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Model Reduction
Introduction

Linear, Time-Invariant (LTI) Systems

ẋ(t) = Ax + Bu, x(0) = x0, A ∈ Rn×n, B ∈ Rn×m,
y(t) = Cx + Du, C ∈ Rp×n, D ∈ Rp×m.

Linear Systems in Frequency Domain

Application of Laplace transformation (x(t) 7→ x(s), ẋ(t) 7→ sx(s))
to linear system with x(0) = 0:

sx(s) = Ax(s) + Bu(s), y(s) = Bx(s) + Du(s),

yields I/O-relation in frequency domain:

y(s) =
(

C (sIn − A)−1B + D︸ ︷︷ ︸
=:G(s)

)
u(s)

G is the transfer function of Σ.
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ẋ(t) = Ax + Bu, x(0) = x0, A ∈ Rn×n, B ∈ Rn×m,
y(t) = Cx + Du, C ∈ Rp×n, D ∈ Rp×m.

Linear Systems in Frequency Domain

Application of Laplace transformation (x(t) 7→ x(s), ẋ(t) 7→ sx(s))
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Model Reduction
Introduction

Problem

Approximate the dynamical system

Σ :

{
ẋ = Ax + Bu, A ∈ Rn×n, B ∈ Rn×m,
y = Cx + Du, C ∈ Rp×n, D ∈ Rp×m,

by reduced-order system

Σ̂ :

{
˙̂x = Âx̂ + B̂u, Â ∈ Rr×r , B̂ ∈ Rr×m,

ŷ = Ĉ x̂ + D̂u, Ĉ ∈ Rp×r , D̂ ∈ Rp×m,

of order r � n, such that

‖y − ŷ‖ = ‖Gu − Ĝu‖ ≤ ‖G − Ĝ‖‖u‖ < tolerance · ‖u‖.
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Model Reduction
Balanced Truncation(BT)

Idea:

A system Σ, realized by (A,B,C ,D), is called balanced, if
solutions P,Q of the Lyapunov equations

AP + PAT + BBT = 0, ATQ + QA + CTC = 0,

satisfy: P = Q = diag(σ1, . . . , σn) with σ1 ≥ σ2 ≥ . . . ≥ σn > 0.

{σ1, . . . , σn} are the Hankel singular values (HSVs) of Σ.

Compute balanced realization of the system via state-space
transformation

T : (A, B, C , D) 7→ (TAT−1, TB, CT−1, D)

=

„»
A11 A12

A21 A22

–
,

»
B1

B2

–
,
ˆ

C1 C2

˜
, D

«
Truncation  (Â, B̂, Ĉ , D̂) = (A11,B1,C1,D).
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Model Reduction
Balanced Truncation(BT)

Motivation:

HSV are system invariants: they are preserved under T and determine
the energy transfer given by the Hankel map

H : L2(−∞, 0) 7→ L2(0,∞) : u− 7→ y+.
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Model Reduction
Balanced Truncation(BT)

Motivation:

HSV are system invariants: they are preserved under T and determine
the energy transfer given by the Hankel map

H : L2(−∞, 0) 7→ L2(0,∞) : u− 7→ y+.

In balanced coordinates . . . energy transfer from u− to y+:

E := sup
u∈L2(−∞,0]

x(0)=x0

∞∫
0

y(t)T y(t) dt

0∫
−∞

u(t)Tu(t) dt

=
1

‖x0‖2

n∑
j=1

σ2
j x

2
0,j
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Motivation:

HSV are system invariants: they are preserved under T and determine
the energy transfer given by the Hankel map

H : L2(−∞, 0) 7→ L2(0,∞) : u− 7→ y+.

In balanced coordinates . . . energy transfer from u− to y+:

E := sup
u∈L2(−∞,0]

x(0)=x0

∞∫
0

y(t)T y(t) dt

0∫
−∞

u(t)Tu(t) dt

=
1

‖x0‖2

n∑
j=1

σ2
j x

2
0,j

=⇒ Truncate states corresponding to “small” HSVs
=⇒ complete analogy to best approximation via SVD!
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Model Reduction
Balanced Truncation(BT)

Implementation: SR Method

1 Compute Cholesky factors of the solutions of the Lyapunov
equations,

P = STS , Q = RTR.

2 Compute SVD

SRT = [ U1, U2 ]

[
Σ1

Σ2

] [
V T

1

V T
2

]
.

3 Set
W = RTV1Σ

−1/2
1 , V = STU1Σ

−1/2
1 .

4 Reduced model is (W TAV ,W TB,CV ,D).
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Model Reduction
Balanced Truncation(BT)

Properties:

Reduced-order model is stable with HSVs σ1, . . . , σr .

