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Exercise 1: (2 Points)

Let V' be an n-dimensional pre-Hilbert space over R. The inner product is defined as
(z,9) == 2".

Show that this is a proper definition of an inner product and prove that
|zl = v/ (z, z)

defines a norm on this space.

Exercise 2: (2 Points)

Prove that the linear system Ax = b is solvable if and only if
rank (A) = rank ([A b])
Does this condition guarantee uniqueness?

Exercise 3: (2 Points)

Let L, L € R™ ™ be two lower triangular matrices. Show that the product T’ = LL also is a lower triangular
matrix.

Exercise 4: (3 Points)

a.) LetQ,Q € C"™™ be two unitary matrices. Show that the product QQ is also an unitary matrix.

b.) The Givens rotation is defined as
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where ¢ = cos(f) and s = sin(6) appear at the intersections of the i-th and j-th rows and columns.
Prove that G(i, j, 0) is a unitary matrix for arbitrary parameters.
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Exercise 5: (3 Points)
Let I € R™*™ be the identity matrix.

a.) Show that ||/|| = 1 holds for all induced matrix norms.

b.) Why is the Frobenius norm || - || not an induced matrix norm?

Exercise 6: (2 Points)

The 2-norm of a matrix A € C™*" can be computed as

[|Al2 =/ o(ATA).

Why is it reasonable to avoid the computation of the matrix 2-norm?

Exercise 7: (6 Points)

Let x € R™. Prove the following inequalities:
a) [lzfl2 < [lz[h < v/nllz[]2
b) [[#]loe < [[z[l2 < v/nll2||o
c) llzlh < llellos < [lzlh

Use the results to show the corresponding inequalities for a matrix A € R™*™,

Exercise 8: (5 Points)

a.) Prove the Schur Decomposition:

For all A € C™*"™ there exists a unitary matrix U € C™*" and an upper triangular matrix T' € C"*"
such that
A=U"TU

holds with diag(T") = {\1,..., A\n}
Hint: Use an induction over the matrix dimension.

b.) Show that the eigenvalues \; can be arranged in arbitrary order on the diagonal using Givens rota-
tions.

Overall Points: 25



