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@ POD for linear parametric steady systems

Linear Steady systems

E(n)x = B(w),
y = C(p)x, )

=k, pp), x = x(p).
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@ POD for linear parametric steady systems

POD based PMOR for linear parametric steady systems:
1. Specify a group of samples of p: p/ = (pi, .. .,u;,), i=1,...,m.
2. Solve (1) at each sample p/, and get the solution x(uf).
3. Form the snapshot matrix X = (x(pul),...,x(u™)).

4, SVD:X:U( > 0 )QT. ¥ = diag(o1,...,04), 01 > 02 > ... > 04.

Ma

9j

L < tol, tol is a small number, e.g., 10~7.
9j

=1

I

Jj=r
d

5. Specify the order r of the ROM by checking, e.g.,

-

6. Take the first r columns from U: V = U(:,1:r).

Form the ROM:
VTE(u)Vz = VTB(u), y = C(u)Vz.
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A @ POD for nonlinear parametric steady systems

Nonlinear Steady systems

E(u)x+f(u,x) = B(u),
y = C(p)x,

f (1, x) is a nonlinear function of the state x = x(u).

(2)

POD based PMOR for nonlinear parametric steady systems:
m Specify a group of samples: p/ = (ui, .. .,u;',), i=1,...,m.
m Form the snapshot matrix: X = (x(u'),...,x(u™)), and F = (f(ut, x(p1)), ..., F(u™, x(u™))).

n SVD:X:U( > 0 )QT. Y = diag(o1,...,04), 01> 02 > ... > 0g4.

o
J
1

Ma

<
+

m Specify the order r of the ROM by, e.g., = < tol.

N

%j
1

<.
Il

= Form the projection matrix V: V = U(:,1:r).
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@ POD for nonlinear parametric steady systems

ZF

m SVD: F = UF( 0 )(QF)T. sF = diag(of,...,0f), of >0f > ... > 0F.

m Specify dimension rg of the interpolation basis by, e.g.,
d
> of

Jj=rr+1 J
F

<

o
11

J

m Form the DEIM interpolation basis: UF = UF(:,1: rg).

m Use Ul as the input for the DEIM algorithm and generate the indecis 1, ..., ;, and the index matrix
P = (emv"'?e@l)'
= Form the ROM:
VTE(p)Vz + VTUF(PTUR)'PTf(u, Vz)
VTB(u),
C(p)Vz.

y
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A @ POD for linear parametric dynamical systems

Linear dynamical systems

E(u)dx/dt = A(u)x + B(u)u(t), (3)
y = C(p)x

POD based PMOR for linear parametric dynamical systems:
= Specify samples of p and u(t): w' = (u/,u(t)), i=1,...,m, p' = (ui,.. .,,ui,).

m Solve (3) at each sample w', and get the solution X(w') := [xs (W), ..., xe, (W')].

= SVD of X(w): X(wi)= Ui [ * Q). X/ = diag(ci,...,00), i=1,....m, ol >0l >... >0
0 1 d 1 2 d

d d
( Z aj) / (Zaj) < tol.
J=ri+1 j=1

Lih Model Reduction for Dynamical Systems

m Determine the order r; for each i by e.g.

mlet: V,=Ui(5,1:1),i=1,...,m.
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@ POD for linear parametric dynamical systems

. m
Form X = (V4,..., V) € RN N = 3.
i=1

SVD:X:U<Z

d
o

0 ) QT, ¥ = diag(o1,...,04).

Specify the order r of the ROM by e.g. j::rl < tol.

27

Jj=1
Form the projection matrix: V = U(:,1:r).
Form the ROM:

VTE(u)Vdz/dt
y

VTA()Vz + VT B(u)u(t),
C(p) Vz.
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@ POD for nonlinear parametric dynamical systems

Nonlinear parametric dynamical systems

E(p)dx/dt A(p) + (1, x) + B(p)u(t), (4)
y = C(ux.

POD based PMOR for nonlinear parametric dynamical systems:
= 1. Specify samples of p and u(t): w' = (u/,ui(t)), i=1,....,m, p' = (ui,.. ,,,u;,).
m 2. Solve (4) at each sample w', and get the solution X(w') := [xy (W'), ..., x¢y (W')].

m 3. Form the snapshots of f:
F= [f(X(Wl), ey f(X(wm)] c RHXN-m’

where f(X(w')) := [f(xg (W), ..., f(xey (w))].

