = Ax(t) + Bu(t), x(0)=xo € R",

Stabilization is asymptotically stable, i.e., lim;_ x(t; u) = 0.
If F solves the feedback stabilization problem, then u(t) = —Fx(t).
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Peter Benner

Stabilization

Other Applications of ABEs

Stabilization

Feedback stabilization problem
For Ac R™" B c R"™™ find F € R™*" such that
ANA—-BF)cC .

Corresponds to finding u € L5(0, 00; R™) such that the solution
trajectory of

x(t) = Ax(t) + Bu(t), x(0)=xo € R",

is asymptotically stable, i.e., lim;_ x(t; u) = 0.
If F solves the feedback stabilization problem, then u(t) = —Fx(t).

Solution by ABE
If X is a stabilizing solution of the ABE with G = BB, then

F:=BTX

is a stabilizing feedback matrix.



Stabilization

Example

Unstable BT &
ABEs

Peter Benner
© original poles
Here, mimic finite-differences e s
discretization of control problem &
for linear reaction-diffusion 2 . 5
o
problem on unit square: £ o
a
A=-Ap+1, B= In,my
where h=1/21, m = 20.
Stabilization s 2 0
Real(h)
Results for different solvers: B(x
1B(X)llx CPU time
X 11
care: 35.107° 13.8 sec
sign: 4.8-107° 8.0 sec

sign_fac:

5.2.10°10 7.4 sec



sign
sign_fac

Numerical Examples
Efficiency of New ABE Solver

Unstable BT &
ABE:

Peter Benner

Random ABE with n =25 :25:500, m = n/5.

Non-normal A (sign(A) ill -conditioned) Normal A (sign(A) well-conditioned)
8 100
70 P
80
Numerical g g
Examples 850 @ 60
g 40 £
S S 40
% 30 n %
20
20
10
0 0
0 100 200 300 400 500 0 100 200 300 400 500




Unstable BT &
ABEs

Peter Benner

Numerical
Examples

Numerical Examples

Numerical Accuracy:

1X+11

JAT X, +X: A= X BBT X, [|1

Example n care #lter. sign sign_fac
CAREX 1.1 2  8.08e—22 2 8.08e—22 8.08e—22
CAREX 1.2 2 1.18e-15 3 1.26e—14 1.14e—14
CAREX 2.1 2 0.00e+-00 3 0.00e+00 9.77e—16
CAREX 2.3 2 6.68e—46 4 1.00e+06 0.00e+-00
CAREX 2.4 2 0.00e+4-00 3 1.6le—09 8.24e—12
CAREX 2.5 2 1.78e—15 3 1.78e—15 2.49e—15
CAREX 2.6 3  1.98e—09 5 2.82e—09 3.22e—09
CAREX 2.7 4 1.85e—10 5 7.92e—12 5.30e—10
CAREX 2.8 4  3.40e—12 3 b5.55e—11 5.55e—11
CAREX 3.1 39 7.6le—16 4 9.7le—11 6.14e—16
CAREX 3.2 64 6.75e—15 24 1.73e—09 1.72e—14
CAREX 4.1a 21  1.97e—-20 6 1.00e+00 1.00e+00
CAREX 4.1b 21  3.30e+00 6 8.66e—01 6.54e—08
CAREX 4.3 60 6.78e—15 21 2.85e—12 8.16e—15
RLC 199 2.72e—16 30 6.08e—11 1.4le—15



sign_fac

Numerical Examples
Model Reduction

Unstable BT &
ABEs

Peter B
Random unstable system with n = 500, m = p = 50,
25 unstable poles, and ¢ = 50.

