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Linear Dynamical Systems (2)

System of ODEs :

x(t,p) = A(p)x(t,p) + Bu(t) - _ ( A(p) | B )
y(t,p) = Cx(t,p)

Parameters :  p = (p1,... ,pQ), pellC R€

State variables : X [tg,t1] x M — RY
Inputs : u: [to,t1] — RVin
Outputs : y : [tg,t1] x M — RMNout

Stability :  A(p) eigenvalue of A(p) — Re(A(p)) <0 fa. pell

Dimension NN is small or large!



Input-Output Behaviour

Assumption :  x(0,p) =0

Laplace transforms :

0o _
X(s,p) 1= L(x(-,p))(s) i= |~ e x(t,p) dt
Likewise U(s), Y (s, p) for input and output.

Input-output relation : Y (s,p) = H(s,p)U(s)

Transfer function :  H(s,p) € CNoutXNin

H(s,p) = C (sIy — A(p)) ' B

Domain of interest : s =iw forw e R

for s € C



Modelling of Uncertainties (4)

Parameters :  p = (p1,...,pQ), PENC R
Probability space : (€2, A, n)

Random variables :  p(w) = (p1(w),...,po(w)), P:2—TI

independent,  Gaussian, uniform, beta, etc.

Expected value 1 (f(p)) = |, f(P(w)) du(w) = | f(P)p(p) dp

Inner product = (f(P)g(P)) = | F(P)g(P)p(P) dp

Hilbert space :  L2(M,p) :=={f: M —=R: (f(p)?) < oo}



Polynomial Chaos

[Wiener 1938], [Xiu/Karniadakis 2002]

Random variables :

Assumption :

p(w) = (p1(w), ..., pg(w))
<acj(t,p)2> <oo for j=1,...,N

Polynomial Chaos expansion :

Basis polynomials :

©.@,

x(t, p(w)) = > vi(t)®Pi(p(w))

1=0

®; : RC = R with (®;d,) =6,

Gaussian distribution: Hermite polynomials

Uniform distributio
Beta distribution:

n: Legendre polynomials
Jacobi polynomials

Coefficient functions :  v; : [to, t1] — RY

Projection : vi(t) = (x(t,p)P;(p))

CD()E]_



Stochastic Galerkin Method (6)

Dynamical system : x(t,p) = A(p)x(t,p) + Bu(t)
y(t,p) = Cx(t,p)
Truncated P.C. :
M—-1 M—-1

X(t,p) = > vi(t)P;(p), Y&, p)= > w;()P;(p)

1=0 i=0
Residual :  r(¢t,p) :=Xx(¢t,p) — A(p)x(t,p) — Bu(t)

Galerkin method :  (r(¢t,p)P;(p)) =0 forl=0,1,..., M —1

V() = Av(t) + Bu(t)
Larger system : w(t) = Ov(t)
dimension M -N, v :=(vpo,...,Vvp—1), W:=(Wqg,...,Wps_1)

A= ((AP)P;(P)P,;(P)))i ;.
B:=(1,0,...,0)' @ B, C=IyxC



Stability (7)

S': union of spectra of A(p) for all p € I
R: union of numerical ranges of A(p) for all p € N

S C R in general, R C convex hull of S for normal matrices

spectrum of A C convex hull of R [Sonday et al. 2011]

blue: S (spectrum), red : R (numerical range)
stability guaranteed stability not guaranteed
. Mm
: 0 Re Re




MOR of Stochastic Galerkin System (8)

Dynamical system : v(t) = Av(t) + Bu(t), w(t) =Cv(t)
Transfer function : W(s) = H(s)U(s)
Approximations : H;(s) = H;(s) := (H(s,p)P;(p))

High potential for reduction :

e huge dimension M N with M = (%Tl?!)! for degree D.

e typically many P.C. coefficients in v are relatively small:
— degree D may be chosen unnecessarily large,

— for low degree D and large random dimension Q).
[Doostan et al. 2009], [Conrad/Marzouk 2012]

MOR by moment matching :

[Mi et al. 2007], [Zou et al. 2007]  Hermite P.C.
[P., ter Maten, Augustin 2013], [P., ter Maten 2013]  generalised P.C.

ldea :  analyse behaviour of all state variables: C := In, C = Iyn



MOR using Balanced Truncation (9)

Controllability and Observability Gramian :
AWe+WcA' = —BB', A'Wo+WoA=-C'C

Cholesky decompositions : We = LCLE, Wo = LOLg
Singular value decomposition : Usv' = LTLO

Hankel singular values : S =diag(o1,...,0N),  0; > 041
Truncation : Sred = diag(o1,...,0n )

1
Transformation matrices : P 1= Sredv LS, Q= LCUredSred

Reduced matrices :  Ayoq := PAQ, Bieq := PB, Cioq :=CQ



Error in Approach (10)