Adaptive choice of r via computable error bound:

‖y − ŷ‖2 ≤
(

2
∑n

k=r+1
σk

)
‖u‖2.
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Balanced Truncation for Unstable Systems
Basic Idea

For A stable, BT is based on balancing system Gramians, defined by

P =

Z ∞
0

eAtBBT eAT t dt, Q =

Z ∞
0

eAT tCTCeAt dt.

For unstable A, integrals diverge!

Frequency-domain definition of Gramians

P := 1
2π

Z ∞
−∞

(jω − A)−1BBT (jω − A)−H dω,

Q := 1
2π

Z ∞
−∞

(jω − A)−HCTC(jω − A)−1 dω.

Properties [Zhou/Salomon/Wu 1999]

Well-defined if Λ (A) ∩ ıR = ∅; for stable A, definitions coincide.

(A,B) controllable ⇔ P > 0; (A,C ) observable ⇔ Q > 0.

BT can be based on P, Q, BT error bound holds!
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Balanced Truncation for Unstable Systems
Basic Idea

Computation of Gramians for Unstable Systems

If (A,B) stabilizable, (A,C ) detectable, and Λ (A) ∩ ıR = ∅, then
P,Q are solutions of the Lyapunov equations

(A− BBTX )P + P(A− BBTX )T + BBT = 0,

(A− YCTC )TQ + Q(A− YCTC ) + CTC = 0,

where X and Y are the stabilizing solutions of the dual algebraic
Bernoulli equations

ATX + XA− XBBTX = 0,

AY + YAT − YCTCY = 0.
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Algebraic Bernoulli Equations
Basics

Algebraic Bernoulli Equations (ABE)

ATX + XA− XGX = 0, A ∈ Rn×n, G = GT ∈ Rn×n,

as special case of

L(X ) + A0X

k−1∏
j=1

AjX

Ak = 0,

where L(X ) is a linear operator and Aj ∈ Rn×n for j = 0, 1, . . . , k.

Why Bernoulli?

Bernoulli differential equation

ẏ(t) = p(t)y(t) + q(t)y(t)k , k 6= 0, 1.
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Algebraic Bernoulli Equations
AT X + XA− XGX = 0

ABEs are . . .

. . . almost Lyapunov equations:
if X were invertible: X−1(ABE)X−1 =⇒

YAT + AY = G , where Y = X−1;

. . . special algebraic Riccati equations (ARE):

Q + ATX + XA− XGX = 0 with Q = 0,

i.e., ABE is homogeneous ARE.
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Trivia about ABEs
AT X + XA− XGX = 0

ABE is homogeneous =⇒ X = 0 is a (positive semidefinite)
solution;

as special ARE, solution can be obtained from invariant
subspaces of corresponding Hamiltonian matrix: if[

A G
0 −AT

]
︸ ︷︷ ︸

=:H

[
U
V

]
=

[
U
V

]
W , U,V ,W ∈ Rn×n,

and U is invertible, then

X = −VU−1

is a solution of the ABE, where Λ (A− GX ) = Λ (W ) ⊂ Λ (H).

If Λ (W ) = Λ (H) ∩ C−, then X is a stabilizing solution.
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Algebraic Bernoulli Equations
Theory

Theorem

Consider the ABE

ATX + XA− XBBTX = 0 (1)

with (A,B) controllable. Then

there exist symmetric solutions X+ ≥ 0, X− ≤ 0, with
X− ≤ X ≤ X+ for all solutions X of the ABE;

X− is the unique solution satisfying Λ (A− BBTX−) ⊂ C+ ∪ ıR;

X+ is the unique solution satisfying Λ (A− BBTX+) ⊂ C− ∪ ıR.

If Λ (A) ∩ ıR = ∅, then X− is the unique anti-stabilizing solution
and X+ is the unique stabilizing solution of the ABE.

Corollary

If (A,B) is stabilizable and Λ (A) ∩ ıR = ∅, then the ABE (1) has a
unique stabilizing solution X+ and X+ ≥ 0.
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Algebraic Bernoulli Equations
Low-Rank Solutions of ABEs

Theorem

Consider again the ABE (1), i.e.,

ATX + XA− XBBTX = 0

with (A,B) stabilizable, Λ (A) ∩ ıR = ∅, and its unique stabilizing
solution X+.
Then

rank (X+) = k ,

where k is the number of eigenvalues of A in C+.

Corollary

If (A,B) is stabilizable and Λ (A) ∩ ıR = ∅, then the ABE (1) has a
unique stabilizing solution

X+ = Y+Y T
+ , where Y+ ∈ Rn×k .
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Numerical Solution of ABEs
AT X + XA− XGX = 0

Recall:

X can be obtained from invariant subspaces of

H =

[
A G
0 −AT

]
.