. . . U . . . .
m 4. SVD of X(w'): X(w') = U’< * 0 )(Q’)T. ' = diag(oy,...,0,), i=1,...,m.
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@ POD for nonlinear parametric dynamical systems

m 5. Determine the order r; for each i by, e.g., < tol, let: V; = Ui(:, 1:r),i=1,...,m.

d
> o
- m
m 6. Form X = (V4,...,Vyn) eRN N =31
i=1

>

m 7.SVD: X = U( 0 )QT. Y = diag(o1,...,04)-

d
o
J

+1

m 8. Specify the order r of the ROM by e.g. j:; < tol.

o
J
j=1

m 9. Form the projection matrix: V = U(:,1:r).

Peter Benner i Model Reduction for Dynamical Systems



@ POD for nonlinear parametric dynamical systems

F .
m 10. SVD:: F = UF( 0 )(QF)T. = = diag(of,...,0f).

m 11. Specify the dimension r of the basis for interpolation by, e.g.,

of
j=r+1
Jdi < tol.

1

> of
j=

M=

+

m 12. Form the DEIM interpolation basis: Ur = UF(:,1: r).

m 13. Use Ur as the input for DEIM algorithm and generate the indices p1, ..., g, and the index matrix
P=(ep,- - €p)-

m 14. Form the ROM:

VTE(u)Vdz/dt = VTA(u)Vz
+VTUH(PTU:)"IPT f(p, Vz)
+V T B(p)u(t),

y = C(pVz.
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Issues under active research

m Adaptive (optimal) sampling of the parameters 1, ..., 1/, and the inputs u(t).
m When and how to update the DEIM interpolation?

m Error estimation/bound.
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RB method for linear parametric steady systems

—

. Specify a training set of samples: Pyain := {pt, ..., u™}.

2. Specify an error estimator/indicator/bound n(u).

3. Use Greedy algorithm to compute the projection matrix V.

4. Form the ROM:

VIE(mVz = VTB(p),
y = C(p)Vz.

Peter Benner  Lihong Feng
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” @ RB method for steady systems

Compute V for steady systems

Algorithm 1 Greedy Algorithm for steady systems

InPUt: Ptrainy tO/RB
Output: Projection matrix V representing the reduced basis.
1: Initialization:V = [], u* = pt, n(u*)(> tolrg)
2: while the error n(u*) > tolgs do
3:  Solve (1) or (2) to get the solution x(u*).
4:  Update: V :=orth [V, x(u*)].
5. Find p* :=arg max n(u).
HEP

train

end while

=)
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@ RB method for steady systems

RB method for nonlinear parametric steady systems
1. Specify Pirain := {pt, ..., um}.
Specify an error estimator/indicator/bound 7(u).

Use Greedy algorithm to compute the projection matrix V.

AR A

Compute the EIM basis Us using the empirical interpolation method (EIM).
Form the ROM:

VTE(u)Vz + VT UB(n) = VTB(n),

y = C(p)vz
Key points:

m EIM.
m [(u) must be updated for each sample of 1 when solving the ROM!

Peter Benner  Lihong Feng
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@ RB method for dynamical systems

RB method for linear parametric dynamical systems
. Specify Puain == {wl, ..., w™}, wi = (u, u(t)).
. Specify an error estimator/indicator/bound 7(w).

2
3. Use POD-Greedy algorithm to compute the projection matrix V.
4. Form the ROM:

[y

VTE(u)Vdz/dt = VTA(u)Vz+ VTB(p)u(t),
y C(p)Vz.

Peter Benner  Lihong Feng
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Algorithm 2 POD-Greedy algorithm for dynamical systems

Input:

Ptrains tOIRB(< 1)

Output: Projection matrix: V = [V4,..., Vy
1: Initialization: s =0, V =[], w* = (!, ul(t)), ns(w*) = 1.
2: while the error n(w*) > tolgg do

3: Compute the trajectory X = [x(w*, t1),...,x(w*, ty)].
4: W = colspan{V}.
5: IF V#][]do
For each ty, compute x(w*, ty) := x(w*, tx) — Projy, [x(w*, tx)]. (Orthorgonalize the vector x(w*, tx) with the
orthogonal vectors in V.)
ENDIF
6: Update X and do SVD: X = ULV, V. := U(:,1) (only take the first POD basis).
7 Update: V = [V, Vs11],
8: s=s+1
9: Find w* := arg Wg]lgn:ain n(w).
10: end while

Model Reduction for Dynamical Systems



RB method for nonlinear parametric dynamical systems
1. SpecifyPiraim := {wh, ..., w™}, w' = (i', u'(t)).

2. Specify an error estimator/indicator/bound n(w).
3. Use POD-Greedy algorithm to compute the projection matrix V.
4. Compute the EIM basis Ur using the empirical interpolation method (EIM).
5. Form the ROM:
VTE(p)Vdz/dt = VTA(p)Vz+ VT UB(w, t) + VT B(p)u(t,)
y C(p)Vz.

