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Motivation

Motivation : Model Description

Batch chromatography:
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Principle of batch chromatography for binary separation.
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Motivation : Model Description

Batch chromatography:

Feed

concentration
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7 t Products

Principle of batch chromatography for binary separation.

ol 1—e 09, _ dc, 1 821
Eags : Cf+ eeﬁz__ai"'ﬁa—;f, 0<x<1, (1)
q q: __ L Eq_ 0< <1

at — Q/(EAC)KVZ(qz qz), <x <1,

with suitable initial and boundary conditions.
£9 = f,(ca(1), c(p2)) is nonlinear and nonaffine, z = a, b.
1= (Q, tin) is the vector of operating parameters.
Pe = 2000.
Ref: http://www.modelreduction.org
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Motivation : Model Description (cont.)

The optimization of batch chromatography:
min {—Pr(cz(n), az(n); 1)}
HEP

s.t. Rec(cz(k), gz(1); ) = Recpin,
cz(1), gz(p) are the solutions to the above system (1).

Production rate: Pr = p(t“)Q
cyc
Recovery yield: Rec = t,-,,(i Ef‘_‘gcg

p(1) == [ co.0(t p)dt + [ cao(t: p)dt
¢ o(tip) == c,(t,x =1;u),t € [0, T]: concentrations at the outlet
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Motivation : General ldea

RBM & ROM-based optimization:

e.g. POD-Greedy

FOM ROM
(D)EIM ==
FOM-Opt. ROM-Opt.
Approx.

e Certified error estimation
e Offline-online decomposition
o Efficiency of the ROM (-based optimization)
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Review on RBM

Review on RBM

Consider a spatial discretized parametrized time—dependent system
Y F(u(t;p)=0,peP,tel0,T],

where u(t; 1) € RV and F is a linear or nonlinear operator. The output

of interest y := y(u(u, t), u).
Assume that a reduced basis (RB) is available, V :=[Vq,---, V], and

u~ @i = Vawith a:= a(t; 1) € RV, then a reduced order model (ROM)
can be obtained by using the Galerkin projection,

N

Y: VIF(@)=VTF(Va)=0, N<N.
The corresponding output can be approximated by y(u) ~ y(&()).

Remark: Empirical Interpolation Method (EIM) or its variants (e.g.
DEIM, empirical operator interpolation) can be employed if F is
nonlinear/non-affine.
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Review on RBM
Yelo)

Review on RBM

POD-Greedy Algorithm

Algorithm 1 RB generation using POD-Greedy

Input:

Prain, tolra(< 1)

Output: RB: V =[Vq,..., Vy]
1: Initialization: WN =[], N =0, fimax = ft0, TN (ftmax) = 1
2: while the error ny(pmax) > tolgs do

3:
4:

5:
6:

Compute the trajectory Spax := {u™(1tmax) }X
Enrich the RB: WVt .= WN @& V.1, where V1 is the first

POD mode of the matrix U = [a°, ..., K] with T" := u"(fimax) —
Myyn[u™(pmax)], =0, ..., K, Myyn[u] is the projection of u on the
current space WV :=span{V4,..., Vy}

N=N-+1

Find fimax := arg max,ep,,, v (1)

7: end while

Influence factors of the cost: N, |Prainl, 1(ttmax), K, - --

Ref: B. Haasdonk and M. Ohlberger, M2NA., 42, 2008.
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Review on RBM

Empirical Interpolation (El) & Collateral Reduced Basis (CRB)

Idea: g(x,p) = &m:=> i, 0i(p)W;, p € P [Barrault et al. 2004]

Algorithm 2 Generation of CRB and El points Ty

Input:  Lg72 = {g(x, 1)l € P}, tolcrs(< 1)
Output: CRB: W =[Wy,...,Wy] and Ty = {x1,...,xm}
1: Initialization: m =1, W% := {0}, [|ro| =1
2: while ||§m71|| > tolcrg do
3. Vg e L | define the ‘best’ approximation g = Z;":_ll oiWi; in the
current space Wg-’_l =span{Wy,..., Wpn_1}

4.  Define g := arg MaXgejeb llg — &l|, and the residual &, == g — g
5: if ||€m|| < tolcrg then

6: Stopandset M=m—1

7 else

8 Determine: xm, := arg sup,cq |fm(X), W :=&m/Em(Xm)

9 end if

10: m:=m+1
11: end while
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Review on RBM
oe

Review on RBM

ROM Offline

FOM-Opt

ROM-Opt.