ABE is homogeneous ARE =⇒ ABE can be solved by any
method for AREs, e.g., invariant subspace methods.

In particular, if P is a projector onto anti-stable, H-invariant

subspace, then
[

In
−X+

]
∈ kerP

=⇒ solve consistent least-squares problem

0 = P
[

In
−X+

]
=

[
P11 P12

P21 P22

] [
In
−X+

]
⇔
[

P12

P22

]
X+ =

[
P11

P21

]
.

 compute projector from P = 1
2 (In + sign (H)).
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Numerical Solution of ABEs
The Matrix Sign Function

Definition

For Z ∈ Rn×n with Λ (Z ) ∩ ıR = ∅ and Jordan canonical form

Z = S−1

[
J+ 0

0 J−

]
S

the matrix sign function is

sign (Z ) := S

[
Ik 0

0 −In−k

]
S−1.
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Numerical Solution of ABEs
The Matrix Sign Function

Computation of sign (Z )

sign (Z ) is root of In =⇒ use Newton’s method to compute it:

Z0 ← Z , Zj+1 ←
1

2

(
cjZj +

1

cj
Z−1

j

)
, j = 1, 2, . . .

=⇒ sign (Z ) = limj→∞ Zj .
(cj > 0 is scaling parameter for convergence acceleration and rounding
error minimization.)
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Solving ABEs with the Matrix Sign Function
Method

1 Apply sign function iteration Z ← 1
2 (Z + Z−1) to H:

H + H−1 =

[
A G
0 −AT

]
+

[
A−1 A−1GA−T

0 −A−T

]
=⇒ Sign function iteration for ABE:

A0←A, Aj+1← 1
2

(
Aj + A−1

j

)
,

G0←G , Gj+1← 1
2

(
Gj + A−1

j GjA
−T
j

)
,

j = 0, 1, 2, . . . .

Define A∞ := limj→∞ Aj , G∞ := limj→∞ Gj .

2 Solve linear least-squares problems[
G∞

In − AT
∞

]
X+ =

[
A∞ + In

0n

]
.
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Computing Solution Factors

Consider ATX + XA− XBBTX = 0 and recall that

X+ = Y+Y T
+ , Y+ ∈ Rn×k .

Sign function iteration can be re-written as for Lyapunov equations:

Bj+1B
T
j+1 = Gj+1 =

1

2

(
Gj + A−1

j GjA
−T
j

)
=

1

2

(
BjB

T
j + A−1

j BjB
T
j A−T

j

)
=

1

2

[
Bj A−1

j Bj

] [
Bj A−1

j Bj

]T
and use RRQR of

[
Bj A−1

j Bj

]
for column compression.

But: still need G∞ = limj→∞ BjB
T
j for least-squares solution and Y+

not directly obtained from least-squares problem!
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Computing Solution Factors

Theorem [B. 2006]

Let (A,B) be stabilizable, Λ (A) ∩ ıR = ∅, and X+ be the unique
stabilizing solution of the ABE

ATX + XA− XBBTX = 0.

If B∞ = limk→∞ Bk is obtained from the factorized form of the sign
function iteration for the ABE, then a full-rank factor Y+ ∈ Rn×k of
X+ is given by

Y+ =
√

2QY R−1, (2)

where the columns of QY form a basis of ker (I − sign (A)T ) and R is
the upper triangular factor in the “skinny” QR factorization of
BT
∞QY .
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Other Applications of ABEs

Coprime factorization problems for rational transfer functions,

computing (sub-)optimal H∞ controllers using a mixed
sensitivity approach (S-over-KS design),

state feedback stabilization of LTI systems.
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Other Applications of ABEs
Stabilization

Feedback stabilization problem

For A ∈ Rn×n, B ∈ Rn×m, find F ∈ Rm×n such that
Λ (A− BF ) ⊂ C−.

Corresponds to finding u ∈ L2(0,∞; Rm) such that the solution
trajectory of

ẋ(t) = Ax(t) + Bu(t), x(0) = x0 ∈ Rn,

is asymptotically stable, i.e., limt→∞ x(t; u) = 0.

If F solves the feedback stabilization problem, then u(t) = −Fx(t).

Solution by ABE

If X is a stabilizing solution of the ABE with G = BBT , then

F := BTX

is a stabilizing feedback matrix.
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Stabilization
Example

Here, mimic finite-differences
discretization of control problem
for linear reaction-diffusion
problem on unit square:
A = −∆h + I , B = In,m,
where h = 1/21, m = 20.

