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AREs Algebrai
 Ri

ati EquationsAlgebrai
 Ri

ati equations0 = Q+ATP + PA� PGPwhere P 2 R n�n is unknown and A;G;Q 2 R n�narise in� systems and 
ontrol theory,� order redu
tion,� stru
tural me
hani
s, vibration problems,� e
onomi
al dynami
s,� �ltering,� transport theory,� de
oupling of paraboli
 systems,� ...Here: symmetri
 AREs, i.e., G = GT , Q = QT andP = PT .Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 2



AREsARE: 0 = R(P ) := Q+ATP + PA� PGP:In large s
ale appli
ations,� n = 103 { 105 (=) 106 { 1010 unknowns!),� A sparse,� G;Q low-rank with{ G = BBT , B 2 R n�m, m� n,{ Q = CTC, C 2 R p�n, p� n.Large-s
ale problems arise from dis
retization ofdistributed parameter systems, e.g.,� 
ontrol problems for PDEs,� delay di�erential equations,in the general setting of abstra
t linear-quadrati
regulator problems.Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 3



Motivation: LQR problemMotivation: Abstra
t Linear-Quadrati
Regulator ProblemGiven Hilbert spa
esX { state spa
e,U { 
ontrol spa
e,Y { output spa
e,and operatorsA : dom(A) � X ! X ; B : U ! X ; C : X ! Y :LQR Problem:MinimizeJ (x0; u) = 12 1Z0 �kyk2Y + kuk2U� dt;for u 2 L 2(0;1;U ), where_x = Ax+ Bu; x(0) = x0 2 X ;y = Cx:
Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 4



Motivation: LQR problemSolution of the LQR ProblemTheorem [Gibson '79℄Assumptions:� A in�nitesimal generator of C0-semigroup.� B; C linear, bounded.� (A;B) stabilizable (9K : X ! U linear, bounded, su
h thatC0-semigroup generated by A+BK is exponentially stable.)� (C;A) dete
table, i.e., (A�; C�) stabilizable.� 8x0 2 X there exists admissible 
ontrol u.(u 2 L2(0;1; U) admissible () J (x0; u) <1.)Then: The algebrai
 operator Ri

ati equation0 = R(P) := C�C +A�P + PA� PBB�Phas unique, selfadjoint solution P1, where� P1 : dom(A)! dom(A�) linear, bounded,� P1 � 0, i.e., positive semide�nite.Solution of LQR problem is feedba
k 
ontrol:u1(t) = �B�P1x(t) = K1x(t):P1 is stabilizing, that is, the C0-semigroup generated byA� BB�P1 is exponentially stable.Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 5



Motivation: LQR problemExample: Paraboli
 PDE in domain 
 � R d(heat equation, 
onve
tion-di�usion equation)�x�t �r (A(�)rx) + d(�)rx+ r(�)x = Bu(t);� 2 
; t > 0;with initial and boundary 
onditions (�
 = �1 [ �2 [ �3)x(�; t) = B1u1(t); � 2 �1;���x(�; t) = B2u2(t); � 2 �2;x(�; t) + ���x(�; t) = B3u3(t); � 2 �3;x(�; 0) = x0(�); � 2 
;and output equation y = Cx; t � 0:� B = 0 =) boundary 
ontrol problem� Bj = 0 8j =) point 
ontrol problemWeak formulation, use test fun
tions v 2 V = H 10(
)=) LQR Problem.Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 6



Motivation: LQR problem ExampleHeat equation with point 
ontrol:xt = �x+ b(�)u(t) in 
; x = 0 on Æ
;y = Z
 
(�)x d�Weak formulation with v 2 V = H 10(
):Z
 xtv d� = Z
�xv d� + Z
 b(�)u(t)v d�= � Z
rxrv d� + �Z
 bv d��u(t)Then X = L 2(
), U = R = Y , and with< w; v >:= Z
wv d�de�ne linear operators:< Aw; v > := � Z
rwrv d�Bu := b(�)u(t)Cv := Z
 