Runtime comparison: FOM-Opt. vs. ROM-Opt.
33.88 h vs. 0.58(+82.25 = 82.83) h
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ASS

Adaptive Snapshot Selection

The idea of ASS is to discard the
redundant linear information in the
trajectory earlier, before performing

V2
SVD for the generation of the basis. /Tg/y >V

>V1

Given non-zero vectors vy, vy,

< v, Vo >

cosf) = ———=—
[Ivallllva

e vy and v, are linearly dependent <= |cosf| =1 (6 =0 or )

For a trajectory {u"(p)}"=K, define

ey omioy < u (), um () > |
Ind(u" (), u™ (1)) = 1 = = S TGl

ASS is implemented as follows.
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ASS

ASS (cont.)

Algorithm 3 Adaptive snapshot selection (ASS)

Input: Initial vector u®(u), tolass
Output Selected snapshot matrix: SA = [u™(p), u™(p), . .., u™ ()]
. Initialization: j =1, n; =0, SA = [u"(u)]
2 forn=1,...,K do
3 Compute the vector u”(p).
4:if Ind(u"(u), u" (1)) > tolass then
5. j=j+1
6: nj=n
7 = [$4, u™ ()]
8: endif
9: end for
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ASS

ASS (cont.)

Remark 1: It can be easily combined with other algorithms, e.g. Alg. 1,
for the generation of RB and CRB.

Remark 2: For the linear dependency, it is also possible to check the
angle between the tested vector u”(1) and the subspace spanned by the
selected snapshots S*. More redundant information can be discarded but
at more cost. However, the data will be compressed further, e.g. by using
the POD-Greedy algorithm, we simply choose the economical case shown
in Algorithm 3.
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Motivation Review on RBM ASS

ASS-POD-Greedy

Algorithm 4 RB generation using ASS-POD-Greedy

Input:  Pyain, tolgs

Output: RB: V =[Vq,..., Wi]

- Initialization: WN = {0}, N =0, fimax = t0, 7(ftmax) = 00

while the error ny(imax) > tolgrg do

3. Compute the trajectory S := {u"(imax)} o, adaptively select snap-
shots using Alg. 3, and get

SA = {u™ (pmax)s - -+ U™ (fmax) }
4:  Enrich the RB: WN+1 .— WN g Vi1, where Vi1 is the first POD

N =

mode of the matrix U = [@™,...,0"] with T" = u"(fimax) —
Mypw [u™ (tmax)], s = 1,..., ne (ny < K), Tlyyn[u] is the projection
of u on the current space WV :=span{V,..., Vy}

5: N=N+1

6:  Find fimax 1= argmax,ep,.,, (1)
7: end while

Remark: the error 7y (imax) can be an error estimator or the true error.
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Error Estimation

Error Estimation

Consider a general evolution scheme,
Au" () = Bu"(n) + g",

where A, B € RN*N are constant matrices,
g" = g(u"(1), n) € RV is nonlinear or non-affine.
Let:

n

(1) = Va"(u): RB approximation of u"(u),

"(w) == ZIm[g(a"(n))] = WB"(u): interpolation of g”,
e RV*N W e RV*M: parameter-independent bases.
" e RN, 3" € RM: parameter-dependent.

e O o o
<0q>:>

[\Y)

Define the residual:
Pt = BO" 4 Iy[g(0™)] — Ao

We have the following propositions.
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Error Estimation

Error Estimation(cont.)

Proposition 1: Assume that the operator g is Lipschitz continuous, i.e.,
J Ly e RY, sit. ||g(x) — g(y)|| < Lgl|x — y||, and the interpolation of g
is ‘exact’ with a certain dimension of W, i.e.,

M+M’

Tl (i Z W - 85, = g(0").

