
Model order reduction and Dynamic Iteration for coupled systems

Model order reduction and Dynamic Iteration for

coupled systems

Johanna Kerler
joint work with Tatjana Stykel

University of Augsburg

12.12.2013



Model order reduction and Dynamic Iteration for coupled systems
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◮ whole system is very large

◮ different properties of subsystems

◮ different time scales

Approaches:

◮ model order reduction

◮ Dynamic Iteration
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Dynamic Iteration (DI)
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Dynamic Iteration (DI)

Known theory:

◮ for ODEs:
◮ converges for all systems if macro step size is small enough

and mild assumptions for the data flow
◮ error bounds are known
◮ step-size controller
◮ preconditioning to speed up the convergence

◮ for DAEs:
◮ converges not for all systems. Convergence depends on the

system and on the data flow
◮ step-size controller
◮ regularization to enforce the convergence
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Dynamic Iteration using Reduced order Models (DIRM)

DIRM - 1st macro step - initial step
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ũ1 ≡ x2(T0) and
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˙̂x2 = f̂2(x̂2, u2)

˙̂x1 = f̂1(x̂1, u1, u)
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Dynamic Iteration using Reduced order Models (DIRM)
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Dynamic Iteration using Reduced order Models (DIRM)

Problems:

◮ convergence proof only for linear systems with “weak
coupling”

◮ no error estimates

◮ no strategy to choose macro step size, number of iterations or
reduced dimension
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ẋ = f (x , u)

x ∈ R
n, u ∈ R

m.
⇒

˙̂x = f̂ (x̂ , u)

x̂ ∈ R
k , u ∈ R

m.
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Dynamic Iteration using Reduced order Models (DIRM)

a-posteori error estimate for ODEs

ẋ = f (x , u)

x ∈ R
n, u ∈ R

m.
⇒

˙̂x = f̂ (x̂ , u)

x̂ ∈ R
k , u ∈ R

m.

Modelreduction by projection.
Let V ∈ R

n,k . Then x ≈ V x̂ where x̂ solves

˙̂x = V T f (V x̂ , u)
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Dynamic Iteration using Reduced order Models (DIRM)

a-posteori error estimate for ODEs

Error in one macro step at one arbitrary iteration

an coupled system with 2 subsystems:

ẋ1 = f1(x1, x2), ẋ2 = f2(x1, x2).

Start with one iteration step at one macro step i :

ẋD1
1 = f1(x

D1
1 ,V2x̂

D1
2 ), ˙̂xD2

1 = f̂1( x̂D2
1 , xD2

2 ),

˙̂xD1
2 = f̂2(x

D1
1 , x̂D1

2 ), ẋD2
2 = f2(V1x̂

D2
1 , xD2

2 ).
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a-posteori error estimate for ODEs

Error in one macro step at one arbitrary iteration

an coupled system with 2 subsystems:

ẋ1 = f1(x1, x2), ẋ2 = f2(x1, x2).

Start with one iteration step at one macro step i :
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1 = f1(x
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1 ,V2x̂
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2 = f̂2(x

D1
1 , x̂D1
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1 , xD2

2 ).

Define e :=

(

x1 − xD1
1

x2 − xD2
2

)
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a-posteori error estimate for ODEs

Error in one macro step at one arbitrary iteration

an coupled system with 2 subsystems:

ẋ1 = f1(x1, x2), ẋ2 = f2(x1, x2).

Start with one iteration step at one macro step i :

ẋD1
1 = f1(x

D1
1 ,V2x̂

D1
2 ), ˙̂xD2

1 = f̂1( x̂D2
1 , xD2

2 ),

˙̂xD1
2 = f̂2(x

D1
1 , x̂D1

2 ), ẋD2
2 = f2(V1x̂

D2
1 , xD2
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1
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2

)

.

Idea: solve d‖e‖
dt

= 〈ė,e〉
‖e‖ for ‖e‖
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a-posteori error estimate for ODEs

〈ė, e〉 =

〈(

f1(x1, x2)
f2(x1, x2)

)

−
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f1(x
D1
1 ,V2x̂

D1
2 )

f2(V1x̂
D2
1 , xD2

2 )

)

, e

〉
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a-posteori error estimate for ODEs
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+
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1 , xD1
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−
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∥

∥

∥
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Dynamic Iteration using Reduced order Models (DIRM)
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LG [f ] := sup
x 6=y∈Rd

〈x − y , f (x) − f (y)〉

‖x − y‖2

Approximation the log-constant by the log-constant of the
Jacobian. [WIRTZ/SORENSEN/HAASDONK ’2012]

LG [J(f )] = sup
Rd\{0}

〈x , J(f )x〉

〈x , x〉
= λmax

(

1

2
(J(f ) + J(f )T )

)

We can sum this up with

d‖e‖

dt
6 α‖e‖+ β

with

α = LG [J(f )](x
D1
1 , xD2

2 ),

β =

∥

∥

∥

∥

(

f1(x
D1
1 , xD2

2 )− f1(x
D1
1 ,V2x̂

D1
2 )

f2(x
D1
1 , xD2

2 )− f2(V1x̂
D2
1 , xD2

2 )

)∥

∥

∥

∥

.



Model order reduction and Dynamic Iteration for coupled systems

Dynamic Iteration using Reduced order Models (DIRM)

a-posteori error estimate for ODEs

✻

iterations

✲ t

P1-1

S1 Ŝ2
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Error for DIRM

‖e(T0)‖ = 0;
for every macro step do

in the last iteration solve

˙‖e‖ = α‖e‖ + β,

with

α = LG [J(f )](x
D1
1 , xD2

2 ),

β =

∥

∥

∥

∥

(

f1(x
D1
1 , xD2

2 )− f1(x
D1
1 ,V2x̂

D1
2 )

f2(x
D1
1 , xD2

2 )− f2(V1x̂
D2
1 , xD2

2 )

)∥

∥

∥

∥

.

end
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ẋ1 = Ax1 + f (x1) + b1(x1, x2) ẋ2 = Ax2 + f (x2) + b2(x1, x2)

◮ dimension of subsystems: 50



Model order reduction and Dynamic Iteration for coupled systems

Dynamic Iteration using Reduced order Models (DIRM)

a-posteori error estimate for ODEs

example:
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ẋ1 = Ax1 + f (x1) + b1(x1, x2) ẋ2 = Ax2 + f (x2) + b2(x1, x2)

◮ dimension of subsystems: 50

◮ reduced dimensions: 2

◮ number of iterations: 3



Model order reduction and Dynamic Iteration for coupled systems

Dynamic Iteration using Reduced order Models (DIRM)

a-posteori error estimate for ODEs

example:

ẋ = ν∆x + ax · xs in (Ω1 ∪Ω2)× [0,T ]

x = 0 on ∂(Ω1 ∪Ω2)× [0,T ]

x(0, s) = x0

discretize and split in two systems:

ẋ1 = Ax1 + f (x1) + b1(x1, x2) ẋ2 = Ax2 + f (x2) + b2(x1, x2)

◮ dimension of subsystems: 50

◮ reduced dimensions: 2

◮ number of iterations: 3

◮ −0.3 6 LG (J(f ))) 6 0.01
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Future work:

◮ cheap computation of the error estimator (employing the
structure of f? DEIM?)

◮ conditions for convergence of DIRM

◮ strategy to choose macro step size, reduced dimensions and
number of DIRM iterations
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