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Maxwell’s equations

(
Mε 0
0 Mµ

)
ẋ(t) =

(
−Mσ CH

−CE 0

)
x(t)+Bu(t), y(t) = Cx(t)

Block structure with respect to electric and magnetic field strength.

Discretization leads to high-dimensional model problem.

For model order reduction.

Structure-preserving reduced order model.

Efficient solution technique for shifted linear systems.
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Outline

Moment matching methods in model order reduction

Efficient offline-stage of moment matching methods
Modified adaptive-order rational Arnoldi method
Recycling Krylov subspace methods

Numerical experiments

Conclusion
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Moment matching in a nutshell

Let H(s) =

∞∑
j=0

CX (j)(si)(s − si)
j denote the transfer function at si ∈ C,

where X (j)(si) =
[
−(siE−A)−1E

]j−1
(siE−A)−1B.

Taylor expansion

Galerkin projection Π = VVT such that

span (V ) =

l∑
i=1

Kji (−(siE−A)−1E, (siE−A)−1B)

where nr = j1 + . . . + jl , ji > 0.

Galerkin projection leads to H(j)(si) = H̃(j)(si) for all j = 0, . . . , ji − 1.

Padé approximation
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Adaptive-order rational Arnoldi method

Let Y (j)(si) ≡ CX (j)(si) denote the output moments.

Residual vectors

r1(s1)

r1(s2)

...

r1(sl)

V

argmaxs∈Sl
|Y (j)(s) − Ỹ (j)(s)|

Note that rj(s) = −(sE−A)−1Erj−1(s) for all s ∈ Sl .
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Greedy-type expansion point selection: AORA-RK

Let P(s) = sE−A and P̃(s) = sẼ− Ã.

|Y (0)(s) − Ỹ (0)(s)| 6 |CP(s)−1| · |hn(s)| ≈ |C̃P̃(s)−1| · |hn(s)|,

Lemma ([B., B., 2013])
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|Y (0)(s) − Ỹ (0)(s)| 6 |CP(s)−1| · |hn(s)| ≈ |C̃P̃(s)−1| · |hn(s)|,

Lemma ([B., B., 2013])

hn(sm+1)u = Bu − P(sm+1)V P̃(sm+1)
−1B̃u

11th December 2013 A. Bodendiek, M. Bollhöfer Moment matching in computational electromagnetism Page 8



Moment matching methods in model order reduction Efficient offline-stage of moment matching methods Numerical experiments Conclusion

Greedy-type expansion point selection: AORA-RK

Let P(s) = sE−A and P̃(s) = sẼ− Ã.
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hn(sm+1)u = Bu − P(sm+1)V P̃(sm+1)
−1B̃u

P(sm+1)V P̃(sm+1)
−1B̃u ≈ Bu

Determine si+1 ∈ C such that

si+1 = arg max
s∈S

|C̃P̃(s)−1| · |hn(s)| with S ⊂ ı[fmin, fmax].

AORA-RK method
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Modified generic rational Arnoldi method

Simplified example for two expansion points s1 ∈ C and s2 ∈ C.
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Modified generic rational Arnoldi method

Simplified example for two expansion points s1 ∈ C and s2 ∈ C.

S1 = {s1}

v1(s1) Shifted linear system: (s1E−A)rj(s1) = rj−1(s1).
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Simplified example for two expansion points s1 ∈ C and s2 ∈ C.
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Simplified example for two expansion points s1 ∈ C and s2 ∈ C.
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Significantly smaller number of
solutions to linear systems.

Consideration of the order of
previous orthonormal vector
sequence.

Extension to multiple expansion
points straightforward.
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Modified adaptive-order rational Arnoldi method

Compute sequence of reduced order models with Si+1 = Si ∪ {si+1}, si+1 ∈ C.

Si

v1(s1)

v2(s2)

v3(s3)

...

Si+1 rj = −(si+1E−A)−1Erj−1

r1(si+1)

argmaxs |Y
(j)(s) − Ỹ (j)(s)|
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(j)(s) − Ỹ (j)(s)|

11th December 2013 A. Bodendiek, M. Bollhöfer Moment matching in computational electromagnetism Page 12



Moment matching methods in model order reduction Efficient offline-stage of moment matching methods Numerical experiments Conclusion

Modified adaptive-order rational Arnoldi method

Compute sequence of reduced order models with Si+1 = Si ∪ {si+1}, si+1 ∈ C.

Si

v1(s1)

v2(s2)

v3(s3)

...

Si+1

v1(s1)

v2(si+1)

v3(si+1)

rj = −(si+1E−A)−1Erj−1

r1(si+1)

r2(si+1)r2(si+1)

r3(si+1)

argmaxs |Y
(j)(s) − Ỹ (j)(s)|
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r3(si+1)

...

argmaxs |Y
(j)(s) − Ỹ (j)(s)|

Additionally consider expansion points sl ∈ Si with jl,i+1 > jl,i .
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Motivation

Schur complement with J-symmetry:

Si = (siMε + Mσ) + CE(siMµ)
−1CH with ST

i J = JSi and J = I.
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Si = (siMε + Mσ) + CE(siMµ)
−1CH with ST

i J = JSi and J = I.

xk = x0 +Kk(Si , r0) such that rk = f − Sixk ⊥ Lk

Either employ Lk ≡ Kk(Si , r0) or Lk ≡ Kk(ST
i , r̃0).