Results for different solvers:
‖B(X+)‖1

‖X+‖1
CPU time

care: 3.5 · 10−5 13.8 sec
sign: 4.8 · 10−5 8.0 sec
sign_fac: 5.2 · 10−10 7.4 sec

sign
sign_fac
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Numerical Examples
Efficiency of New ABE Solver

Random ABE with n = 25 : 25 : 500, m = n/5.
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Numerical Examples
Numerical Accuracy:

‖AT X++X+A−X+BBT X+‖1
‖X+‖1

.

Example n care #Iter. sign sign_fac

CAREX 1.1 2 8.08e−22 2 8.08e−22 8.08e−22
CAREX 1.2 2 1.18e−15 3 1.26e−14 1.14e−14
CAREX 2.1 2 0.00e+00 3 0.00e+00 9.77e−16
CAREX 2.3 2 6.68e−46 4 1.00e+06 0.00e+00
CAREX 2.4 2 0.00e+00 3 1.61e−09 8.24e−12
CAREX 2.5 2 1.78e−15 3 1.78e−15 2.49e−15
CAREX 2.6 3 1.98e−09 5 2.82e−09 3.22e−09
CAREX 2.7 4 1.85e−10 5 7.92e−12 5.30e−10
CAREX 2.8 4 3.40e−12 3 5.55e−11 5.55e−11
CAREX 3.1 39 7.61e−16 4 9.71e−11 6.14e−16
CAREX 3.2 64 6.75e−15 24 1.73e−09 1.72e−14
CAREX 4.1a 21 1.97e−20 6 1.00e+00 1.00e+00
CAREX 4.1b 21 3.30e+00 6 8.66e−01 6.54e−08
CAREX 4.3 60 6.78e−15 21 2.85e−12 8.16e−15
RLC 199 2.72e−16 30 6.08e−11 1.41e−15

sign_fac
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Numerical Examples
Model Reduction

Random unstable system with n = 500, m = p = 50,
25 unstable poles, and ` = 50.
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Solving Large-Scale ABEs
Reduced complexity/storage by use of hierarchical matrices

H-matrices provide data-sparse representation for certain densely
populated matrices (FEM−1, BEM, ...) [Hackbusch 98 ]

approximation by matrices of rank k(ε)

storage for AH ∈ Rn×n: O(n log2(n) k(ε))

formatted arithmetic with complexity:

AH x : O(n log2(n) k(ε))

⊕ : O(n log2(n) k(ε)2)

�, InvH : O(n log2
2(n) k(ε)2)

n = 4096 ε = 10−4

=⇒ H-sign function iteration

AH,k+1 =
1

2
(AH,k ⊕ InvH(AH,k)) : O(n log2

2(n) k(ε)2)
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Solving Large-Scale ABEs
Numerical Example: 2D Heat Equation/Efficiency

∂x

∂t
(t, ξ) = ∆x(t, ξ) + b(ξ)u(t), ξ ∈ Ω = [0, 1]2,

b(ξ) = χΩu (ξ).

Finite element discretization with n
inner grid points:

d

dt
x(t) = A x(t) + B u(t)

use HLib 1.3
[Börm/Grasedyck/Hackbusch]

shifted AH  one eigenvalue in C+

CPU time of sign function solver

Thanks to Ulrike Baur.
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Solving Large-Scale ABEs
Numerical Example: 2D Heat Equation/Accuracy

Accuracy results for different parameter choices and n = 16, 384:

relative residual =
‖ATX + XA− XBBTX‖2

2(‖A‖2‖X‖2) + ‖X‖2
2‖BBT‖2

ε is the blockwise accuracy in H-matrix approximation.

τ determines the numerical rank r of Bk+1: σr+1 < σ1 · τ ≤ σr

ε τ # it. r time[sec] rel. residual
10−4 10−4 27 34 2376 2 × 10−5

10−6 10−4 26 15 4235 5 × 10−7

10−8 10−4 22 14 7136 6 × 10−9

10−6 10−6 26 42 4273 5 × 10−7

10−8 10−6 22 23 7150 6 × 10−9

10−8 10−8 22 42 7183 6 × 10−9

Thanks to Ulrike Baur.
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Summary and Outlook

Balanced truncation for unstable systems can be implemented
based on efficient ABE solver.

Sign function-based ABE solver

is sometimes more accurate than Schur decomposition-based
approach,
is often faster than Schur decomposition-based approach,
can compute solution factor without forming X+.
can be iomplemented for large-scale problems using H-matrix
arithmetic, using normal equations for solving the least-squares
problem.

Work in progress:

Poor man’s balanced truncation implementation using suitable
quadrature rules.
ADI-like or doubling-type iteration for large and sparse ABEs.
Hammarling-style algorithm for computing Y+?
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Thanks for your attention!
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