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AREs

Algebraic Riccati Equations

Algebraic Riccati equations
0=Q+A"P+ PA— PGP

where P € R™ ™ is unknown and A,G,(Q) € R*»*"
arise in

e order reduction,

e structural mechanics, vibration problems,
e economical dynamics,

e filtering,

e transport theory,

e decoupling of parabolic systems,

Here: symmetric AREs, ie., G = GT, Q = QT and
P = PT,
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AREs

ARE:

0=R(P):=Q+ A"P+ PA - PGP.
In large scale applications,

e n =103 -10° (= 10° - 10*° unknowns!),

° with

- G=BBT, BeR™m |
- Q=CTC, CeRv*n

Large-scale problems arise from discretization of
distributed parameter systems, e.g.,

e control problems for PDEs,
e delay differential equations,

in the general setting of abstract linear-quadratic
regulator problems.
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Motivation: LQR problem

Motivation: Abstract Linear-Quadratic
Regulator Problem

state space,
U - control space,

Y - output space,

and operators

A:dom(A) c X=X, B:U—=X C:X=>Y.

LQR Problem:
1 oo
Tlanw) = 5 [ (ol + lul) de
0
for u € L5 (0, 00; U), where
t = Az + Bu, z(0) = zp € X|
y = Cux.
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Motivation: LQR problem

Solution of the LQR Problem
Theorem [Gibson '79]

stabilizable (3XC : X — U linear, bounded, such that
Co-semigroup generated by A + B is exponentially stable.)
e (C,.A) detectable, i.e., (A", C") stabilizable.
o Vo € X there exists admissible control wu.
(u € Ly(0, 0o; U) admissible <— J(xg,u) < c0.)

algebraic operator Riccati equation
0=R(P):=CC+A"P+PA—-PBBP
has unique, selfadjoint solution P.,, where

e P, :dom(A) — dom(.A") linear, bounded,
o P, > 0, i.e., positive semidefinite.

Solution of LQR problem is
Uoo(t) = =B Pz (t) = Koo (t).

P is stabilizing, that is, the Cyp-semigroup generated by
A — BB*P, is exponentially stable.
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Motivation: LQR problem

Example: Parabolic PDE in domain 2 C R?

(heat equation, convection-diffusion equation)

2V (A©)Va) + d(O)Va + (€ = Bu(h)

§e€f), t>0,

with initial and boundary conditions (02 = TI'y U T’y U I'3)

:L'(&',t) — ) g S Fla

0
a_nx(gat) — ) S S F27

0
$(£, t) + a_nx(ga t) — ’ S S FS)

CU(g,O) — xO(g)a S S Qa

and output equation

y = Cu, t > 0.

e B=0 — boundary control problem
° = 0V3y =— point control problem

Weak formulation, use test functions v € V = H' ()
—> LQR Problem.
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Motivation: LQR problem

Example

Heat equation with point control:
xy = Ax 4+ b(&u(t) in 2, x = 0 on 992,

v o= [ ©nds

Weak formulation with v € V = H}(Q):

/thv T /QA;W d§—|—/9b(§)u(t)fud£

_ _/vavvdg+ (/vac%) u(t)

Then X =15(Q2), U=R =V, and with

<w,v>:=  wvdf
Q

define linear operators:
< Aw,v > = —/VwVvd£
Q

u = b(&)u(t)
vooi= / c(&)v dg
Q
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Motivation: LQR problem

Discretization

Consider sequence X,, C X with dim(X,,) = n < oo,
such that Vi € X there exists ¢,, € X, with

lim |l¢n — @llx = 0.
n—oo
Define orthogonal projection II,, : X — X, and

< An@nawn >x = =< Agpnalpn >X V@nﬂbn € Xy,
Bn L= HnBa Cn = C‘Xna

— finite dimensional LQR problem /LQR(n)

ARE(n)
0=R,(P,):=C'C,+ A P,+ P,A, — P,B,B’P,.
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Motivation: LQR problem

Convergence

Theorem [Gibson '79, Banks/Kunisch '84]
Under given assumptions, the optimizing solution of
LQR(n) is given by

Un «(t) = =B Pp xxn(t) = Ky wxn(t),

where P, , is the stabilizing solution of ARE(n).

