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= Time period: 1st October 2010 — 30th September 2013.
= Six different institutes in Germany.
Four industrial partners. (CST, X-FAB, ...)

t Technische

Universitit 11th December 2013| A. Bodendiek, M. Bollhdfer | Moment matching in computational electromagnetism | Page 2
Braunschweig




Moment matching methods in model order reduction ~ Efficient offline-stage of moment matching methods Numerical experiments ~Conclusion

Maxwell’s equations

= Block structure with respect to electric and magnetic field strength.

= Discretization leads to high-dimensional model problem.
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Maxwell’s equations

= Block structure with respect to electric and magnetic field strength.

= Discretization leads to high-dimensional model problem.
= For model order reduction.

= Structure-preserving reduced order model.

= Efficient solution technique for shifted linear systems.
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Outline

= Moment matching methods in model order reduction

= Efficient offline-stage of moment matching methods
= Modified adaptive-order rational Arnoldi method
= Recycling Krylov subspace methods

= Numerical experiments

= Conclusion
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Moment matching in a nutshell

Taylor expansion

o]

Let H(s) = ZCXU)(S,-)(S — 5;)/ denote the transfer function at s; € C,
Jj=0
where XU (s) = [—(s;€ —A)“S]H (s;i& —A)'B.

Universitit 11th December 2013| A. Bodendiek, M. Bollhdfer | Moment matching in computational electromagnetism | Page 6

Braunschweig




Moment matching methods in model order reduction — Efficient offline-stage of moment matching methods  Numerical experiments ~ Conclusion

Moment matching in a nutshell

Taylor expansion

o]

Let H(s) = ZCXU)(S/)(S — 5;)/ denote the transfer function at s; € C,
Jj=0
where XU (s;) -

Galerkin projection TT = VV'T such that

!
span (V) =) K;(—(si€ —A) '€, (si€ —A)"B)

i=1

where n, = ji + ... +jj, ji > 0.
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Moment matching in a nutshell

Taylor expansion

o]

Let H(s) = ZCXU)(S/)(S — 5;)/ denote the transfer function at s; € C,
j=0
where XU (s;) -

Galerkin projection TT = VV'T such that

!
span (V) =) K;(—(si€ —A) '€, (si€ —A)"B)

i=1

where n, = ji + ... +jj, ji > 0.

Padé approximation
Galerkin projection leads to 1) (s;) = HY(s;) forall j=0,...,j—1.
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Adaptive-order rational Arnoldi method

Let YU (s;) = €XU(s;) denote the output moments.

Residual vectors 4

ri(st1)

ri(sz2)

ri(sy)

argmaxg.g, |Y(s) — Y (s)]

= Note that r;(s) = —(s€ —A)'Eri_4(s) forall s € §,.
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Adaptive-order rational Arnoldi method

Let YU (s;) = €XU(s;) denote the output moments.

Residual vectors 4
ri(sy) vi(s2) Modified Gram-Schmidt
r>(sz)
ri(sy)

argmaxg.g, |Y(s) — Y (s)]

= Note that r;(s) = —(s€ —A)'Eri_4(s) forall s € §,.
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Adaptive-order rational Arnoldi method

Let YU (s;) = €XU(s;) denote the output moments.

Residual vectors 4
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ri(sy)
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Adaptive-order rational Arnoldi method

Let YU (s;) = €XU(s;) denote the output moments.

Residual vectors 4
ri(sy) vi(S2)
r2(sz) va(sy)
ra(sy)

argmaxg.g, |Y(s) — Y (s)]

= Note that r;(s) = —(s€ —A)'Eri_4(s) forall s € §,.

Technische
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Greedy-type expansion point selection: AORA-RK

Lemma ([B., B., 2013])
Let P(s) = s€ — A and P(s) = s& — A.
[Y©(s) = YO (s)] < |€P(s) "] - |hn()]

Technische
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Greedy-type expansion point selection: AORA-RK

Lemma ([B., B., 2013])
Let P(s) = s€ — A and P(s) = s& — A.
[Y©(s) = YO (s)] < |€P(s) "] - |hn()]
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Greedy-type expansion point selection: AORA-RK

Lemma ([B., B., 2013])
Let P(s) = s€ — A and P(s) = s& — A.
1Y©(s) — YO (s)] < 1CP(s) 7| - hn(8)] = [BP(s)~"|- |hn(s)],

An(Smi)u = BU—P(Smi1) VP(Smi1) 'Bu

P(Smi1)VP(Smit) 'Bu ~ Bu

AORA-RK method
Determine s;, 1 € C such that

Siv1 = argmax ICP(8)7"] - |hn(s)] with 8 C Ufin, frax].-
se€
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Outline

= Efficient offline-stage of moment matching methods
= Modified adaptive-order rational Arnoldi method
= Recycling Krylov subspace methods
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Outline
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= Modified adaptive-order rational Arnoldi method
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Modified generic rational Arnoldi method

Simplified example for two expansion points s; € C and s, € C.
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Modified generic rational Arnoldi method

Simplified example for two expansion points s; € C and s, € C.

