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Problem

Matrix

e Want solution of
F(X)=0, F:R"™ — R".

Hence, X € R"™*™ j.e., we have a nonlinear system of equations with
n - m unknowns!

Example: n = m = 1,000, then the solution needs 1,000,000 words
of memory, i.e., 8MB in double precision.

In control design or model reduction for partial differential equations,
this task has to be solved for n = 10,000 (800 MB), n = 100, 000
(80 GB), n = 1,000,000 (8 TB).
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orrx A (A) C C~ = there exists unique solution X = —L~1(C7C) > 0.

In many situations, rank (X,e) = nx < n!

[PENZL '00, SORENSEN/ZHOU ’02, GRASEDYCK ’04]

Example

o Eigenvalues in decreasing order

— Control of 2D heat equation in iy

unit square; heat source on the
left boundary. &

— FDM discretization, h = 1/30. B 2, eps

- n=0900, m=1. \
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Matrix
Equations

In most applications (optimal control, model reduction) need
stabilizing solution Xs, i.e., A(A— BBTX;) Cc C~.

Usually, X5 > 0 and often, rank (X, &) = nx < n!

Example

Eigenvalues in decreasing order

— Control of 2D heat equation in
unit square; heat source on the

left boundary, observations on .
right boundary.
— FDM discretization, h = 1/30. " ﬁ‘p

_ _ _ »
- n—900, m = 1, p— 1 0o 0w a0 E0 w0 700 w0 s
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A(A),A(B) C C~ = exists unique solution X = —S~1(W).
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0=58(X):=AX + XB+ W, AcR™" BeR™m W ecRX*m

Matrix
Equations

A(A),A(B) C C~ = exists unique solution X = —S~H(W).

In many situations, rank (X,e) = ns < n! [GRASEDYCK '04]

Singular values

10°
— Observer-like equation for 2D
heat equation in unit square; 10°
heat source on the left boundary. ¢
~ FDM discretization, h = 1/30.
— n =900, m = 100. - o, eps
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computation” [G.W. STEWART in The Top 10 of Algorithms, 2000]
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beter Bennes Matrix Factorization

In Numerical Linear Algebra, solving problems often means to
compute a matrix factorization (decomposition).

Matrix

FER AT Alston S. Householder [Principles of Numerical Analysis, 1954] was
probably the first one to understand this as a paradigm: it is a
fundamental algorithmic pattern combined with the idea of re-using
factors.

“This [the decompositional] approach,. . . ,has revolutionized matrix
computation” [G.W. STEWART in The Top 10 of Algorithms, 2000]
One step further:

Never form a product once you are given factors, use these factors as
much as possible!
[PARLETT 1996, PLENARY TALK AT ILAS CONFERENCE CHEMNITZ]

Of course, this idea was driving earlier efforts to construct the QZ
algorithm, quotient/product SVDs, ...
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Here, we will only consider algorithms which directly compute factors
of the solution to F(X) =0, e.g.,

— Cholesky factors,
— full-rank factors, i.e., X = YZ, Y,ZT ¢ Rrxrank(X),
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Factorized Solution of Matrix Equations

INE£533 BB Here, we will only consider algorithms which directly compute factors
Peter Benner of the solution to F(X) =0, e.g.,
— Cholesky factors,
— full-rank factors, i.e., X =YZ, Y,ZT ¢ Rnxrank(X),
Fctorized Not in this class: projection-type methods, i.e.,
i project equation to R’ ~ VT F( V)A(VT)V =0, VeR™¢
solve small-dimension problem ~~ )A(,
lift to R" ~ X ~ VX VT,
like in
m [SAAD ’90, JAIMOUKHA/KASENALLY ’94,
HOCHBRUCK /STARKE 95, JBILOU/RIQUET 03] for Lyapunov
equations;
m [Hu/REICHEL 92, GRASEDYCK/HACKBUSCH 04] for Sylvester
equations;
m [FREUND/MEHRMANN ’92, B./FASSBENDER 97, JBILOU ’03,
Awmober 03] for Riccati equations.
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Matrix Equations