Key points:
= EIM.

m 3(w, t) must be updated for each value of x, and each u(t), at each time step t;, when
solving the ROM!

m Efficient error estimation.
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@ Empirical Interpolation Method (EIM)

Algorithm 3 Algorithm 3: EIM for steady systems

Input: Snapshots of (s, x(p)):

F={f(ut, (1), (™ x (™)} £ = £ x (1)),

P=[,U=[]
Output: El basis: U = [u1, ..., upy] and
Indices: {p1,...,pm}, index matrix: P = [eg,,...,eo,]
lis=1¢&=arg max F¥]l2, o1 = arg _max |€1,J| u=8&/8,0,. P=[P,ep],U=[U,u].
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“ @ Empirical Interpolation Method (EIM)

(continued) Algorithm 3: EIM for steady systems
1: while ||&]l2 > € do
2: s:=s+1. Foreach fk, k=1,... m: fk = 27;11 Byiu;, i.e.

5~ UBk, Bk = (Brts - - Brs—1)

Bk is determined by interpolation:
PTfk = PTUB,
so that B, = (PTU)~1PTfk.
3 Let £ := arg max ||F5 — UBlla, & = £ — UByx
fkeF
4 if ||&s]l2 < € then
5: Stop and set M = s — 1.
6: else
7 Define ps :=arg  max }|§5J|, us :=&s/&s,ps-
8
9

Jje{1,...,n

P=1[P,ep],U=1[U,us].
: end if
10: end while

Peter Benner i Model Reduction for Dynamical Systems



@ Application of El to ROM simulation

Simulating the ROM:
VTE(u)Vz + VT UsB(1)
y

m Up = U, Uis from Algorithm 3 (EIM). f(u, Vz(un)) = UB(w), Yu.
m Using the index matrix P from Algorithm 1,

PTf(u, Vz()) = PTUB(1), Ypu-(Interpolation)

B(w) = (PTU) ' PTf(p, Vz()), Yur.

For each value of = (p1,...,ps), using Newton's method to solve
&(p, Vz(n) = B(u),

where g(p, Vz(1)) = VT E(u)Vz + VT UPTU) ! PTf(p, Vz()), B(n) = VT B(p).
N

precomputed
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@ Empirical Interpolation Method (EIM)

Algorithm 4: EIM for dynamical systems
Input: Snapshots of f(w, x(t,w)) (note that f depends not only on y, but also on the input u(t).):

F = [f(w!, x(tr, wh)), ..., F(wl, x(ty, wh)) ..., F(w™, x(ty, w™))],
wi = (u', (1)), f = F(,k),P=[,U=]]

Output: El basis: U = [uy,...,upm] and
Indices: {p1,...,pum}, index matrix P: P =[eg,,..., pum].

1.s=1,¢&:=arg  max |2,
Fk1<k<N-m
p1r:=arg  max [& ], u1:=E&1/81,p,- P=[P,ep ], U=[U,u].
je{1,...,n}

Model Reduction for Dynamical Systems



“ @ Empirical Interpolation Method (EIM)

( Continued) Algorithm 4: EIM for dynamical systems
while |[|€m]2 > € do
2: s:=s+1. Foreach fx k=1,...,N-m: fk Zf:_ll Crilj, i.e.

K _ T
¥~ Ucy, ck = (Ck1s- -+ » Chs—1)

ck is determined by interpolation:
PTfk = PTUg,

so that ¢, = (PTU)~tPTfk.
Let FK" :=arg  max  ||Fk — Uckll. & = " — Ucks
FKI<k<N-m
4: if ||&s|| < e then
Stop and set M = s — 1.

6: else
Define ps := arg je{T,?.).(,n} [€s,l, us == &s/Es, s
8: end if
end while
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@ Application of El to ROM simulation

Simulating the ROM:
VT E(u)Vdz/dt VTA(u)Vz + VT U B(w, t)
VTB(u),
y C(p)Vz.

m Ur = U, Uis from Algorithm 4. f(u, Vz(p, t)) = UB(w, t), Vu.
m Using the index matrix P from Algorithm 4,

PTf(u, Vz(pi, t)) = PTUB(w, t), Vi, Vt.(Interpolation)
B(w,t) = (PTU) T PTF(u, Vz(p, 1)), V.
For each value of y, each value of input u(t), and at each time step t;, compute:
VTUPTU) L PTF(u, Vz(i, 1)),
|

precomputed

to get VT UsB(w, t;) in the ROM.
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Issues under ative research

m Optimal/adaptive defining/updating the trainning set: Pyain.
m Adaptive adjustment of the EIM basis and the reduced basis.

m More efficient error estimation/bound.
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