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Floating Point Numbers and Rounding

• Relative rounding errors in M(p, t, emin, emax):

|γ(x)− x|
|x|

<
1

2
p1−t ∀x ∈ [−xmax,−xmin] ∪ [xmin, xmax].

• unit roundoff:
u :=

1

2
p1−t

• machine epsilon:

eps := min{|x̃− 1| | x̃ ∈M(p, t, emin, emax), x̃ > 1} = p1−t = 2u

• standard model of the floating point arithmetic:

xy = (xOy)(1 + δ), |δ| ≤ u ∀ O ∈ {+,−, ·, /}

(for √ as well).

• error propagation: Let x̃ := γ(x), ỹ := γ(y).

addition: x, y ∈ R, sign (x) = sign (y) =⇒

|(x̃⊕ ỹ)− (x+ y)|
|x+ y|

≤ 2u+ u2

subtraction: x, y ∈ R, sign (x) = sign (y) =⇒

|(x̃	 ỹ)− (x− y)|
|x− y|

≤
(

2|y|
|x− y|

+ 2

)
u+

(
2|y|
|x− y|

+ 1

)
u2.

cancellation: x ≈ y large error

multiplication and division:
|x̃� ỹ − x · y|
|x · y|

≤ 3u+O(u2).
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