Assume the initial projection error e® = 0, then the field variable error
e" = u" — 0" satisfies:
n—1
le"()ll < D AN e (e (i) + I (w)),
k=0
where C = ||B|| + Lg, and €g, (1) is the error due to the interpolation.

A sharper error bound is given as:
n—1

le"(ll < D _(IATHB] + LelATH)™ (AT e (1) + AT ()
k=0

P n
= nN,M(/J')'
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Error Estimation

Error Estimation(cont.)

Proposition 2: Under the assumptions of the Proposition 1, assume the
output of interest y(u"(u)) can be expressed as

y(u"(p)) = Pu”,

where P € RM* s a constant matrix. Then the output error
ej(p) == Pu" — P0" satisfies:

leg™ ()1l <!
=(|PA7 Bl + L |PA ), m

+ PAT e () + 1PIIATH " ()]-

Remark: It is easy to show that the output error bound n"“ is sharper
than the trivial bound

e (1) = P(u™h — ™) < | Ple™ (i)l < IPIlle™ (1) Iy
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Error Estimation

RBM & ROM-based Optimization

ASS-POD-Greedy

FOM ROM
ASS-E =
!

At = Bc +d7 Acartt = B.al + djd.,
g N g 1JA§HcZﬂ£

gt =q; + Ath” Approx. agjl = ag, + AtH, 57

szqz € RN aZz’ agz € RN’ agz € RM

\_/
N> N M
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Error Estimation

RBM & ROM-based Optimization )

ASS-POD-Greedy

FOM ROM
0 ASS-El (RO
|

Acn+1 BC +dr Aczaj_.’“ B _al + dgd
g N g 1JA§chﬂ£

ot =ar+ Ath” Approx. aght = ag, + AtHg, B]

szqz € RN agz’ agz € RN’ agz € RM

\_/'
| N> NM |
aiin {=Pr(cz(1), az(1); p)} s-t. min {—Pr(&(n), 8z(1); n)} s-t.
Approx.| *-

Rec(cz(u) qz(1); 1) > Recmin, Rec(&;(1), 4:(n)i 1) = Recmin,
cz(1), gz(p) : solutions to ¥. & (1), §2(1) : solutions to 3.
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Motivation Review on RBM \SS Error Estimation Numerical Experiments

Num. .: Performance of ASS

Generation of CRBs (W,, W;) with different tolass at the same tolerance
tolcre = 1.0 x 1077,

tolass M (Wa Wb) Runtime [h]
no ASS = 146 152 62.5 (-)
ASS 1.0 x 10~ 147 152 6.05 (—90.3%)
ASS 5.0 x 1074 145 148 4.06 (—93.5%)
ASS 1.0x 1073 147 151 3.52 (—94.4%)

Runtime comparison of using POD-Greedy algorithm with early-stop (Alg. 5)
with and without ASS.

Simulations Num. of RB (N) Runtime [h]
POD-Greedy 45 19.75 1
ASS-POD-Greedy 47 9.86 (—50.1%)

!Done on a Workstation with 4 Intel Xeon E7-8837 CPUs (8 core per CPU) 2.67
GHz RAM 1TB, others were done on the PC with Quad CPU 2.83GHz RAM 4GB.
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Motivation 3 \SS Error Estimation Numerical Experiments Conclusions an

Num. Ex.: Performance of Error Estimation

p —v— Field variable error bound
2] —a&— Qutput error bound i
—e— True output error
S or . R
a_, SETeesesrwwe el
of -2 B
w
=
&
£ -4 4
—6F -
_84 8 12 16 20 24 28 32 36 40 44 48 52 56 60

Size of RB: N

Comparison of the error bound decay during the RB extension and the
corresponding true output error.
R ~K
Output error bound: 7y := MaX,¢ ab} {Maxuep,., 17N7M7Cz(u)}
Field variable error bound: ny := max,¢ (s p}{maxuep, ., T m.c. (1)}
True output error: ey := max,cp,., en(i), wEere
= — = = 1 n ~n
en(p) == maxzeqaby Enc. (1), B (1) = ¢ 2ony 17 0(1) — € o (1)l
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Motivation Review on RBM \SS Error Estimation Numerical Experiments