Peter Benner Lyapunov Equations

X>0=X=YYT Y= € Rm<nx,
%Aiﬁfifiﬂfif m nx = n, Y = Cholesky factor
atrix
S — Hammarling’'s method (variant of Bartels-Stewart,
based on Schur decomposition) [HAMMARLING ’82]

— Sign function method
[LARIN/ALIEV '93, B./QUINTANA-ORT{ '97]
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X>0=X=YYT Y= e R™"x,

Factorized
Solution of
Matrix
Equations

m nx < n, Y = (approximate) full-rank factor (X ~ YY)
— Sign function method, O(n?) [B./QUINTANA-ORTI ’97]
— H-Matrix based sign function method, O(nlog?(n))
[BAUR/B. ’03-°05]
— Low-rank ADI/Smith methods
[PENZL ’99, L1/WHITE ’00/°02, SORENSEN ET AL ’03]
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Matrix Equations

Pe enner
Algebraic Riccati Equations

X>0=X=YYT Y= € R™x,

Factorized
Solution of

Miatr m nx = n, Y = Cholesky factor
ouations Newton's method combined with
— Hammarling’'s method [HAMMARLING ’82]
— sign function method
[B./BYERS/QUINTANA-ORTI/ QUINTANA-ORT{ "98|
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Matrix Equations

Pe enner
Algebraic Riccati Equations

X>0=X=YYT Y= € R™x,

Factorized
Solution of
Matrix
Equations

m nx < n, Y = (approximate) full-rank factor (X ~ YY)
Newton's method combined with
— sign function method, O(n®) [B./QUINTANA-ORT{ ’97]
— low-rank Smith [BANKS/ITO 91, ROSEN/WANG ’95]
— low-rank ADI [PENZL 98, B./L1/PENZL ’05]
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Sylvester Equations
E/Ioaht.:ii?nof X=YZ= l -' Y c ]Rnxnxv 7 c RAxxm

Factorized

Here, only nx < m leads to algorithmic advantages:
— sign function method, O(n%) [B. MTNS’04]
— H-Matrix based sign function method, O(nlog®(n)) [Baur ’05]
— low-rank ADI ~> later



Factorized Solution of Sylvester Equations
Applications

Matrix Equations
e B Cross-Gramian Based Model Reduction
[FERNANDO/NICHOLSON ’83/°’84, ALDHAHERI ‘91, SORENSEN/ANTOULAS '02]

X = Ax+Bu X = Ag+Bu
Approximate =y = Cx by § = Cx
Applications order n order r < n

Idea: instead of balanced truncation (based on controllability and
observability Gramians P, Q), project onto dominant subspace of
cross-Gramian, defined as solution of

AX+XA+BC=0

Note: for SISO and symmetric systems, this is equivalent to balanced
truncation as X = PQ; hence error bounds etc. apply.
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Applications

Matrix Equations
Peter Benner Cross-Gramian Based Model Reduction
[FERNANDO/NICHOLSON ’83/°84, ALDHAHERI '91, SORENSEN/ANTOULAS '02]

X = Ax+Bu X = Ag+Bu
Approximate =y = Cx by § = Cx
Applications order n order r < n

Idea: instead of balanced truncation (based on controllability and
observability Gramians P, Q), project onto dominant subspace of
cross-Gramian, defined as solution of

AX+XA+BC=0

Note: for SISO and symmetric systems, this is equivalent to balanced
truncation as X = PQ; hence error bounds etc. apply.
Other applications:

m Wiener filters/image restoration [CALVETTI/REICHEL ’96]

m Luenberger observer
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Sign Function Iteration for Sylvester Equations
AX+XB+FG=0, AcR™" BcR™M FcRIXP GecRPX™,

Matrix Equations

beter Bennes The Sign Function Method
For Ze R™" A(Z)NiR =( and JCF Z =51 [Jg JO_} S:
(J= = Jordan blocks corresponding to A (Z) N C*)

Lk 0
sy Furcer sign(2) =S | s

Equations “In—k
sign (Z) is root of I, = use Newton's method to compute it:
1 17-1 ;
Z—2, Zu<i(gz+iz1), j=12...