81 ={s1}

vi(81) ——— Shifted linear system: (s;€ — A)rj(s1) = ri—1(s1).
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Modified generic rational Arnoldi method

Simplified example for two expansion points s; € C and s, € C.

81 ={s1}

vi(sy) / Shifted linear system: (s;€ — A)rj(s1) = ri—1(s1).
V2(81)
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Modified generic rational Arnoldi method

Simplified example for two expansion points s; € C and s, € C.

81 ={s1}

vi(sy) Shifted linear system: (s;€ — A)rj(s1) = ri—1(s1).

V2(8y)

Vn, (31 )
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Modified generic rational Arnoldi method

Simplified example for two expansion points s; € C and s, € C.

81 = {31} 8y = {51 ) 32}

vi(s1) vi(s1) ——— (s1€—A)ri(s1) = r_1(s41)

V2(8y)

(s2E—A)ri(82) = ri—1(82)

Vn, (31 )

Technische
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Modified generic rational Arnoldi method

Simplified example for two expansion points s; € C and s, € C.

81 = {31} 8y = {51 ) 32}

vi(sy) vi(s1) (s1€—A)ri(s1) = ri—1(81)

\ (S26—A)ri(S2) = 1(2)

V2(81) va(Sz)

Vn, (31 )

Technische
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Simplified example for two expansion points s; € C and s, € C.

81 = {31} 8y = {51 ) 32}

vi(sy) vi(s1) (s1€—A)ri(s1) = ri—1(81)

V2(81) va(Sz)

Vs(8) F——— (S2€—A)ri(S2) = rj-1(82)

Vn, (31 )

Technische
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Modified generic rational Arnoldi method

Simplified example for two expansion points s; € C and s, € C.

81 ={s1} 8o = {81, S2}
vi(s1) vi(s1) (s1€=A)rj(s1) = ri-1(s1)
va(s1) va(sz)
vs(s2) (S2&6—A)rj(S2) = rj-1(82)
Vi, (S1) va(S1)

Technische
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Modified generic rational Arnoldi method

Simplified example for two expansion points s; € C and s, € C.

81 = {31} 8y = {51 ) 32}
vi(s1) vi(st) (s1€—=A)ri(s1) = ri1(s1)
V2(8y) V2(82)
v3(s2) ($26—A)rj(s2) = rj-1(82)
Vi, (1) va(s1)
Expensive approach due to repeated
solution of linear systems.
Vnr(s2)

Technische
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Modified generic rational Arnoldi method

Simplified example for two expansion points s; € C and s, € C.

81 = {31} 8y = {51 ) 32}
vi(S1) vi(sy) / (SZE—A)'}‘(SZ) = I (s2)
V2(8y) V2(82)

va(Sz)

Vn,(s1) V4(S1)

Vi, (S2)

Technische
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81 = {31} 8y = {51 ) 32}
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Modified generic rational Arnoldi method

Simplified example for two expansion points s; € C and s, € C.

81 = {31} 8y = {31 ) 32}
vi(sy) vi(s1) (s26—A)ri(82) = ri—1(s2)
Va(S1) Va(Sz)
va(s2) ] Significantly §mal|er number of
solutions to linear systems.
Vn(S1) va(s1) = Consideration of the order of
previous orthonormal vector
sequence.
Vn, (S2) = Extension to multiple expansion
points straightforward.
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Modified adaptive-order rational Arnoldi method

Compute sequence of reduced order models with 8; 1 = 8; U{sjy1}, Siv1 € C.

8 8jt1 r=—(s:1&—A)"Er_y

vi(sy) r1(Si1)

Va(Sz)

Va(S3)

argmax, | Y (s) — YV (s)|
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Modified adaptive-order rational Arnoldi method

Compute sequence of reduced order models with 8; 1 = 8; U{sjy1}, Siv1 € C.

8; Siv1 r=—(si€—A)"En
vi(sy) vi(s1) ri(Sic1)
Va(Sz) vz(s;+1)/ r2(Siv1)
v3(83)

argmax, | YY) (s) — YU (s)|

Technische
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Modified adaptive-order rational Arnoldi method

Compute sequence of reduced order models with 8; 1 = 8; U{sjy1}, Siv1 € C.