ASS-POD-Greedy with Early-stop

Num. .:

Algorithm 5 RB generation using ASS-POD-Greedy with early-stop
InPUt: Ptraina tO/RBa to,decay
Output: RB: V = [V4,..., V)]

1: Implement Step 1 in Alg. 4

2: while the error ny(pimax) > tolgs do

3:  Implement Steps 3-6 in Alg. 4

nN—1 (“;’Zx)_nN(/imax)
nn—1(13%)

4:  Compute the decay of the error bound dn =
5. if dn < toljesc, then
6 Compute the true output error at the selected parameter fimay,

E'N(,Umax)
7: if éN(,umaX) < tolgg then
8: Stop
9: end if
10:  end if

11: end while
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Numerical Experiments

Num. Ex.: Error Decay

—e— Output error bound
—o— True output error

_84 8 12 16 20 24 28 32 36 40 44 48

Size of RB: N

Error bound decay during the RB extension using Alg. 5 and the corresponding
maximal true output error.
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Numerical Experiments

Num. Ex.: Parameter Location
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Parameter location during the RB extension using Alg. 5.
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Num. Ex.: ROM Performance :
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Concentrations at the outlet of the column with the FOM (N = 1500) and the
ROM (N = 47) at the parameter 1 = (Q, tin) = (0.1018,1.3487).

Max Planck Institute Magdeburg Y. Zhang, RBM and ROM-based optimization  23/26



Num. Ex.: ROM Validation

Runtime comparison of the detailed and reduced simulation over a validation
set Py, with 600 random sample points. Tolerance for the generation of ROM:
tolcrg = 1 x 1077, tolgg = 1 x 107°, tolass = 1 x 107*.

Simulations Max. error  Average runtime [s]/FoS
FOM (N = 1500) = 312.13()
ROM, no ASS for POD-Greedy 3.46 x 107 5.85 /53
ROM, ASS-POD-Greedy 411 x 1077 6.43 / 48
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Motivation Revi >n RBM ASS Error Estimation Numerical Experiments

ROM-based Optimization

The optimization for batch chromatography:

Num. .:

FOM-based Opt.: ROM-based Opt.:
min {=Pr(c:(1), az(n); 1)} s-t.| Approx. | Mif {=Pr(&:(n), z(n); 1)} s-t.
Rec(cz (1), qz(1); 1) > Recmin, Rec(&, (1), @z (); 1) > ReCmin,
cz(1), () : solutions to X. &, (1), 42() : solutions to 5.

o P = [0.0667, 0.1667] x [0.5, 2.0]
o Pu, = Pu, = 95.0%, Recmin = 80.0%
o N = 1500, N = 47

Comparison of the optimization based on the ROM and FOM.

Simulations  Obj. (Pr) Opt. solution (1)  It.  Runtime [h]/FoS
FOM-Opt.  0.020264  (0.07964,1.05445) 202 33.88 /-
ROM-Opt.  0.020266  (0.07964,1.05445) 202 0.64 / 53

* The optimizer: NLOPT_GN_DIRECT_L
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Conclusions and Outlook

Conclusions and Outlook

ASS-POD-Greedy

FOM ASS-El [ROM

FOM-Opt. ROM-Opt.
Approx.

e Adaptive Snapshots Selection

e Output-oriented error estimation

e Early-stop for (ASS-)POD-Greedy algorithm

Outlooks:

e Error estimation with dual system

e RBM to Simulated Moving Bed (SMB) chromatography
e RBM for SMB with uncertainty quantification (UQ)
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Conclusions and Outlook

Conclusions and Outlook @)

T/

ASS-POD-Greedy

FOM ASS-El [ROM

FOM-Opt. ROM-Opt.
Approx.

e Adaptive Snapshots Selection

e Output-oriented error estimation

e Early-stop for (ASS-)POD-Greedy algorithm

Outlooks:

e Error estimation with dual system

e RBM to Simulated Moving Bed (SMB) chromatography
e RBM for SMB with uncertainty quantification (UQ)

Thank you for your attention!
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