= sign(Z) =limj_ Z;.
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AX+XB+FG=0, AcR™" BcR™M FcRIXP GecRPX™,

Matrix Equations

Solving Sylvester Equations with the Sign Function Method

Consider Sylvester equation

AX+XB+W =0, AecR™" BecR™" stable.

Sign Function
for Sylvester

/ . . .
EaTr i = { ;< ] is stable invariant subspace of Z := ['3 _M‘,/g} .
— N\x

Apply sign function iteration to Z —

-1, 2X.

sign (Z) =limj_ Zj = 0 |
n




Sign Function Iteration for Sylvester Equations
AX+XB+FG=0, AcR™" BcR™M FcRIXP GecRPX™,

Matrix Equations

Block-Triangular Iteration

Newton iteration (with scaling) is equivalent to

Pe

Ao — A, Bo — B, W0<—W
for j=0,1,2,...
Sign Function

for Sylvester

2 -1
Equations Aj+1 — z(AJ-‘rCJAJ ),
J

1 _
Biy1 Z (Bj 4 CJ?BJ. 1) ’

1 o e
Wiy — = <|/VJ--|-CJ.2AJ,1V|/J.BJ. 1).

end for
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Block-Triangular Iteration

Newton iteration (with scaling) is equivalent to

Pe

Ao — A, Bo — B, W0<—W
for j=0,1,2,...
Sign Function

for Sylvester

2 -1
Equations Aj+1 — z(AJ-‘rCJAJ ),
J

1 _
Biy1 Z (Bj 4 CJ?BJ. 1) ’

1 o e
Wiy — = <|/VJ--|-CJ.2AJ,1V|/J.BJ. 1).

end for

— 1l i
— X =35limj_ W,
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Sign Function Iteration for Sylvester Equations
AC RN B RTXM FcRW™P G RPXM,

AX + XB + FG =0,

Matrix Equations

Pe

Computing Full-Rank Factors of Solution

— re-write (unscaled) iteration Wj,; — (Wj n A;lvva;l) as

Sign Function
for Sylvester
Equations

FirGi < § (FG + (AT F)GB™)),

R A ]
yielding ) G;
Gy «— G, Gy «— —== 1.

Problem: workspace doubles/iteration, F; € R™P = F; . € R"™*?A,

In order to limit workspace during iteration, compute full-rank
factorization in each iteration step directly from Fj 1, Gjy1.



Sign Function Iteration for Sylvester Equations
AX+XB+FG=0, AcR™" BcR™M FcRIXP GecRPX™,

Full-Rank lteration

FO = Fa GO = G7

~ _ ~ G
Fiv1 < \/L§[FJ Alej]7 GJ'+1 = \/E[stjl]a

[Fi+1,Gj+1] < compress(Fji1, Gjt1).

Sign Function
for Sylvester
Equations



Sign Function Iteration for Sylvester Equations
AX+XB+FG=0, AcR™" BcR™M FcRIXP GecRPX™,

Matrix Equations Full-Rank lteration

Peter Benner FO — F, GO — G7

e 1 -1 Ve 1 G;j
Fan — [ F ATR], Gu < [ J]’

[Fj+1,Gjy1] < compress(Fji1, Gji1).

Sign Function
for Sylvester
Equations

Y, Zz] = compress(\"/7 Z, T)

Compute RRQR
J= [ U U] [2] Mg, Ry € R™*", r = rank (ZT),
(IIRzll2 < Tl Ral2)-

Compute RRQR
Y=Y V2 ][2]|Ne Tie R, t=rank (YU, ),
(IT2ll2 < 7 Txll2)-

[ Tu T2 | := Tallg, where Ty € R¥.

Set Y := Vi T, Z = RilNg.



Sign Function Iteration for Sylvester Equations
AX+XB+FG=0, AcR™" BcR™M FcRIXP GecRPX™,

Matrix Equations Full-Rank lteration

Peter Benner FO — F, GO = G7

~ _ ~ G
Fiv1 < %5[’:1 Alej]’ Gj+1 = \/§|:6ij1]’

[Fi+1,Graa] —  compress(Fis, Gre)-

Sign Function
for Sylvester
Equations

What do we loose with [Y, Z] = compress(Y, Z, 7)?

