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MotivationQuadrati
 Eigenvalue ProblemsConsider �2Mx+ �Gx+Kx = 0;where M = MT spd, K = KT , G = �GT .Motivation:� 
omputation of 
orner singularities in 3Danisotropi
 elasti
 stru
tures[Apel/Mehrmann/Watkins '01℄� FE dis
retization in stru
tural analysis[H.R. S
hwarz '84℄� a
ousti
 simulation of poro-elasti
 materials[Meerbergen '99℄In these appli
ations, usually �K is spd.
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Motivation PropertiesSpe
trum of�2Mx+ �Gx+Kx = 0; G = �GT :has Hamiltonian symmetry:
eigenvalues o

ur in � pairs (�;��) if � 2 R ; iRquadruples (�; �;��;��) .
Linearize using y = �x�� 0 �KM 0 �� � � M G0 M ��� yx � = 0:
H = � 0 �KM 0 � is Hamiltonian: (HJ)T = HJN = [M G0 M ℄ is skew-Hamiltonian: (NJ)T = �NJwhere J = � 0 I�I 0 �
=) H � �N is a Hamiltonian/skew-Hamiltonianpen
il. [Mehrmann/Watkins '00℄Peter Benner } Arbeitsberei
h Mathematik } TU Hamburg-Harburg } 2



Reformulation Reformulation of H � �N
Note:

N = Z1Z2 = � I 12G0 M � � M 12G0 I � :
Hen
e as M spdZ�11 (H � �N)Z�12 = W � �I;where
W = � I �12G0 I � � 0 �KM�1 0 � � I �12G0 I � :
W is Hamiltonian!=) eigenvalues o

ur in � (�;��) if � 2 R ; iR(�; �;��;��) .
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shift-and-invert Shift-and-Invert
Problem: Find eigenvalues of W nearest to �0.
Standard approa
h: 
onsider (W � �0I)�1destroys stru
ture! ) no eigenvalue pairing
Remedy: use � (�0;��0) if �0 2 R ; iR(�0; �0;��0;��0) if �0 2 C .
E.g., for �0 2 R ; iRR2(�0) = (W � �0I)�1(W + �0I)�1or for �0 2 C R4(�0) = R2(�0)R2(�0)R2(�0); R4(�0) are real skew-Hamiltonian.) apply skew-Hamiltonian impli
itly restartedArnoldi iteration (SHIRA) [Mehrmann/Watkins '00℄Peter Benner } Arbeitsberei
h Mathematik } TU Hamburg-Harburg } 4



shift-and-invertOther possibilities:use (generalized) Cayley-transformationFor �0 2 RM2(�0) = (W � �0I)�1(W + �0I)or for �0 2 CM4(�0) = M2(�0)M2(�0)=) M2(�0);M4(�0) are real symple
ti
.M 2 R 2n�2n symple
ti
mMTJM = J = � 0 In�In 0 �
� Lie group=)M�1 = �JMTJ .=) If S symple
ti
, then S�1MS symple
ti
.� � 2 �(M) =) ��1 2 �(M).� 2 R =) ��1 2 �(M).� 2 C =) �; ��1; ��1 2 �(M):) apply impli
itly restarted symple
ti
 Lan
zositeration [B./Fa�bender '98℄Peter Benner } Arbeitsberei
h Mathematik } TU Hamburg-Harburg } 5



shift-and-invert
keep Hamiltonian stru
tureFor �0 2 R ; iRW2(�0) = (W � �0I)�1(W + �0I)�1W�1

or �0 2 C W4(�0) = W2(�0)W2(�0)W=) W2(�0), W4(�0) are real Hamiltonian.M 2 R 2n�2n HamiltonianmMJ = (MJ)T
� Lie algebra=) if S symple
ti
, then S�1MS Hamiltonian.) apply impli
itly restarted symple
ti
 Lan
zositeration[B./Fa�bender '97, B./Fa�bender/Watkins '01℄
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Symple
ti
 Lan
zos method for Hamiltonian matri
esThe Hamiltonian J-Hessenberg FormFor every Hamiltonian matrix M there existssymple
ti
 similarity transformation fM = S�1MSwhere
fM =

266666666666666664

Æ1 �1 �2Æ2 �2 �2 �3Æ3 �3 . . . . . .. . . . . . . . . �nÆn �n �n�1 �Æ1�2 �Æ2�3 �Æ3. . . . . .�n �Æn