(�)v d�Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 7



Motivation: LQR problem Dis
retizationConsider sequen
e Xn � X with dim(Xn) = n < 1,su
h that 8' 2 X there exists 'n 2 Xn withlimn!1 k'n � 'kX = 0:De�ne orthogonal proje
tion �n : X ! Xn and< An'n;  n >X := � < A'n;  n >X 8'n;  n 2 Xn;Bn := �nB; Cn := CjXn;=) �nite dimensional LQR problem/LQR(n)MinimizeJn(Pnx0; un) = 12 1Z0 �kynk2Y + kunk2U� dt;for un 2 L2(0;1; U), where_xn = Anxn +Bnun; x(0) = �nx0;yn = Cnxn:Corresponding ARE(n)0 = Rn(Pn) := C�nCn +A�nPn + PnAn � PnBnB�nPn:Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 8



Motivation: LQR problem Convergen
eTheorem [Gibson '79, Banks/Kunis
h '84 ℄Under given assumptions, the optimizing solution ofLQR(n) is given by feedba
k 
ontrolun;�(t) = �B�nPn;�xn(t) = Kn;�xn(t);where Pn;� is the stabilizing solution of ARE(n).Furthermore,limn!1 kPn;��n'n �P1'kX = 0 8' 2 X ;i.e., strong 
onvergen
e Pn;��n ! P1 in X .Further results:theory and dis
retization methodsBall, Banks, Curtain, Gibson, Kappel, Kunis
h, Ito, Lagnese,Lasie
ka, J.L. Lions, Morris, Prit
hard, Russell, Salamon,Sta�ans, Triggiani, Van Keulen, Zwart, . . .numeri
al methodsBanks/Ito '91, Rosen/Wang '95Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 9



LQR(n): numeri
al solutionMatrix RepresentationGalerkin approa
h, spa
e dis
retization by �niteelement method ) solve n-dimensional LQR problem:MinimizeJ (x0; u) = 12 1Z0 �yTy + uTu� dt;for u 2 L2(0;1; Rm), whereM _x = �Kx+ Bu; x(0) = x0;y = Cx;with sti�ness matrix K 2 R n�n, mass matrix M 2R n�n, B 2 R n�m, C 2 R p�n.Corresponding ARE (A := �M�1K, B :=M�1B):0 = R(P ) := CTC +ATP + PA� PBBTP;Solution of �nite-dimensional LQR problem given byu�(t) = �BTP�x(t) =: K�x(t);where P� � 0 is stabilizing solution of the ARE andM�1P� := Pn;�; Pn;��n ! P1; n!1:Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 10



Numeri
al solution of AREsNumeri
al Solution of AREsFirst approa
h: [Potter '66, Laub '79,...℄Use 
onne
tion to Hamiltonian eigenproblem.P is stabilizing solution of the ARE()
H �InP � = � A�CTC �BBT�AT � �InP � = �InP � (A� BBTP );� (A� BBTP ) = � (H) \ C �
I.e., 
olumns of hInP i span stable invariant subspa
e ofHamiltonian Matrix H.Note: here, � (H) = f��j jRe (�j) < 0g.De�nition: H 2 R2n�2n Hamiltonian()HJ = (HJ)T , where J = h 0�In In0 i, in other words, H isskew-symmetri
 w.r.t. hx; yiJ = xTJy.Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 11



Numeri
al solution of AREsMethods:� Compute stable H-invariant subspa
e via(stru
tured, blo
k-) S
hur de
omposition,T�1HT = " H11 H120 H22 # ; � (H11) = � (H) \ C �;
T = " T11 T12T21 T22 # =) P = T21T�111{ QR algorithm [Laub '79℄;{ SR algorithm [Bunse-Gerstner/Mehrmann '86℄;{ multishift algorithm [Ammar/B./Mehrmann '93℄;{ embedding algorithm [B./Mehrmann/Xu '97℄;or spe
tral proje
tion methods,{ sign fun
tion method[Roberts '71, Byers '87, Gardiner/Laub '86℄{ disk fun
tion method[Malyshev '93, Bai/Demmel/Gu '95, B./Byers '95, B. '97℄=) O(n3), sparse matrix stru
ture is destroyed.� Krylov subspa
e methods ) employ sparse matrixstru
ture, but need n-dimensional subspa
e!Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 12