Furthermore,

lim || Py Iln0n — Poopllx =0 Vo € X,

n—oo

l.e., strong convergence P, ,II,, = Py in X.

theory and discretization methods
Ball, Banks, Curtain, Gibson, Kappel, Kunisch, Ito, Lagnese,
Lasiecka, J.L. Lions, Morris, Pritchard, Russell, Salamon,
Staffans, Triggiani, Van Keulen, Zwart, . . .

numerical methods
Banks/Ito '91, Rosen/Wang '95
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LQR(n): numerical solution

Matrix Representation

Galerkin approach, space discretization by finite
element method = solve n-dimensional LQR problem:

1 o0
T (@o, u) = o (yTy+uTU) dt,
0
for u € Ly(0, co; R™), where
u, z(0) = x,
y = Cuz,
with stiffness matrix mass matrix
LK, B:= M~1B):

0=R(P):=C"C+A"P+ PA—- PBB"P,

Solution of finite-dimensional LQR problem given by
us(t) = =B Pox(t) =: K.x(t),
where P, > 0 is stabilizing solution of the ARE and

M 'P,=P,,., P00, — Py, n— oco.
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Numerical solution of AREs

Numerical Solution of AREs

[Potter '66, Laub '79,...]
Use connection to Hamiltonian eigenproblem.

P is stabilizing solution of the ARE

—
In A -BBT| [Iy In T
H — — (A — BB™P),
P —cTo AT P P
c(A—BB'P) = o(H)NC

|.e., columns of “_T}} span stable invariant subspace of
Hamiltonian Matrix H.

here, o (H) = {£\; |Re ();) < 0}.

Definition:
H € R?™2" Hamiltonian
<
HJ = (HJ)T, where J = [_3n Ig], in other words, H is

skew-symmetric w.r.t. (z,y); =z’ Jy.
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Numerical solution of AREs

e Compute stable H-invariant subspace via
(structured, block-) Schur decomposition,

_q [ H,, Hp N
T HT = s O'(Hll):O'(H)ﬂC s
0  Ha
T T
T 11 112 .
| 121 Tne
— QR algorithm [Laub '79];
— SR algorithm [Bunse-Gerstner/Mehrmann '86];
— multishift algorithm [Ammar/B./Mehrmann '93;
— embedding algorithm [B./Mehrmann/Xu '97];

or spectral projection methods,

— sign function method
[Roberts '71, Byers ‘87, Gardiner/Laub '86]

— disk function method
[Malyshev '93, Bai/Demmel/Gu '95, B./Byers '95, B. '97]

— ((n?), sparse matrix structure is destroyed.

e Krylov subspace methods = employ sparse matrix
structure, but need n-dimensional subspace!
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Low-rank Krylov subspace methods

Low-Rank Krylov Subspace Methods

Block-Arnoldi method [Jaimoukha /Kasenally '94]
Consider

0=R(P)=CCT + AP + PAT — PBBTP.

1. Apply (block-)Arnoldi process to A with start
(block-)vector C' to generate the Krylov space

KA, C) =span{C, AC, A*’C, ..., A" 'C}

with orthogonal basis V; such that

0
AVy = Vi Ay + W1 Avgr s [ ]

Ip
and Ay = V,/ AV is block upper-Hessenberg.

2. Set By :=V!'B, C,:=V/!C.
3. Find stabilizing solution of the ARE

0= Rg(Xg) = CgCZ—I—Ang—FXgAZ—XngBZXg.

4. Set
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Low-rank Krylov subspace methods

+ Py satisfies Galerkin-type condition
VIR(P)V, =0
+ Computable residual error norm

0
R(PIr = V2 |Acs |

p

]Xng.

— Block-Arnoldi, i.e., each step needs p matrix-
vector products.

— Stabilizing X, may not exist as corresponding
Hamiltonian matrix

AT B,BT

H, =
‘ C,CT  —A,

may have purely imaginary eigenvalues!
— No stabilization guarantee for P!

— No convergence results for residuals.
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Low-rank Krylov subspace methods

Hamiltonian Lanczos algorithm
[Freund/Mehrmann '92, Ferng/Lin/Wang '95, B./FaBbender '95]

Consider
0=R(P)=Q+ A"P+ PA — PGP.