377777777777777775Hamiltonian J-Hessenberg/J-triangular form=) 4n� 1 parameters to represent fM .
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Symple
ti
 Lan
zos method for Hamiltonian matri
esSome Notation
MP := PMPT ; fMP := PfMPT ;SP := PSPT ; JP := PJPTwith the permutation matrixP := [e1; e3; : : : ; e2n�1; e2; e4; : : : ; e2n℄ 2 R 2n�2n:From STJS = J we obtainSTPJPSP = JP = 2666664 0 1�1 0 . . . 0 1�1 0

3777775 ;
while S�1MS = fM yields S�1P MPSP = fMP , where
fMP =

266666666666666664

Æ1 �1 0 �2�1 �Æ1 0 00 �2 Æ2 �2 0 �30 0 �2 �Æ2 0 00 �3 . . . . . .0 0 . . . . . .. . . . . . 0 �n. . . . . . 0 00 �n Æn �n0 0 �n �Æn

377777777777777775
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Symple
ti
 Lan
zos method for Hamiltonian matri
esSymple
ti
 Lan
zos AlgorithmAim: Lan
zos-like method for 
omputing J-Hessenberg form S�1MS = fM of a Hamiltonianmatrix M . Permuted versionS�1P MPSP = fMP :Given v1, let SP = [v1; w1; v2; w2; : : : ; vn; wn℄ be apermuted symple
ti
 matrix. Computing SP in aLan
zos-like style 
olumnwise fromMPSPej = SP eHPej; j = 1; 2; : : :we obtain for odd numbered 
olumnsMPvm+1 = Æm+1vm+1 + �m+1wm+1() �m+1wm+1 = MPvm+1 � Æm+1vm+1and for even numbered 
olumnsMPwm = �mvm�1 + �mvm � Æmwm + �m+1vm+1() �m+1vm+1 = MPwm � �mvm�1 � �mvm + Æmwm) Algorithm 
omputes JP -orthogonal basis of Krylov spa
eS(MP ; s1; `) = fs1;MPs1; : : : ;M2`�1P s1g:Peter Benner } Arbeitsberei
h Mathematik } TU Hamburg-Harburg } 9



Symple
ti
 Lan
zos method for Hamiltonian matri
esChoi
e of ParametersWant STPJPSP = JP =)�m+1 = jjevm+1jj2; �m+1 = vTm+1JPMPvm+1;�m = �wTmJPMPwm; Æm is free!=) Symple
ti
 Lan
zos MethodChoose initial ve
tor ev1 2 R 2n; ev1 6= 0.m = 1; v0 = 0; �1 = jjev1jj2; �0 = 1while �m 6= 0 and �m�1 6= 0vm = evm=�mewm = MPvm � Æmvm�m = vTmJPMPvmif �m 6= 0then wm = ewm=�m�m = �wTmJPMPwmevm+1 = MPwm��mvm�1��mvm+Æmwm�m+1 = jjevm+1jj2end ifm = m+ 1end whilePossible 
hoi
es for Æm:Æm = 1 [B./Fa�bender '97 ℄Æm = vTmMPvm ) vm ? wm [Lin/Ferng/Wang '97 ℄Æm = 0 ) algorithm is equivalent to HZ tridiagonalization[B./Fa�bender/Watkins '01 ℄Peter Benner } Arbeitsberei
h Mathematik } TU Hamburg-Harburg } 10



Symple
ti
 Lan
zos method for Hamiltonian matri
esLan
zos Re
ursion and Breakdown
De�neS2kP = [v1; w1; v2; w2; : : : ; vk; wk℄ 2 R 2n�2kand let eH2kP be the leading 2k � 2k prin
ipalsubmatrix of fMP , then the Lan
zos re
ursion is

MPS2kP = S2kP eH2kP + �k+1vk+1eT2k:
Breakdown is possible:evm+1 = 0 ) �m+1 = 0, symple
ti
 invariantsubspa
e of H is dete
ted, lu
ky breakdownewm = 0 ) �m = 0, invariant subspa
e of MP ofdimension 2m� 1 is dete
ted, lu
ky breakdown�m+1 = 0 but vm+1 6= 0 and wm+1 6= 0=) serious breakdownPeter Benner } Arbeitsberei
h Mathematik } TU Hamburg-Harburg } 11