Low-rank Krylov subspa
e methodsLow-Rank Krylov Subspa
e MethodsBlo
k-Arnoldi method [Jaimoukha/Kasenally '94℄Consider0 = R(P ) = CCT +AP + PAT � PBBTP:1. Apply (blo
k-)Arnoldi pro
ess to A with start(blo
k-)ve
tor C to generate the Krylov spa
eK`(A;C) = spanfC;AC;A2C; : : : ; A`�1Cgwith orthogonal basis V` su
h thatAV` = V`A` +W`+1A`+1;` � 0Ip�and A` = V T̀AV` is blo
k upper-Hessenberg.2. Set B` := V T̀B, C` := V T̀C.3. Find stabilizing solution of the ARE0 = R`(X`) = C`CT̀ +A`X`+X`AT̀ �X`B`BT̀X`:4. Set P` := V`X`V T̀ .Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 13



Low-rank Krylov subspa
e methodsProperties:+ P` satis�es Galerkin-type 
onditionV T̀R(P`)V` = 0+ Computable residual error norm
kR(P`)kF = p2 � kA`+1;` � 0Ip�X`kF :

{ Blo
k-Arnoldi, i.e., ea
h step needs p matrix-ve
tor produ
ts.{ Stabilizing X` may not exist as 
orrespondingHamiltonian matrix
H` := " AT̀ B`BT̀C`CT̀ �A` #

may have purely imaginary eigenvalues!{ No stabilization guarantee for P`!{ No 
onvergen
e results for residuals.Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 14



Low-rank Krylov subspa
e methodsHamiltonian Lan
zos algorithm[Freund/Mehrmann '92, Ferng/Lin/Wang '95, B./Fa�bender '95℄Consider0 = R(P ) = Q+ATP + PA� PGP:1. Apply symple
ti
 Lan
zos method to Hamiltonianmatrix hAQ G�AT i to generate Krylov spa
eK2`(H; v1) = spanfv1; Hv1; H2v1; : : : ; H2`�1v1g;with symple
ti
 basisS` = [v1; w1; : : : ; v`; w`℄ 2 R 2n;2`;ST̀ � 0 In�In 0 �S` = � 0 I`�I` 0 �
su
h thatHS` = S`H` + �`+1v`+1eT2`;
H` =

266666664
Æ1 �1 �2. . . �2 �2 . . .. . . . . . . . . �`Æ` �` �`�1 �Æ1. . . . . .. . . . . .�` �Æ`

377777775 :
Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 15



Low-rank Krylov subspa
e methods
2. Apply SR algorithm to H` =)

T�1` H`T` = " ~H11 ~H120 � ~HT11 # ; � ( ~H11) � C �;
i.e., obtain symple
ti
 basis Ŝ` := T`(:; 1 : `) forstable H`-invariant subspa
e.

3. Let Y` := � Y11Y21 � := S`Ŝ`:Compute QR fa
torization
Y11 = V` � R`0 � = V` � ���0 �

and set P` = �Y21R�1` V T̀ :
Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 16



Low-rank Krylov subspa
e methodsProperties:+ P` satis�es Galerkin-type 
onditionV T̀R(P`)V` = 0{ P` 6= P T̀ for ` < n.+ In general less matrix-ve
tor produ
ts than forblo
k-Arnoldi.+ Purely imaginary eigenvalues of smallHamiltonian matrix H` 
an be removed by 
heapimpli
it restarts, i.e., 
an always get stable H`-invariant subspa
e.+ Stabilization property for proje
ted feedba
kmatrix V T̀ (A�GP`)V`for suÆ
iently small Lan
zos residual (
an bea
hieved by impli
it restarts).+ No stabilization guarantee for P`.{ No 
onvergen
e results for residuals.
Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 17



