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E(p)x = Alp)x+B(p)u
y = Cp)x
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PMOR by balanced truncation

E(p)x = A(p)x+B(p)u Puer E(p)x = A(p)%+ B(b)u,
y = C(p)x y = Clp)r KR, r< N

m preservation of system properties (stability, passivity, ...)
m preservation of the parameter dependence

m small approximation error

IC(p)(sE(p) — A(p)) " B(p) — C(p)(sE(p) — A(p)) ' B(p)||
= ||H—H| < tol.
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Problem statement

m Lyapunov equations for balanced truncation

A(P)X(P)ET (p) + E(p)X(p)AT (p) = —B(p)BT (p), control.
AT(p)Y(P)E(p) + ET(p)Y(p)A(p) = —CT(p)C(p), obser.
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Problem statement

m Lyapunov equations for balanced truncation

A(P)X(P)ET (p) + E(p)X(p)AT (p) = —B(p)BT (p), control.
AT(p)Y(P)E(p) + ET(p)Y(p)A(p) = —CT(p)C(p), obser.

m Problem statement: find the solution X(p) of

A(P)X(P)ET (p)+E(P)X(P)AT (p) = —B(p)B” (p), p € P C R?

with E(p) symmetric positive definite, A(p) symmetric
negative definite for all p in closed, bounded P.
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2 RB method for parametric Lyapunov equations
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Lyapunov eq. + Kronecker prod. = lin. system

m Lyapunov equation
—A(p)X(p)E" (p) — E(P)X(P)AT (p) = B(p)B'(p),
where E(p), A(p), X(p) € RV*N | B(p) € RV>*™ m < N.

m Linear system:
" L(p)x(p) = b(p).

where L(p) = —E(p) ® A(p) — A(p) ® E(p) € RV >N,
x(p) = vec(X(p)), b(p) = vec(B(p)BT(p)) € RV

‘ o
MoreSim.-4 -Nano



http://www.math.uni-augsburg.de/
http://www.uni-bremen.de

Institut
fir Mathematik

5 Universitat
Augsburg

RB method for linear systems

Reduced basis method for L(p)x(p) = b(p)
m Snapshots collection:
construct the reduced basis matrix
Vi = [x(p1), - .., x(pe)] € RV %K |k < N2
m Galerkin projection:
approximate the solution x(p) ~ ViX(p), where x(p) € R¥
solves _ N B
L(p)x(p) = b(p) with L(p) = V/L(p)Vk, b(p) =V, b(p)
m Questions
m How to choose the parameters p1,..., pk?
m How to estimate the error e(p) = x(p) — VkX(p)?
m How to make the computations efficient?
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More assumptions

m Affine dependence:
ne na
E(p) =D _0F(p)Ei, Alp) = 07(p)A:,
i=1 i=1

B(p) =Y _0F(p)B:, C(p)=> 0f(p)C:.
i=1 i=1

m Parametric coercivity:

Ei=E" >0, 0f(p) >0, Ai=Al <0, 6/(p) >0
L
— a(p) = inf % >0
veRN\{0} Il
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Error analysis: min-0 approach
Let ex(p) = x(p) — ViX(p). rk(p) = b(p) — LViX(p),

k
v(p) ==  sup m(< 00). With fixed p € P,
by TV
02 (p)oF
Hrlinn(p) = . min iq(f) JE(f)’
=", A(E)OE (B)
J=1,,ng
5 02 (P)OF(P) 5\ OPuax
Balp) = max o PLLPY () = Onax (P)
iZ1ma 07(p)6; (P) 0 i (P)
r r
Aw(p) = — |[ri(p)l| _. | k(P)H'

207,10 (P)A min (AP Awin(E(P))  18(p)
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Error analysis: min-0 approach ctd.

Theorem
|lex(P)I] < Ax(p) < [lex(p)I[6P(p)cond(A(p))cond(E(p)).

Use(s) of error estimate:
m Error control

m Construction of reduced basis via (so-called) Greedy algorithm
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Error analysis: min-0 approach ctd.

Theorem
|lex(P)I] < Ax(p) < [lex(p)I[6P(p)cond(A(p))cond(E(p)).

Use(s) of error estimate:
m Error control
m Construction of reduced basis via (so-called) Greedy algorithm

Greedy algorithm
Input: tolerance tol, train set = CP, initial parameter p; €=
Output: Chosen set points ps, ..., px C =, projection matrix Vj.
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Greedy algorithm

m Solve L(p1)x(p1) = b(p1)
m Setj =2, AT =1 and Vi = x(p1)

m while Ajm_""f > tol

[ri—1(p)]|
;= arg maxA\;_ % A;_ =
p_/ g pe= j 1(,0) Y j 1(P) aLB(P)

AP = Aj-1(p)
solve L(pj)x(pj) = b(p;)
Vi = [Vj-1, x(pj)]
Jj—j+1

end
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Computation of the residual
ngn

n2
Let L(p) = 5 08(p)L; and b(p) = 5 6°(p)b;. Then
i=1 i=1
Iei(e)I> = [Ib(p) — L(p)V; %(p)|?
ng
= _lz_l eib(P) Q/b(P) b,Tb/
7 ng ngna