1. Apply symplectic Lanczos method to Hamiltonian

matrix {S _iTi| to generate Krylov space

Koe(H, v1) = span{vy, Hvq, H2fu1, ey H%_lful},

with symplectic basis

2n,2/4
Sg:[’l)l,’wl,...,’l)g,’wg] - Rn s
such that
T
HS, = 5S¢+ Cor1vo41€45),
[ 91 B1  C2 ]
B ¢2 B2 -
= 5£ Cf Bﬁ
2 -1
| vy —dp
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Low-rank Krylov subspace methods

2. Apply SR algorithm to Hy —

~

Hi1  Hiys

T, 'H/T; = -
11

] , 0'(1:111>C(C_,

i.e., obtain symplectic basis Sy := Ty(:,1 : £) for
stable Hy-invariant subspace.

3. Let
Y14

Y, := = 9,9,.
l [Y21] 254

Compute QR factorization

and set
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Low-rank Krylov subspace methods

+ Py satisfies Galerkin-type condition
VIR(P)Vy =0

+ In general less matrix-vector products than for
block-Arnoldi.

+ Purely imaginary  eigenvalues of  small
Hamiltonian matrix Hy can be removed by cheap
implicit restarts, i.e., can always get stable Hy-
invariant subspace.

+ Stabilization property for projected feedback
matrix

V' (A—GP)V,

for sufficiently small Lanczos residual (can be
achieved by implicit restarts).

+ No stabilization guarantee for F;.

— No convergence results for residuals.
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Newton's method for AREs

Newton’s Method for AREs

Consider
0=R(P)=C*C+ AP+ PA - PBB'P

with stable A, i.e.,, 0 (A) C C~, as nonlinear system
of equations.

Frechét derivative of R(P) at P:

Rp:Z — (A—BBTP)TZ + Z(A — BBTP)

Newton-Kantorovich method:

/ _1 .
Piy1=P - (Rpj) R(P,), j=0,1,2, ...
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Newton's method for AREs

=
[Kleinman 68, Mehrmann '91, Lancaster/Rodman 95,
B./Byers '94/'98, B. '97, Guo/Laub '99]

1. P, = 0.

2. FORj=0,1,2, ...
2.1 Aj — A — BBTPj =: A — BKJ

2.2 Solve Lyapunov equation
ATN; 4+ N;Aj = —R(P;).

2.3 Pj_|_1 — Pj + thj-
END FOR
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Newton's method for AREs

Properties

e Choice of ¢; via solution of minimization problem
corresponding to R(P) = 0 (exact line search):

min f(t) = mtinHR(P—I—tN)H%

t

= mintrace (R(P +tN)'R(P +tN)).

t

- Aj=A—-BK;=A—-BB'PjisstableV j > 1.
—IRP) e > [R(Py)r ¥ 5 > 0

Ty oo [R(P}) | = 0

- Pooé §P3+1§PJ§§P1 (IftjEl)

— lim;_, o P; = Ps > 0 (locally quadratic).
e Need sparse Lyapunov solver.

e BUT: P=PT e R"*" = n(n + 1)/2 unknowns!
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Newton's method for AREs

Low-Rank Approximation
Consider spectrum of ARE solution.

Linear 1D heat equation with point control,
Q = [0, 1], FEM discretization using linear B-splines,
h =1/100 (= n = 101).

Spectrum of solution P h forh =0.01
107

10° +

10° +

<4070k

10*12 L

107+

10*16 L

10*18

I I I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100 110

P=P">0 = P=2Z"=) Mz
k=1

AMe~0, k>r — Px Z(T)(Z(T)>T = Z)\kzkzg
k=1
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Newton's method for AREs

Iteration for Z(")
Re-write Newton's method for AREs  [Kleinman '68]

<~
A7 (Pj+ N;)+(Pj+ N;) A; = —-C"C — P,BB"F;
=41 =41 ::—WjoT
Set for rank (Z;) < n:
A7 + Aj=-W;WF

|

Solve Lyapunov equations for Z;; directly and use
‘sparse + low-rank’ structure of A;,

Aj=A—-BK,; = Y - . (B*Z;) - ,

= sparse —

m < n = “inversion” using Sherman-Morrison-
Woodbury formula:

(A-—BK;) '=U,+ A 'B(I,— K;A'B) 'K;)A".
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Newton's method for AREs

ADI-Method for Lyapunov equations
[ Wachspress ‘88]

Let A € R"*™ be stable (¢ (4) € C7), W € R**%
(w < n), consider Lyapunov equation

ATQ+QA=-WwwT.