Newton's method for AREsNewton's Method for AREsOther approa
h:Consider0 = R(P ) = CTC +ATP + PA� PBBTPwith stable A, i.e., � (A) � C �, as nonlinear systemof equations.Fre
h�et derivative of R(P ) at P :R0P : Z ! (A�BBTP )TZ + Z(A�BBTP )
Newton-Kantorovi
h method:Pj+1 = Pj � �R0Pj��1R(Pj); j = 0; 1; 2; : : :
Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 18



Newton's method for AREs
=) Newton's method (with line sear
h) for AREs[Kleinman '68, Mehrmann '91, Lan
aster/Rodman '95,B./Byers '94/'98, B. '97, Guo/Laub '99 ℄1. P0 = 0.2. FOR j = 0; 1; 2; : : :2.1 Aj  A�BBTPj =: A�BKj.2.2 Solve Lyapunov equationATj Nj +NjAj = �R(Pj).2.3 Pj+1 Pj + tjNj.END FOR j

Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 19



Newton's method for AREs Properties� Choi
e of tj via solution of minimization problem
orresponding to R(P ) = 0 (exa
t line sear
h):mint f(t) = mint kR(P + tN)k2F= mint tra
e �R(P + tN)TR(P + tN)� :
� Convergen
e:{ Aj = A�BKj = A�BBTPj is stable 8 j � 1.{ kR(Pj)kF � kR(Pj+1)kF 8 j � 0.{ limj!1 kR(Pj)kF = 0.{ P1 � : : : � Pj+1 � Pj � : : : � P1 (if tj � 1).{ limj!1Pj = P1 � 0 (lo
ally quadrati
).� Need sparse Lyapunov solver.� BUT: P = PT 2 R n�n =) n(n+ 1)=2 unknowns!
Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 20



Newton's method for AREsLow-Rank ApproximationConsider spe
trum of ARE solution.Example: Linear 1D heat equation with point 
ontrol,
 = [ 0; 1 ℄, FEM dis
retization using linear B-splines,h = 1=100 (=) n = 101).
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Newton's method for AREs Iteration for Z(r)Re-write Newton's method for AREs [Kleinman '68℄ATj Nj +NjAj = �R(Pj)()ATj (Pj +Nj)| {z }=Pj+1 +(Pj +Nj)| {z }=Pj+1 Aj = �CTC � PjBBTPj| {z }=:�WjWTjSet Pj = ZjZTj for rank (Zj)� n:ATj �Zj+1ZTj+1�+ �Zj+1ZTj+1�Aj = �WjWTj+Solve Lyapunov equations for Zj+1 dire
tly and use`sparse + low-rank' stru
ture of Aj,Aj = A�BKj = A � B � (BTZj) � ZTj ;= sparse � m � �m � n =) \inversion" using Sherman-Morrison-Woodbury formula:(A�BKj)�1 = (In +A�1B(Im �KjA�1B)�1Kj)A�1:Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 22



Newton's method for AREsADI-Method for Lyapunov equations[Wa
hspress `88℄Let A 2 R n�n be stable (� (A) 2 C �), W 2 R n�w(w � n), 
onsider Lyapunov equationATQ+QA = �WWT :ADI iteration:(AT + pkI)Q(k�1)=2 = �WWT �Qk�1(A� pkI)(AT + pkI)QkT = �WWT �Q(k�1)=2(A� pkI)
with parameters pk 2 C � and pk+1 = pk in 
asepk 62 R .With Q0 = 0 and appropriate 
hoi
e of pk:limk!1Qk = Q superlinear.
Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 23



Newton's method for AREsFa
tored ADI Iteration[B./Li/Penzl '00℄Set Qk = YkY Tk , re-formulation =)V1  q�2Re (p1)(A+ p1I)�1WY1  V1FOR k = 2; 3; : : :Vk  pRe (pk)pRe (pk�1) �I � (pk + pk�1)(A+ pkI)�1�Vk�1Yk  � Yk�1 Vk �
=) Ykmax = � V1 : : : Vkmax � ;with Vk = 2 C n�wand YkmaxY Tkmax � Q:
Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 24