—23 2 (e) 61 ()b LV ()

negna
+ /Z 0 (p) 07 (P)X(P) TV LT LV %(p),
i=1
where X(p) solves L(p)xX(p) = B(p) with

n

Lp) = S 6L (p)VTL.V. and b(p) = 5", gb
(P)—'_;l i(p)j iVjan (p) =2 i

P i£107(p) Viji
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Offline-online decomposition

m Offline phase: compute all parameter-independent quantities

m Online phase: for given p € =, compute X(p) and
Ij(P)I|/ e (p)

Notes on computational efficiency:

m No computation with N?-dim matrices and vectors

m Hierachical structure of parameter-independent quantities

m Low-rank structure of solution RjRJ-T of Lyapunov equations.
E.g.: Computation of VJTL,-TL/VJ-. viL/ Ly, =
(—AR,RIET —E.RRIAl, —ARRE] —E,RRIAl) .
= 2trace((AxRn) T(AsRe)(EqRe) T(E/ Rp)
+(ErRp) (AsRe)(EqRe) T(AkRy))
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Online solution of Lyapunov equation
m Linear combination _
J
X(p)=vec ™ (ViX(p)) = 2 Xi(p)RiR{” =: Xgp(p) where
i=1

x(p) = [%(p).. ... %(p)]" solves L(p)X(p) = b(p).
— X(p) may not be positive (semi) definite.
m Projection (with column compression)
X(p) =~ UX(p)UT, where
A(p)X(P)ET(p) + E(p)X(p)A"(p) = —B(p)BT(p) (1)
with E(p)= 5" 6 (p) UTEU, A(p) =Y 6A(p)UTALU,
i=1

p i
i=1

" n
B(p):ZB 08(p)UTB; and U =[Ry, ..., R;] (compressed.)
i=1
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PMOR by balanced truncation [Tombs '87]
Suppose from (1),
X(p) = UrX(p) Uk = Ur Gr(p)GR (p) Ui
Y(p) & UoY(p)US = UoGo(p)Gé (p) U

are the approximate controllability, observability gramians. First,
compute the SVD

Go(p) T USE(p)Ur Gr(p Zef )T UL E,Ur Gr(p)

= [i(p) el [Zlé) sz)] Vilp) Va(e)l
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PMOR by balanced truncation ctd.

Then formulate the reduced order model:

E(p) = i 6E (p)E1(p) /2 Us (p)T Go (p)T UG Eq Un Gr(p) Vi (p)E1(p) 72,
p2

Ap) = i‘fl 6A(p)E1(p) 2 Vs (p) T Go (p) T UZ AqUn Gr(p) Vi (p)E1(p) 72,

B(p) = "f:l 08(p)%1(p) "2 Ur(p) Go(p) T UL By
p3

Clp) = 3= 05()CoUr Gr(p) Vi ()E1(p) /2
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Offline-Online decomposition RBPMOR

Offline Given Ug, Up, compute and store all parameter-
independent terms: Ug)—(R)EqUO(R), Ug)—(R)AqUO(R),
U By, and CqUp for reduced Lyapunov equations;
UL EqUr, USAqUR, UL By, and C,Ux for PMOR.
Online Given p € P,

= Compute A(p), E(p), B(p). C(p)

m Solve reduced Lyapunov equations for Gr(p)
and for Go(p)

m Compute the SVD and truncate for X;1(p), Ui(p)
and Vl(p)

m Compute the reduced order model at p
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Exam B
= I200 BeR¥*0 ==10:0.1:10] x [0:0.1:10] and
A(P1>P2) = (((p — 5) +2(p2 — 5)%)/20 + 1)) Ay
+5in(0.1 4+ /p1/2) Ay € R200%200,

10” T T T T T T
-—--RB error
— error estimate
estimate efficiency|

107y =~ funcated eror Error, error estimate,
tO/Greedy =

tolsyp = 1le — 6,

Greedy iteration

number = 9,

compressed

279—40

4 5 6
set of checked points
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Example 2: [Kressner/Tobler '11]
z—V(o(§)Vz) = finQ . 1+ p, £
z = oonoq “itho(©)= { 1, £eQ\(UG).
E,A(p) € R1580x1580 B CT ¢ RI580 = — [0.1:0.25 : 10.1]*%,

40

35F

J Q ‘

151

J . ’
o5 1 15 2 25 3 35

ol
-05 0

4 45
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Example 2: [Kressner/Tobler '11] ctd.

Greedy iterations:
20, final reduced
order: 50, error
checked on 50
randomly chosen
points.
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Example 2: [Kressner/Tobler '11] ctd.

Greedy iterations:
20, final reduced
order: 50, error
checked on 50
randomly chosen 10
points.

relative error
=)

50

30

10 20
10 10

checked points
frequency
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Conclusion

m Reduced basis method for parametric Lyapunov equations with
general E(p) and A(p)
<+ computable upper bounds on or ||[L(p)~}| are required

m Other error estimation techniques
(succesive constraints method [Huynh/Rozza/Sen/Patera’07], ... )

m Reduced basis method for parametric projected Lyapunov
equations

E(p)X(p)AT (p) + A(p)X(p)ET (p) = —P,(p)BBT P/ (p)
X(p) = P,(p)X(p)P] (p)

m Reduced basis method for parametric (projected) Riccati and
Lur'e equations
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