Random system Random system
10° E
10° -
_{\J
Numerical 1 J = ST S e T e,
Examples 4] o E "‘1
= = 2
E 0]
[ j 1 40% N, 7
g = A
= Z 8
107 g ‘\
mOriginal =Error bound g
mpab08ex+pab09ax 107~} [Pab09ex+pablfax 4
102 | pab08fx | | pab08fx
010t 10 10 107 10° 10" 16 10° 10t 1071074 107 107 107 10" 10" 40P 10° 10t

Frequency w Frequency w



Solving Large-Scale ABEs

Reduced complexity/storage by use of hierarchical matrices

vl H{-matrices provide data-sparse representation for certain densely

SN populated matrices (FEM~1, BEM, ...) [Hackbusch 98]
B approximation by matrices of rank k(¢) -
= storage for Ay € R™": O(n logy(n) k() =fzriiiion X
m formatted arithmetic with complexity: e Bl ,,19
Axx : O(nlogy(n)k(e)) oizal I (o > Bl
® ¢ Onlogy(mMk(e))  anals +hai Ml
Soning ©, Invyy : O(n loga(n) k(€)?) PP FITPUEY FES
Large Scale ABES 20 (31118 Safial s suls leloalon

. . . n=4096¢=10"*%
= 'H-sign function iteration

1
Ap k1 = E(AH,k & Invy(Ark)) 1 O(n logi(n) k(e)?)



Solving Large-Scale ABEs

Numerical Example: 2D Heat Equation/Efficiency

Unstable BT &
ABEs Ox

F(EO = Bx(t.)+bOu(e)
BE) = xalO)

§eQ= [0’1]2a

m Finite element discretization with n CPU Time
inner grid points: PP | i o
= —cn log’(n) "’_»-"
d T e
—x(t) = Ax(t) + B u(t) £ gr -
dt 2 (Pl . / 1
o -
. [ / :
Salving = use HLib 1.3 —

Large-Scale ABEs

[Bérm/Grasedyck /Hackbusch]
m shifted Ay, ~ one eigenvalue in C*

CPU time of sign function solver

Thanks to Ulrike Baur.



Solving Large-Scale ABEs

Numerical Example: 2D Heat Equation/Accuracy

Unsisble BT & Accuracy results for different parameter choices and n = 16, 384:

Peter Benner

|ATX + XA — XBBT X||
2([IAl211X112) + IX[BI1BBT |2

relative residual =

€ is the blockwise accuracy in H-matrix approximation.

T determines the numerical rank r of Bxi1: 0,11 < o01-7 <0}

€ T #it. | r | time[sec] | rel. residual

10=% | 107% 27 | 34 2376 2x107°

Salbii 107°% | 107% 26 | 15 4235 5x10~7
Large-Scale ABEs

10-8 | 10—* 22 | 14 7136 6 x 1077

107°% [ 10°° 26 | 42 4273 5x10~7

108 | 10°° 22 | 23 7150 6 x 1077

‘ 1078 ‘ 1078 H 22 ‘ 42 ‘ 7183 6x10~°

Thanks to Ulrike Baur.
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Summary and
Outlook

m Balanced truncation for unstable systems can be implemented

based on efficient ABE solver.
m Sign function-based ABE solver

is sometimes more accurate than Schur decomposition-based
approach,

is often faster than Schur decomposition-based approach,

can compute solution factor without forming X;..

can be iomplemented for large-scale problems using H-matrix
arithmetic, using normal equations for solving the least-squares
problem.




Summary and Outlook

Unstable BT &
ABEs

m Balanced truncation for unstable systems can be implemented
based on efficient ABE solver.

m Sign function-based ABE solver
m is sometimes more accurate than Schur decomposition-based
approach,
m is often faster than Schur decomposition-based approach,
can compute solution factor without forming X;..
m can be iomplemented for large-scale problems using H-matrix
arithmetic, using normal equations for solving the least-squares
problem.

Peter

LR CIl m Work in progress:

m Poor man’s balanced truncation implementation using suitable
quadrature rules.

m ADI-like or doubling-type iteration for large and sparse ABEs.

m Hammarling-style algorithm for computing Y,?

Outlook
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