M-1
From Galerkin method :  y(t,p) = > w;(t)P;(p)
1=0
From MOR : w(t) = CAvredVreOI (t)
M—-1 N
y(t,p)— > wW;(t)P;(p)
=0 L2(M,p)

M—1
';o [w;i(t) — w;(¢)] P;(p)

<lyp) =5 P2, +
L2(N,p)

— \HY(ta p) — ¥y(t, P)HLQ(njp)j—F\HW(t) — V~V(t)||2

E1(1) E>(1)
R R N
Balanced Truncation : ||[H(s) — Hred(s)HHoo <2 > O
k=Nreqg+1

1E2(D)| 210,00y < I1H () = H®Y(8) 30 () 12]l 1210 00)



Test Example: Coupled Oscillator (11)

7+ Bz + wiz + T(p)z = Bu(t)

(P1 V(2 -1 ) (1)
r():=| 7 L2 1 B=|°
\ po) \ -1 2 \O/
space-discretisation of the linearised Sine-Gordon PDE with damping
( ) .
0] Ig 0
A — B =
T —wilg| —Blg B
\ / .

C:=(0---01 0 ) o C:=Iyg




Transfer Function of Final Oscillator (12)

(Q = 10 oscillators
pr=p2=--=pio=1

transfer function H (iw) for w € R

real part iImaginary part
0.1 ‘ ‘ 0.1
0.05 « 0.05/
of 0
~0.05/ 4 ~0.05/
_0110'4 107 10° _0'110'4 107 10°

frequency frequency



Test Example: Stochastic Modelling

(13)

Dimension: @ =10 N =2Q = 20

Random parameters :
pq € [0.8,1.2] for ¢g=1,...,10
independent uniform distributions

(variations of 20% around (pq) = 1)

P.C. expansion :

Legendre polynomials up to degree 2

M = 66 basis functions

Galerkin method :
system of dimension M N = 1320

computation of matrix A by Stroud-5-quadrature



Matrix in System from Galerkin Method

(14)
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Transfer Function of Final Oscillator with Randomness (15)

H(iw,p) for single-output

reconstructed by A (iw) from Galerkin system

real part Imaginary part
expected value standard deviation
0.1 ‘ ‘ 0.01
0.008
0.05
0.006}
0
0.004
005 0.002
0.1 ‘ ‘ 0= - ‘
10" 10 10° 10 10 10°

frequency frequency



Hankel Singular Values of Galerkin System

(16)
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Transfer Function of System from Galerkin Method

(17)

complete output (C' = I/ n)

max
wE[10—4,101]

—1,...,1320
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Transfer Function of Reduced Systems (18)

max |H;(iw) — H*(w)| for j=1,...,1320
we[10—4,101]

reduction to Nygg = 25 reduction to Nygg = 50
107 J J , 1077
107}
S S
o A U o
10°° B 10
-9 -15
! ! 1 ! !
s 500 1000 ° 0 500 1000
components components

Remark : ‘”Hj”oo — ||H]red||oo <||H; - ﬁ]redlloo



Summary

(19)

>

>

>

>

Uncertainty quantification via stochastic modelling
Analysis of input-output/state behaviour by Galerkin system
Analysis of input-output/state behaviour by reduced system

Next step: Use reduced system in transient simulation



References (20)

P. Conrad, Y. Marzouk: Adaptive Smolyak pseudospectral approximations. to appear in: SIAM Journal on
Scientific Computing.

A. Doostan, H. Owhadi, A. Lashgari, G. laccarino: Non-adapted sparse approximation of PDEs with stochas-
tic inputs. Center for Turbulence Research, Annual Research Briefs 20009.

N. Mi, S.X.-D. Tan, P. Liu, J. Cui, Y. Cai, X. Hong: Stochastic extended Krylov subspace method for
variational analysis of on-chip power grid networks. in: Proc. ICCAD 2007, pp.48-53.

R. Pulch, E.J.W. ter Maten: Stochastic Galerkin methods and model order reduction for linear dynamical
systems. Preprint BUW-IMACM 13/28, 2013.

R. Pulch, E.JW. ter Maten, F. Augustin: Sensitivity analysis of linear dynamical systems in uncertainty
quantification. Preprint BUW-IMACM 13/29, 2013.

B.E. Sonday, R.D. Berry, H.N. Najm, B.J. Debusschere: Eigenvalues of the Jacobian of a Galerkin-projected
uncertain ODE System. SIAM J. Scientific Computing 33 (2011), 1212-1233.

D. Xiu, G.E. Karniadakis: The Wiener-Askey polynomial chaos for stochastic differential equations. SIAM
J. Sci. Comput. 24:2 (2002), 619-644.

Y. Zou, Y. Cai, Q. Zhou, X. Hong, S.X.-D. Tan, L. Kang: Practical implementation of the stochastic pa-
rameterized model order reduction via Hermite polynomial chaos. in: Proc. ASP-DAC 2007, pp. 367-372.