In exact arithmetic,
1YZ = YZ|2 < 27| Y 2l|Z]l2 + O(7).
In symmetric (Lyapunov) case, we have
IYYT =YYl <72 Y5

= Need higher accuracy (= rank) of factors for the same
approximation quality.



ADI lIteration for Sylvester Equations
AX + XB + FG =0, AcR™" BeR™m F GT € R"¥P,

Matrix Equations

ADI lteration

Peter Benner

For Xo =0,
(At Xy = =X(B-pl=F6,
X (B+vyl) = _(A_le))<J-+% _ rG, Jj=01,...
Gl With parameter sets 4, 1; guaranteeing (accelerating) convergence

Equations

[STARKE 91, LEVENBERG/REICHEL 93, WACHSPRESS 00].



ADI lIteration for Sylvester Equations
AX + XB + FG =0, AcR™" BeR™m F GT € R"¥P,

ADI lteration

For Xo =0,

Xis1 = (A=yl)(A+ )7 X (B — 1yl)(B + 1)~
—(/Lj+I/J')(A+,uj/)71FG(B+l/jl)71, Jj=0,1...

RS with parameter sets p;, v; guaranteeing (accelerating) convergence

Sylvester

s [STARKE 91, LEVENBERG/REICHEL '93, WACHSPRESS "00].



ADI lIteration for Sylvester Equations
AX + XB + FG =0, AcR™" BeR™m F GT € R"¥P,

Matrix Equations

Factorized ADI lteration

For X; =: Y;Z; with Yo =0 = Z], we obtain for j =0,1,...,

Peter Benner

YieiZipn = (A—yl)(A+ )t Y;Zi(B — l)(B +v;1)~
—(1j + V) (A+ ) HFG(B +vl) 7,

—(uj + 1) GSP
ZTPSP 7

ADI lteration for
Sylvester
Equations

[ S7F, 7757 ]

where

W
>
|
|
—
>
|
S
-
~

(A+le)_i’ T

SE = (B-‘,—Vj/)_ s TJ-B = (B—Mj/).



ADI lIteration for Sylvester Equations
AX + XB + FG =0, AcR™" BeR™m F GT € R"¥P,

Matrix Equations

Factorized ADI lteration

LR-ADI method: for Yy = [| = Z;, iterate for j = 0,1,...

Peter Benner

Yim = [(A+w)F, (A-yl)(A+ )7ty ],
T = —(,uj + l/j)G(B + Vj/)_ll
ADI lteration for / ZJ(B_MJI)(B+VJI)_

Sylvester
Equations

= Y; e R™P, Z; € RiPxm,



ADI lIteration for Sylvester Equations
AX + XB + FG =0, AcR™" BeR™m F GT € R"¥P,

Matrix Equations
oeter Bemner Factorized ADI Iteration

LR-ADI with compression: for Yo = [| = Z, iterate for j = 0,1,...

Ve = [(A+w)*F, (A-yl)(A+wl)7tY; ],
7., = | Tw)6(B+yl
ADI lteration for i . ZJ(B - ,UJ/)(B + l/j/)_l ’

Sylvester
Equations

{Yis1,Z11} «— compress(¥ji1,Zj11,7).

= )/J.ERHXPJ' ZJ-ERP]X”' pJS-/p’ Xzzjmax\/jmax'



ADI lIteration for Sylvester Equations
AX + XB + FG =0, AcR™" BeR™m F GT € R"¥P,

Matrix Equations
beter Bennes Factorized ADI Iteration

faster LR-ADI with compression = factorized ADI:
exploit commuting properties of S#, T4, SP, T and renumber ~

Yi:=F = (A+ ) tF, Z := G := (po+10)G(B+ vpl)™?
for j=1,2,...

o= -t
G = G —(y-1+y)(B+yl)T),
S.’/j-}—l = [ »/j7 Fj+1 ] )
- Z
Ziy1 = T,
Jj+1 { Gj+1 ]

{Yj+1a Zj+1} < compress (Yj—&-l, 2j+1, T)'

= Y; e R"™P, Z; e RP*", p; < jp.