Newton's method for AREsNewton-ADI for AREs[B./Li/Penzl '00℄Solve Lyapunov equation(A�BKj�1)TZjZTj +ZjZTj (A�BKj�1) = �Wj�1W Tj�1with fa
tored ADI iteration+Sequen
e Y (j)0 ; Y (j)1 ; : : : ; Y (j)kmax of low-rankapproximations to solution of Lyapunov equation+Zj = Y (j)kmax+Newton's method with fa
tored iteratesPj = ZjZTj+Fa
tored solution of ARE:P� � ZjmaxZTjmaxPeter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 25



Newton's method for AREsSolution of LQR ProblemsRe
all: solve LQR problem via ARE.But: ARE is detour, need feedba
k!K = �BTP = �BTZZTIdea: Dire
t iteration for feedba
k matrix.� Approximate feedba
k matrix in step j of Newtoniteration:
�Kj = BTZjZTj = kmaxXk=1(BTVj;k)V Tj;k

� Dire
t updating inside ADI iteration possible:Kj;0 = 0; Kj;k = Kj;k�1 + (BTVj;k)V Tj;k� Set K := �Kjmax;kmax.� Requires only workspa
e of size m� n for feedba
kmatrix and n� (m+ p) for Vj;k.Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 26



Numeri
al Examples Numeri
al ExamplesExample 1 [Tr�oltzs
h/Unger '99, Penzl '99℄� Optimal 
ooling of steel pro�les.� Model: boundary 
ontrol for linearization of 2D heat equation.xt = �x; x 2 
x+ x� = uk; x 2 �k; k = 1; : : : ; 6;x� = 0; x 2 �7:=) m = p = 6� FEM dis
retization, initial mesh (n = 821).
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2 re�nement steps =) n = 3113.Peter Benner } Zentrum f�ur Te
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Numeri
al Examples Numeri
al ExamplesSolution of linear systems of equations:� Instead of A = �M�1K 
onsider A = �M�1C KM�TC , MC = Cholesky fa
tor ofM ,� Cholesky fa
torization and solution of `shifted' linear systems using sparse dire
t solver.Example 1a 1b 1
ARE Newton iterations 5 8 12# 
olumns of ~Z 540 492 522kR( ~Z ~ZH)kFkCTCkF 7 � 10�14 4 � 10�14 1 � 10�14Lyapunov eq. min. # iterations 45 40 42max. # iterations 46 45 46

Peter Benner } Zentrum f�ur Te
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Numeri
al Examples Example 1, Sti�ness Matrix
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Numeri
al ExamplesExample 1, Cholesky Fa
tor of Mass Matrix
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Numeri
al ExamplesExample 2: Dire
t Feedba
k IterationTest s
alability:� Linear 3D 
onve
tion-di�usion equation with boundary 
ontrol in unit 
ube.� Finite di�eren
es dis
retization on uniform grid.� Solution of linear systems of equations using QMR and ILU pre
onditioning.Example 2a 2b 2
(n;m; p) (1000,1,1) (5832,1,1) (27000,1,1)feedba
k Newton iterations 4 4 3k ~K�KkFkKkF 1:3 � 10�8 8:8 � 10�8 {Lyapunov eq. min. # iterations 103 143 96max. # iterations 129 143 96

Peter Benner } Zentrum f�ur Te
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Con
lusions Con
lusions� Low-rank fa
tor ADI-Newton method is eÆ
ientand reliable method to solve large sparse AREs.� Newton's method guarantees stabilization propertyof low-rank ARE solutions!� Dire
t 
omputation of feedba
k matrix for LQRproblems possible without ARE detour.� Can be applied to H1-AREs and relative errormodel redu
tion AREs as well.� Number of 
olumns in low-rank fa
tors 
an bekept low using 
olumn 
ompression with updatingte
hnique.� Need analysis on how a

urate Lyapunov equationsneed to be solved (inexa
t Newton methods).� Line sear
h for ADI-Newton method eÆ
ient (i.e.redu
es no. of iterations), but too expensive (w.r.t.
ops per step).Peter Benner } Zentrum f�ur Te
hnomathematik } Universit�at Bremen } 30