Symple
ti
 Lan
zos method for Hamiltonian matri
esImpli
it RestartsAssume that S2kP 2 R 2n�2k is known withMPS2kP = S2kP fM2kP + �k+1vk+1eT2k:For any permuted symple
ti
 matrix SP 2 R 2k�2k :MP (S2kP SP )| {z }Ŝ2kP = (S2kP SP )| {z }Ŝ2kP (S�1P fM2kP SP )| {z }M̂2kP +�k+1vk+1eT2kSP
Thus,(�) MP Ŝ2kP = Ŝ2kP M̂2kP + �k+1vk+1eT2kSP :Obtain new Lan
zos re
ursion from (�) =)� 
olspa
e(PnT Ŝ2kP P k) must be symple
ti
,� M̂2kP must have Hamiltonian J-Hessenberg form,� the residual term �k+1vk+1eT2kSP has to be of theform 've
tor � e2k'.=) (permuted) SR de
omposition ofp(fM2k) = fM2k � �I or other shift polynomial.Peter Benner } Arbeitsberei
h Mathematik } TU Hamburg-Harburg } 12



Symple
ti
 Lan
zos method for Hamiltonian matri
esA k-step Symple
ti
 Lan
zos AlgorithmInput: Hamiltonian matrix H 2 R 2n�2n;ve
tor v1 2 R 2n; integers k, p; toleran
e tol.Output: symple
ti
 basis for 2k{dimensional H{invariant subspa
e.1. Compute k steps of symple
ti
 Lan
zos method with initialve
tor v1 su
h thatMPS2kP = S2kPe2kP + rk+1eT2k:2. � = krk+1k23. WHILE � > tol DO(a) Compute p steps of symple
ti
 Lan
zos method su
hthatMPS2(k+p)P = S2(k+p)P fM2(k+p)P + rk+p+1eT2(k+p):(b) Choose p shifts.(
) Impli
itly restart the symple
ti
 Lan
zos method withthe starting ve
torv̂1 = �(MP � �pI) � � � (MP � �1I)v1via impli
it single and double shift SR steps; obtain newLan
zos identityMP Ŝ2kP = Ŝ2kP M̂2kP + r̂k+1eT2k:(d) � = kr̂k+1k2END WHILEENDPeter Benner } Arbeitsberei
h Mathematik } TU Hamburg-Harburg } 13



The Operator Applying the OperatorRe
all: �2Mx+ �Gx+Kx = 0  (� I �12G0 I � � 0 �KM�1 0 � � I �12G0 I �| {z }=:W ��I) � yx � = 0
Apply the shift-and-invert operator:W2(�0) = (W � �0I)�1(W + �0I)�1W�1= � M �0M + 12G0 I �

� � 0 I�(�20M + �0G+K)�1 0 �
� � I G0 I � � 0 I�(�20M � �0G+K)�1 0 �
� � I G� �0M0 M �� � 0 M�K�1 0 �
� � I 12G0 I �

� Similar formulae for other operators.� Need sparse fa
torizations of �20M��0G+K, K.Peter Benner } Arbeitsberei
h Mathematik } TU Hamburg-Harburg } 14



CG Where is CG in this talk?
If eigenvalues of largest magnitude are aim of
omputation =) no shift-and-invert, just apply
W = � I �12G0 I � � 0 �KM�1 0 � � I �12G0 I � :
Often �0 = 0 is suitable target shift =)instead of W2(0) use
W�1 = � I 12G0 I � � 0 M�K�1 0 � � I 12G0 I � :
M;K are spd =) solve using CG!
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Con
luding RemarksCon
luding Remarks
� Appli
ation of W2(�0);W4(�0) is more expensivethan M2(�0);M4(�0) or R2(�0); R4(�0) due toadditional fa
tor W�1 ( additional appli
ationof K�1 or M�1).For �0 = 0, W�1 is the 
heapest operator!� Preliminary numeri
al tests show similar
onvergen
e behavior for skew-Hamiltonian,Hamiltonian, symple
ti
 operators.If �0 = 0 is suitable target shift, then W�1appears to be favorable.� Advantage of Hamiltonian and symple
ti
approa
h: obtain eigenve
tors dire
tly!(skew-Hamiltonian 
ase: �� ! ~� =) obtain linear
ombinations of eigenve
tors!)
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