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PMOR by balanced truncation

E (p) ẋ = A(p) x + B(p) u
y = C (p)x

æ
PMOR Ê (p) ˙̂x = Â(p) x̂ + B̂(b) u,

ŷ = Ĉ (p)x̂ , x̂ ∈ Rr , r � N.

preservation of system properties (stability, passivity, ...)

preservation of the parameter dependence

small approximation error

‖C (p)(sE (p)− A(p))−1B(p)− Ĉ (p)(sÊ (p)− Â(p))−1B̂(p)‖
=: ‖H − Ĥ‖ ≤ tol .
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Problem statement

Lyapunov equations for balanced truncation

A(p)X (p)ET (p) + E (p)X (p)AT (p) = −B(p)BT (p), control.

AT (p)Y (p)E (p) + ET (p)Y (p)A(p) = −CT (p)C (p), obser.

Problem statement: �nd the solution X (p) of

A(p)X (p)ET (p)+E (p)X (p)AT (p) = −B(p)BT (p), p ∈ P ⊂ Rd

with E (p) symmetric positive de�nite, A(p) symmetric
negative de�nite for all p in closed, bounded P.
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Lyapunov eq. + Kronecker prod. = lin. system

Lyapunov equation

−A(p)X (p)ET (p)− E (p)X (p)AT (p) = B(p)BT(p),

where E (p),A(p),X (p) ∈ RN×N , B(p) ∈ RN×m,m� N.

Linear system:
L(p) x(p) = b(p),

where L(p) = −E (p)⊗ A(p)− A(p)⊗ E (p) ∈ RN2×N2
,

x(p) = vec(X (p)),b(p) = vec(B(p)BT(p)) ∈ RN2

7 / 25

http://www.math.uni-augsburg.de/
http://www.uni-bremen.de


Universität
Augsburg

Institut
für Mathematik

RB method for linear systems

[Patera/Rozza'07, also Maday, Grepl, Haasdonk, Ohlberger, Urban, ...]

Reduced basis method for L(p)x(p) = b(p)

Snapshots collection:
construct the reduced basis matrix
Vk = [x(p1), . . . , x(pk)] ∈ RN2×k , k � N2

Galerkin projection:
approximate the solution x(p) ≈ Vk x̃(p), where x̃(p) ∈ Rk

solves
L̃(p)x̃(p) = b̃(p) with L̃(p) = VT

k L(p)Vk , b̃(p) = VT
k b(p)

Questions
How to choose the parameters p1, . . . , pk?
How to estimate the error ek(p) = x(p)− Vk x̃(p)?
How to make the computations e�cient?
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More assumptions

A�ne dependence:

E (p) =

nE∑
i=1

θEi (p)Ei , A(p) =

nA∑
i=1

θAi (p)Ai ,

B(p) =

nB∑
i=1

θBi (p)Bi , C (p) =

nC∑
i=1

θCi (p)Ci .

Parametric coercivity:

Ei = ET
i > 0, θEi (p) > 0, Ai = AT

i < 0, θAi (p) > 0

↪→ α(p) := inf
v∈RN2\{0}

vTL(p)v

‖v‖2
> 0
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Error analysis: min-θ approach

Let ek(p) = x(p)− Vk x̃(p), rk(p) = b(p)− LVk x̃(p),

γ(p) := sup
w,v∈RN2\{0}

wTL(p)v

‖w‖‖v‖
(<∞). With �xed p̄ ∈ P,

θp̄
min

(p) = min
i=1,··· ,nA
j=1,··· ,nE

θAi (p)θEj (p)

θAi (p̄)θEj (p̄)
,

θp̄max(p) = max
i=1,··· ,nA
j=1,··· ,nE

θAi (p)θEj (p)

θAi (p̄)θEj (p̄)
, θp̄(p) =

θp̄max (p)

θp̄
min

(p)
.

∆k(p) =
||rk(p)||

2θp̄
min

(p)λ min (A(p̄))λmin(E (p̄))
=:
||rk(p)||
αLB(p)

.
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Error analysis: min-θ approach ctd.

Theorem

||ek(p)|| ≤ ∆k(p) ≤ ||ek(p)|| θp̄(p)cond(A(p̄))cond(E (p̄)).

Use(s) of error estimate:

Error control

Construction of reduced basis via (so-called) Greedy algorithm

Greedy algorithm

Input: tolerance tol , train set Ξ ⊂P, initial parameter p1∈Ξ
Output: Chosen set points p1, . . . , pk ⊂ Ξ, projection matrix Vk .
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Greedy algorithm

Solve L(p1)x(p1) = b(p1)

Set j = 2, ∆max
1 = 1 and V1 = x(p1)

while ∆max
j−1 ≥ tol

pj = argmax
p∈Ξ

∆j−1(p) % ∆j−1(p) =
‖rj−1(p)‖
αLB(p)

∆max
j = ∆j−1(pj)

solve L(pj)x(pj) = b(pj)

Vj = [Vj−1, x(pj) ]

j ← j + 1
end

12 / 25

http://www.math.uni-augsburg.de/
http://www.uni-bremen.de


Universität
Augsburg

Institut
für Mathematik

Computation of the residual

Let L(p) =
nEnA∑
i=1

θLi (p)Li and b(p) =
n2
B∑

i=1

θbi (p)bi . Then

‖rj(p)‖2 = ‖b(p)− L(p)Vj x̃(p)‖2

=
n2
B∑

i ,l=1

θ bi (p) θ bl (p)bTi bl

−2
n2
B∑

i=1

nEnA∑
l=1

θbi (p) θ Ll (p)bTi LlVj x̃(p)

+
nEnA∑
i ,l=1

θLi (p) θLl (p) x̃(p)TVT
j L

T
i LlVj x̃(p),

where x̃(p) solves L̃(p)x̃(p) = b̃(p) with

L̃(p) =
nEnA∑
i=1

θLi (p)VT
j LiVj and b̃(p) =

∑n2
B

i=1 θ
b
i (p)VT

j bi
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O�ine-online decomposition

O�ine phase: compute all parameter-independent quantities

Online phase: for given p ∈ Ξ, compute x̃(p) and
‖rj(p)‖/αLB(p)

Notes on computational e�ciency:

No computation with N2-dim matrices and vectors

Hierachical structure of parameter-independent quantities

Low-rank structure of solution RjR
T
j of Lyapunov equations.