Krylov subspace methods

Unsym. Lanczos method.

SiVk = Vk+1T k

ST
i Wk = Wk+1T̃ k

Determine xk = x0 + Vkyk with minimization

‖ρ0e1 − T kyk‖ = min
y
‖ρ0e1 − T ky‖ .

J-symmetry: ST
i J = JSi , i.e. Wk = JVk .

SQMR method
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SiVk = Vk+1T k

ST
i Wk = Wk+1T̃ k

Determine xk = x0 + Vkyk with minimization

‖ρ0e1 − T kyk‖ = min
y
‖ρ0e1 − T ky‖ .

J-symmetry: ST
i J = JSi , i.e. Wk = JVk .

SQMR method

Inefficient for multiple solu-
tion to different shifted linear
systems and multiple right
hand sides.
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Recycling SQMR method

Multiple solution to linear system Sjxj = fj with fj ∈ Cn×p and j = 1, . . . , l.

Solution update:

xk = x0 + Vkyk + Ujz

Arnoldi-/Lanczos-type method:

(I − Cj(C̃T
j Cj)

−1C̃T
j )SjVk = Vk+1T k

Biorthogonality condition:[
C̃j , Wk

]
⊥b [Cj , Vk ]

Recycling Krylov subspace methods

Cj = SjUj and C̃j = ST
j Ũj

Recycling subspace
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j Ũj

Recycling subspace

11th December 2013 A. Bodendiek, M. Bollhöfer Moment matching in computational electromagnetism Page 15



Moment matching methods in model order reduction Efficient offline-stage of moment matching methods Numerical experiments Conclusion

Recycling SQMR method

Multiple solution to linear system Sjxj = fj with fj ∈ Cn×p and j = 1, . . . , l.

Solution update:

xk = x0 + Vkyk + Ujz

Arnoldi-/Lanczos-type method:

(I − Cj(C̃T
j Cj)

−1C̃T
j )SjVk = Vk+1T k

Biorthogonality condition:[
C̃j , Wk

]
⊥b [Cj , Vk ]

Recycling Krylov subspace methods

Cj = SjUj and C̃j = ST
j Ũj
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Solution update:
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Arnoldi-/Lanczos-type method:

(I − Cj(C̃T
j Cj)

−1C̃T
j )SjVk = Vk+1T k

Biorthogonality condition:[
C̃j , Wk

]
⊥b [Cj , Vk ]

Recycling Krylov subspace methods

Cj = SjUj and C̃j = ST
j Ũj

Recycling subspace

Employing (Harmonic) Ritz val-
ues, it follows that

Uj = [Uj−1, V̄k ].
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Recycling Krylov subspace methods

Cj = SjUj and C̃j = ST
j Ũj

Recycling subspace

Recall: ST
j J = JSj and J = I

J = JT: Ũj = JUj , C̃j = JCj

xk = x0 + (I − Uj C̃T
j Sj)Vkyk
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PCB circuit

Input port

Output port

(a) Model problem.
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(b) Transfer function.

Figure: PCB circuit.

Frequency range: [fmin, fmax] = [7.5, 10.0] GHz.

Electric conductivity: σ ≡ 0.

Dimension of original model problem: n = 226458.
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AORA-RK vs. AORA-MAX vs. AORA-H2
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Figure: PCB circuit: n = 226458 → nr = 20(80).
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PCB circuit: mAORA method
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Figure: PCB circuit: Modified adaptive-order rational Arnoldi method. (nr = 20)
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PCB circuit: mAORA method with rSQMR

Expansion point # rSQMR # SQMR
s1 = 5.44e+10ı – –
s2 = 6.28e+10ı 54, 24, 25, 24, 25, 24, 24, 24, 25, 25, 25 55
s3 = 6.05e+10ı 23, 20, 19, 20, 20, 20, 20, 20, 19 50
s4 = 5.84e+10ı 16, 13, 13, 13, 13, 13, 13 35
s5 = 4.71e+10ı 23, 21, 21, 18, 21 29
s6 = 5.73e+10ı 25, 11, 11, 10, 11 26

Table: PCB circuit: Iteration steps of rSQMR method in mAORA method.

Single preconditioning technique via

S = (s∗Mε + Mσ) + C(s∗Mµ)
−1CT with s∗ = ı

√
fminfmax.

Significantly smaller number of matrix-vector multiplications.
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Conclusion

Model order
reduction

Offline stage

Online stage Numerical simulation with
reduced order model

Computation of reduced
order model

Computation of reduced
order model

Structure preservation.

AORA-RK method.

Divergence preservation.

Modified rational Arnoldi method.

Direct solver: ATLM.

rSQMR method.
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Conclusion

Model order
reduction

Offline stage

Online stage Numerical simulation with
reduced order model

Computation of reduced
order model

Computation of reduced
order model

Structure preservation.

AORA-RK method.

Divergence preservation.

Modified rational Arnoldi method.

Direct solver: ATLM.

rSQMR method.

Thank you for your attention!
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