ADI iteration:
(A" + pil) = —WW"' —Qr1(A — piT)
AT + DT = —WWT — (A —prl)

with parameters pr € C~ and pgi1 = Pg in case
pr & R.

With Qo = 0 and appropriate choice of py:
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Newton's method for AREs

Factored ADI lteration
[B./Li/Penzl '00]

Set Qi = Y,.Y,!, re-formulation =

Vi« \/—2Re(p)(A+pD)”'W
Y7 « Wi
FORk =2,3,. ..

V.o VY Re (pk)
\/Re (Pr—1)
Yk <— [ Yk—l Vk ]

(2= (e +PeD) (A +pe) ™) Vi

with

and
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Newton's method for AREs

Newton-ADI for AREs
[B./Li/Penzl '00]
Solve Lyapunov equation

(A—BK;-1)" + (A= BK;-1) = =W, W,

with factored ADI iteration

Sequence Yo(j), Yl(j), e Y9 of low-rank

max

approximations to solution of Lyapunov equation

Newton's method with factored iterates

Factored solution of ARE:
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Newton's method for AREs

Solution of LQR Problems
solve LQR problem via ARE.

But: ARE is detour, need feedback!

Direct iteration for feedback matrix.

e Approximate feedback matrix in step 5 of Newton
Iteration:

kmax
~K;=B"Z;zj = (B'V;1)Vj,
k=1
e Direct updating inside ADI iteration possible:
K;o=0,

o Set

e Requires only workspace of size m x n for feedback
matrix and n x (m + p) for Vj .

Peter Benner <  Zentrum fir Technomathematik <>  Universitat Bremen < 26



Numerical Examples

Numerical Examples
[ Tréltzsch/Unger '99, Penzl '99

e Optimal cooling of steel profiles.
e Model: boundary control for linearization of 2D heat equation.

ry = A, x €

T + Ty Uk, x€e€l'y, k=1,...,6,

x, = 0, x € I';.

e FEM discretization, initial mesh (n = 821).

T
r 6

0.9

0.8 - r ]

0.7

0.6

0.5

0.4

0.3

0.2

0.1F P .
|

2 refinement steps =—> n = 3113.
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Numerical Examples

Numerical Examples

Solution of linear systems of equations:

e Instead of A = —M 'K consider A = —MalKM(;T, Mo = Cholesky factor of
M,

e Cholesky factorization and solution of ‘shifted’ linear systems using sparse direct solver.

Example 1la 1b 1c
ARE Newton iterations 5 8 12
# columns of Z 540 492 522

IctClip
Lyapunov eq. | min. # iterations 45 40 42
max. # iterations 46 45 46
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Numerical Examples

Example 1, Stiffness Matrix

Sparsity Pattern of Stiffness matrix
Y N e e T 2 R
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Numerical Examples

Example 1, Cholesky Factor of Mass Matrix

Sparsity Pattern of Cholesky Factor of Mass Matrix
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Sparsity Pattern of Cholesky Factor of Mass Matrix
after reverse Cuthill-McKee permutation
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Numerical Examples

Example 2: Direct Feedback lteration

Test scalability:

e Linear 3D convection-diffusion equation with boundary control in unit cube.
e Finite differences discretization on uniform grid.

e Solution of linear systems of equations using QMR and ILU preconditioning.

Example 2a 2b 2¢C
(n,m,p) (1000,1,1)  (5832,1,1) (27000,1,1)
feedback Newton iterations 4 4 3
e 1.3-107% 8.8-10°° -
Lyapunov eq. | min. # iterations 103 143 96
max. # iterations 129 143 96
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Conclusions

Conclusions

Low-rank factor ADI-Newton method is efficient
and reliable method to solve large sparse AREs.

Direct computation of feedback matrix for LQR
problems possible without ARE detour.

Can be applied to H..-AREs and relative error
model reduction AREs as well.

Number of columns in low-rank factors can be
kept low using column compression with updating
technique.

Need analysis on how accurate Lyapunov equations
need to be solved (inexact Newton methods).

Line search for ADI-Newton method efficient (i.e.
reduces no. of iterations), but too expensive (w.r.t.
flops per step).
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