E.g.: Computation of VT
j L

T
i LlVj . vTh L

T
i Llvt =〈

−AkRhR
T
h ET

r −ErRhR
T
h AT

k , −AsRtR
T
t ET

q −EqRtR
T
t AT

s

〉
F

= 2trace
(
(AkRh)T(AsRt)(EqRt)

T(ErRh)
+(ErRh)T(AsRt)(EqRt)

T(AkRh)
)
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Online solution of Lyapunov equation

Linear combination

X (p)≈vec−1
(
Vj x̃(p)

)
=

j∑
i=1

x̃i (p)RiR
T
i =:X I

RB
(p) where

x̃(p) = [x̃1(p), . . . , x̃j(p)]T solves L̃(p)x̃(p) = b̃(p).
↪→ X (p) may not be positive (semi) de�nite.

Projection (with column compression)
X (p) ≈ U X̃ (p)UT , where

Ã(p)X̃ (p)ẼT(p) + Ẽ (p)X̃ (p)ÃT(p) = −B̃(p)B̃T(p) (1)

with Ẽ (p)=
nE∑
i=1

θEi (p)UTEiU , Ã(p)=
nA∑
i=1

θAi (p)UTAiU ,

B̃(p)=
nB∑
i=1

θBi (p)UTBi and U = [R1, . . . , Rj ] (compressed.)
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PMOR by balanced truncation [Tombs '87]

Suppose from (1),

X (p) ≈ URX̃ (p)UT
R = URGR(p)GT

R (p)UT
R

Y (p) ≈ UOỸ (p)UT
O = UOGO(p)GT

O (p)UT
O

are the approximate controllability, observability gramians. First,
compute the SVD

GO(p)TUT
OE (p)URGR(p) =

nE∑
q=1

θEq (p)GO(p)TUT
OEqURGR(p)

= [U1(p) U2(p)]

[
Σ1(p) 0
0 Σ2(p)

]
[V1(p) V2(p)]T .
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PMOR by balanced truncation ctd.

Then formulate the reduced order model:

Ê (p) =
nE∑
q=1

θEq (p)Σ1(p)−1/2U1(p)TGO(p)TUT
OEqURGR(p)V1(p)Σ1(p)−1/2,

Â(p) =
nA∑
q=1

θAq (p)Σ1(p)−1/2U1(p)TGO(p)TUT
OAqURGR(p)V1(p)Σ1(p)−1/2,

B̂(p) =
nB∑
q=1

θBq (p)Σ1(p)−1/2U1(p)TGO(p)TUT
OBq

Ĉ (p) =
nC∑
q=1

θCq (p)CqURGR(p)V1(p)Σ1(p)−1/2.
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O�ine-Online decomposition RBPMOR

O�ine Given UR,UO, compute and store all parameter-
independent terms: UT

O(R)EqUO(R), U
T
O(R)AqUO(R),

UT
RBq, and CqUO for reduced Lyapunov equations;

UT
OEqUR, U

T
OAqUR, U

T
OBq, and CqUR for PMOR.

Online Given p ∈ P,
Compute Ã(p), Ẽ (p), B̃(p), C̃ (p)
Solve reduced Lyapunov equations for GR(p)
and for GO(p)
Compute the SVD and truncate for Σ1(p),U1(p)
and V1(p)
Compute the reduced order model at p
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Example 1
E (p) = I200,B ∈ R200,Ξ = [0 : 0.1 : 10]× [0 : 0.1 : 10] and
A(p1, p2) = (((p1 − 5)2 + 2(p2 − 5)2)/20 + 1))A1

+ sin(0.1 +
√
p1/2)A2 ∈ R200×200.
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10
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10
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10
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set of checked points

 

 

RB error

error estimate

estimate efficiency

truncated error

tolerance
Error, error estimate,
tolGreedy =
tolSVD = 1e − 6,
Greedy iteration
number = 9,
compressed
279→40
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Example 2: [Kressner/Tobler '11]
ż −∇(σ(ξ)∇z) = f in Ω

z = 0 on ∂Ω
with σ(ξ) =

{
1 + pi , ξ ∈ Ci
1, ξ ∈ Ω \ (∪Ci ).

E ,A(p) ∈ R1580×1580,B,CT ∈ R1580,Ξ = [0.1 : 0.25 : 10.1]4,

−0.5 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
0

0.5

1

1.5

2

2.5

3

3.5

4
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Example 2: [Kressner/Tobler '11] ctd.

Greedy iterations:
20, �nal reduced
order: 50, error
checked on 50
randomly chosen
points.
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Conclusion

Reduced basis method for parametric Lyapunov equations with
general E (p) and A(p)

↪→ computable upper bounds on or ‖L(p)−1‖ are required

Other error estimation techniques
(succesive constraints method [Huynh/Rozza/Sen/Patera'07], ... )

Reduced basis method for parametric projected Lyapunov
equations

E (p)X (p)AT (p) + A(p)X (p)ET (p) = −Pl (p)BBTPT
l (p)

X (p) = Pr (p)X (p)PT
r (p)

Reduced basis method for parametric (projected) Riccati and
Lur'e equations
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