Numerical Results

Factorized Sign Function Method for Sylvester Equations

Hatrix Equations n =500 : 500 : 4000, m = 1, sep(A, B) = 2.
S e Compare sign function based method and MATLAB's SLICOT-based

implementation of the Hessenberg-Schur method.

Use MATLAB Release 14 on a Xeon 3GHz workstation with 8GB Ram.

8-14 iterations for sign function iteration.

Numerical Results m For n =4000, Y,Z"T € R¥%0%4 je. 1.4MB instead of 122MB

storage required for solution.
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Factorized Sign Function Method for Sylvester Equations

Hatrix Equations n =500 : 500 : 4000, m = 1, sep(A, B) = 2.
S e Compare sign function based method and MATLAB's SLICOT-based
implementation of the Hessenberg-Schur method.

Use MATLAB Release 14 on a Xeon 3GHz workstation with 8GB Ram.
8-14 iterations for sign function iteration.

A Rehs m For n =4000, Y,Z" € R*%%% e 1.4MB instead of 122MB
storage required for solution.

Residuals

—e—sign function
——Mallab/SLICOT

WAX+XB+FGI

500 1000 1500 2000 2500 3000 3500 4000
n



Numerical Results

Factorized Sign Function Method for Sylvester Equations

Hatrix Equations m n=500: 500 : 4000, m = 1, sep(A, B) = 2.
S e m Compare sign function based method and MATLAB's SLICOT-based
implementation of the Hessenberg-Schur method.
m Use MATLAB Release 14 on a Xeon 3GHz workstation with 8GB Ram.
m 8-14 iterations for sign function iteration.

A Rehs m For n =4000, Y,Z" € R*%%% e 1.4MB instead of 122MB
storage required for solution.

Results
. Residuals CPU Times
10 7000
ign function —=—sign function
Matlab/SLICOT 6000 || ——Matlab/SLICOT
5
e 10 5000
©
o 4000
s 10" g
> 3 3000
T
z 2000
= o
1000
ol
1072

500 1000 1500 2000 2500 3000 3500 4000 500 1000 1500 2000 2500 3000 3500 4000
n n



Numerical Results

H-Matrix Based Factorized Sign Function Method for Lyapunov Equations

Matrix Equations

m FEM discretized 2D heat
equation with boundary control.

Peter Benner

m Accuracy, rank of factors:

T T
256 | 11 8.10°8
1024 | 13 2.10-°
4096 | 14 5.10-°
16384 | 15 5 10-5

m For n = 262,144 (that is, 34
billion unknowns in X) we get
r =21 = 5MB for solution
instead of 64GB!



Matrix Equations

Peter Benner

Numerical Results

Numerical Results

H-Matrix Based Factorized Sign Function

m FEM discretized 2D heat
equation with boundary control.

m Accuracy, rank of factors:

| ]

[AX+XAT+BBT |, ‘
2| AL X+ 11BB |12
256 | 11 8.1078
1024 | 13 4.10°°
4096 | 14 5.107°
16384 | 15 5.107°

m For n = 262,144 (that is, 34
billion unknowns in X) we get
r =21 = 5MB for solution
instead of 64GB!

Method for Lyapunov Equations

Gomputing Time

CPU fime.

& /
10°
10°

— H matiix based sign function

n |og (n)
10°5 3 g
10 10 10 10 10
n
9 Storage Requirements

Workspace (KB)
3,

—e— H-matiix based sign function
nlog?(n}

10° 10° 10° 10°
n



Conclusions

Matrix Equations

Peter Benner

m Using the matrix factorization paradigm allows to solve really
large-scale matrix equations.

m Other types of matrix equations can be treated analogously.

Conclusions

m Easiest case: matrix equations associated to discrete-time
control problems (Stein equations, discrete-time Riccati
equations) lead to fix-point iterations — can be re-written in
factorized form immediately.

m Further work: application to large-scale Riccati differential
equations.
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