8 Siv = (81— A)en
vi(s1) vi(st) ri(Sis1)
va(s2) vZ(s,-+1)</ ra(sis1)
va(ss) v3(si+1)‘/ ra(si1)

argmax, | YY) (s) — YU (s)|
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Modified adaptive-order rational Arnoldi method

Compute sequence of reduced order models with 8; 1 = 8; U{sjy1}, Siv1 € C.

8 Siv = (81— A)en
vi(s1) vi(st) ri(Sis1)
va(s2) vZ(s,-+1)</ ra(sis1)
va(ss) v3(si+1)‘/ ra(Si1)

argmax, | YY) (s) — YU (s)|

= Additionally consider expansion points s, € §; with ji i1 > j .
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Outline

= Efficient offline-stage of moment matching methods
= Modified adaptive-order rational Arnoldi method
= Recycling Krylov subspace methods
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Motivation

Schur complement with J-symmetry:
S = (S/Me + Mo-) + CE(SiMp)71 Cy with S,TJ =JS, and J=1.
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Motivation

Schur complement with J-symmetry:
Si = (siM. + M) + Ce(siM,) 'Cy  with STU=JS; and J=1
Krylov subspace methods
Xk = Xo + JCK(S,-, fo) such that ry = f— S,'Xk 1 Ly

Either employ £x = Kk(S;, fo) or L = Kk(SF, Fo)-
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Motivation

Schur complement with J-symmetry:
Si = (siM. + M) + Ce(siM,) 'Cy  with STU=JS; and J=1
Krylov subspace methods
Xk = Xo + Kk(Si, ) suchthat rx=f— Sixx L Ly

Either employ £x = Kk(S;, fo) or L = Kk(SF, Fo)-

Unsym. Lanczos method.

Sin = Vk+1Ik
STWi = Wi T,
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Motivation

Schur complement with J-symmetry:
Si = (siM. + M) + Ce(siM,) 'Cy  with STU=JS; and J=1

Krylov subspace methods
Xk = Xo + Kk(Si, ro) suchthat r,=1f— Sixx L Li

Either employ £x = Kk(S;, fo) or L = Kk(SF, Fo)-

SQMR method

Determine xx = xo + Vi yx with minimization Unsym. Lanczos method.
lleoer — Tuykll = myin lpoer — Tiy|| - SiVi = Vi Ty
STWi = Wi T,
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Motivation

Schur complement with J-symmetry:
Si = (siM. + M) + Ce(siM,) 'Cy  with STU=JS; and J=1

Krylov subspace methods
Xk = Xo + Kk(Si, ro) suchthat r,=1f— Sixx L Li

Either employ £x = Kk(S;, fo) or L = Kk(SF, Fo)-

SQMR method

Determine xx = xo + Vi yx with minimization Unsym. Lanczos method.
lleoer — Tuykll = myin lpoer — Tiy|| - SiVi = Vi Ty
STWi = Wi T,

J-symmetry: STJ = JS;, i.e. Wy = JV.
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Motivation

Schur complement with J-symmetry:
Si = (siM. + M) + Ce(siM,) 'Cy  with STU=JS; and J=1

Krylov subspace methods

Xk = Xo + Kk(Si, ro) suchthat r,=1f— Sixx L Li

Either employ £x = Kk(S;, fo) or L = Kk(SF, Fo)-
Inefficient for multiple solu-
tion to different shifted linear
SQMR method systems and multiple right

Determine xx = Xo + Vi yx with minimization hand sides.

lleoer — Tuykll = myin lpoer — Tiy|| -

J-symmetry: STJ = JS;, i.e. Wy = JV.
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Recycling SQMR method

Multiple solution to linear system Sjx; = f; with f e C"™*Pandj=1,...,/.
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Recycling SQMR method

Multiple solution to linear system Sjx; = f; with f e C"™*Pandj=1,...,/.

Recycling Krylov subspace methods
= Solution update:

Xk = Xo + Vikyk + Uiz
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Recycling SQMR method

Multiple solution to linear system Sjx; = f; with f e C"™*Pandj=1,...,/.

Recycling Krylov subspace methods Recycling subspace
= Solution update: C; = S;U; and éj = S,TU,
Xk = Xo + Vikyk + Uz
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Recycling SQMR method

Multiple solution to linear system Sjx; = f; with f e C"™*Pandj=1,...,/.

Recycling Krylov subspace methods Recycling subspace
= Solution update: C; = S;U; and é,- = S,TU,

Xk = Xo + Vikyk + Uiz

= Arnoldi-/Lanczos-type method:
(I-G(CFC)'CF)S Vi = Vier1 T

= Biorthogonality condition:
(&, W] 16 1G5, Vil
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Recycling SQMR method

Multiple solution to linear system Sjx; = f; with f e C"™*Pandj=1,...,/.

Recycling Krylov subspace methods
= Solution update:

Xk = Xo + Vikyk + Uiz

= Arnoldi-/Lanczos-type method:
(I-G(CFC)'CF)S Vi = Vier1 T

Recycling subspace
Ci=SU and C = s’ U

Employing (Harmonic) Ritz val-
ues, it follows that

U= [Uj—, Vil
= Biorthogonality condition:
[C W] L5 (G il
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Recycling SQMR method

Multiple solution to linear system Sjx; = f; with f e C"™*Pandj=1,...,/.

Recycling Krylov subspace methods Recycling subspace
= Solution update: C; = S;U; and é,- = S/TUI

Xk = Xo + Vikyk + Uiz

= Arnoldi-/Lanczos-type method: Recall: STJ = JS;and J = |
~ ~ "
(/= G(ETC) ™ CF) G Vic = Vi I
= Biorthogonality condition:
(&, W] 16 1G5, Vil
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Recycling SQMR method

Multiple solution to linear system Sjx; = f; with f e C"™*Pandj=1,...,/.

Recycling Krylov subspace methods Recycling subspace

= Solution update: Ci=SU and C = sty
Xk = Xo + Vikyk + Uiz

= Arnoldi-/Lanczos-type method:

RS Recall: S'J =JSjand J =/
(1= GG G) G SV = Vi I

»J=JT: U =0, C = JC
= Biorthogonality condition:
[é,-, Wk] Lp [Cj, Vi
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Recycling SQMR method

Multiple solution to linear system Sjx; = f; with f e C"™*Pandj=1,...,/.

Recycling Krylov subspace methods Recycling subspace

= Solution update: Ci=SU and C = sty
Xk = Xo + Vikyk + Uiz

= Arnoldi-/Lanczos-type method:

O Recall: S'J =JSjand J =/
(/= Cj(Cj G) Cj )SjVik = Vi1 T

»J=JT: U =0, C = JC
= Biorthogonality condition: » xi = Xo + (I — UiCF S)) Viy
[é,-, Wk] Lp [Cj, Vi
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Outline

= Modified adaptive-order rational Arnoldi method
= Recycling Krylov subspace methods

= Numerical experiments
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PCB circuit

Output port

@
8
Input port g
51
=
0 | |
0.8 0.9 1
f/GHz 10"
(a) Model problem. (b) Transfer function.

Figure: PCB circuit.

= Frequency range: [fnin, fmax) = [7.5, 10.0] GHz.
= Electric conductivity: o = 0.
= Dimension of original model problem: n = 226458.
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AORA-RK vs. AORA-MAX vs. AORA-H2
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Figure: PCB circuit: n = 226458 — n, = 20(80).
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PCB circuit: mAORA method
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Figure: PCB circuit: Modified adaptive-order rational Arnoldi method. (n, = 20)
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PCB circuit: mAORA method with rSQMR

Expansion point || # rSQMR # SQMR
s; =5.44e+101 || — -
Sy = 6.28e+101 54, 24, 25, 24, 25, 24, 24, 24, 25, 25,25 | 55

S3 = 6.05e+101 23, 20, 19, 20, 20, 20, 20, 20, 19 50
Sy = 5.84e+101 16,13,13,13, 13,13, 13 35
S5 =4.71e+1 23,21,21,18, 21 29
Sg = 5.73e+1 25,11,11,10, 11 26

Table: PCB circuit: Iteration steps of rtSQMR method in mMAORA method.

= Single preconditioning technique via
S=(8.M. + M) + C(s.M,)'CT with s, =1\/Frinfnax-

= Significantly smaller number of matrix-vector multiplications.
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Outline

= Modified adaptive-order rational Arnoldi method
= Recycling Krylov subspace methods

= Conclusion
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Conclusion

Computation of reduced

O/—N SHiNSISEgs—o order model

Model order
reduction

O\_/) Online stage Numerical simulation with

reduced order model
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Conclusion

Offline stage Computation of reduced
O/—N order model

Model order
reduction

= Structure preservation.
= AORA-RK method.

= Divergence preservation.
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Conclusion

Computation of reduced

O/—N SiiRSSEgeN— order model

Model order
reduction
= Structure preservation. = Modified rational Arnoldi method.
= AORA-RK method. = Direct solver: ATLM.
= Divergence preservation. = rSQMR method.
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Conclusion

Thank you for your attention!

Technische
Universitit 11th December 2013| A. Bodendiek, M. Bollhdfer | Moment matching in computational electromagnetism | Page 22

Braunschweig




	Moment matching methods in model order reduction
	Efficient offline-stage of moment matching methods
	Numerical experiments
	Conclusion

