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1. Mathematical Basics IV
Systems and control theory
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“a @ Systems and control theory

System Norms

Definition

The L5(—o0, +00) space is the vector-valued function space f : R — R",

with the norm
00 1/2
Ik = ([ trconeee)

Here and below, || - || denotes the Euclidean vector or spectral matrix norm.

Definition
The frequency domain L£(JR) space is the matrix-valued function space
F : C+— CP*M with the norm

1 [ , 1/2
IFlles = (50 [ IFGlPa)
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“ @ Systems and control theory

System Norms

Definition
The L} (—o0, +00) space is the vector-valued function space f : R — R",
with the norm

#llug, = sup [[£(£)]loo-
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“ @ Systems and control theory

System Norms

The maximum modulus theorem will be used repeatedly.
Theorem

Let f(z) : C" — C be a regular analytic, or holomorphic, function of n

complex variables z = (z1,...,2,),n > 1, defined on an (open) domain D

of the complex space C”, which is not a constant, f(z) # const. Let
maxs = max{|f(z)| : z € D}.

If f(z) is continuous in a bounded domain I, then max¢ can only be
attained on the boundary of D, i.e. maxy = max{|f(z)|: z € OD}.
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< @ Systems and control theory

System Norms

The maximum modulus theorem will be used reieatedli.

Let f(z) : C" — C be a regular analytic, or holomorphic, function of n

complex variables z = (z1,...,2,),n > 1, defined on an (open) domain D

of the complex space C", which is not a constant, f(z) # const. Let
maxr = max{|f(z)| : z € D}.

If f(z) is continuous in a bounded domain D, then maxs can only be
attained on the boundary of D, i.e. maxs = max{|f(z)|: z € OD}.

Consider the transfer function G(s) = C(s/ — A)"'B + D, and input
functions u € Lo(JR), with the L3-norm

2 1 > H
l[ullz, = . u(gw)"u(yw) dw.

—00
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“ @ Systems and control theory

System Norms

Assume A is (asymptotically) stable:A(A) € C™ := {z € C: Re(z) < 0}.
Then G is analytic in C™ U jR, and following the maximal modulus
theorem, G(s) is bounded: ||G(s)||[r < M < oo, Vs € CT U jR. Thus we
have

Iy )y (w) dw = [0 u(3w)H G (jw)H G (jw)u(jw) dw
=[2G (w)u(w)|]? dw < [75) M?|[u(jw)]|? dw
= M2 [%_u(w)u(w) dw < oo,
So that y = Gu € L2(JR). (||Ax]|os < [|Ax]]2 < [|A[|£]lx][2)
Consequently, the L£-induced operator norm is well defined:

G
1G]lcn = sup HCUlles (1)
lullao |ull s
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“ @ Systems and control theory

System Norms

It can be further proved that
1Gllzoe = sup [[G(gw)[| = sup omax (G(jw)) -
weR weR

With the above defined L£..-norm, the frequency domain L., space is
defined as

Definition
The frequency domain L (sR) space is the matrix-valued function space
F . C~ CP*™ with the norm
1Fllzo = sup [[F(jw)l| = sup omax (F(jw))-
w€eR weR
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“ @ Systems and control theory

System Norms

Error bound 1

1Gullz, < [IGllelulle,

Consequently,

ly = Jlle, = l1Gu = Gullz, < |G = Gllolull s
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“ @ Systems and control theory

System Norms

When the funtion has better property, for example analytic, then we can
define H norms for these functions.

Definition
The Hardy space H is the function space of matrix-, scalar-valued
functions that are analytic and bounded in C* := {z € C: Re(z) > 0}.

The Hoo-norm is defined as
|F [ = sup [[F(2)[| = sup [[F(yw)|| = sup omax (F(3w))-
zeCH weR weR

The second equality follows the maximum modulus theorem.
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“ @ Systems and control theory

System Norms

The Hardy space H»(C™) is the function space of matrix-, scalar-valued
functions that are analytic in C™ and bounded w.r.t. the H-norm defined
as

1
1Flhe = 2 (suposo [ I1F( + )l 2dw)

= A (SR ).

The last equality follows maximum modulus theorem.
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“ @ Systems and control theory

System Norms

Theorem [[ANToULAS ’05]](Section 5.5.1)

Practical Computation of the Hy-norm of the transfer function
1G] 13, = tr(BT QB) = tr(CPCT),

where P, Q are the controllability and observability Gramians (the infinite
Gramians) of the corresponding LTI system.
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4 @ Systems and control theory

System Norms

Following [ANTOULAS, BEATTIE, GUGERCIN *10]* (pp. 15-16), the H» approximation
error gives the following bound

maxy>o ||y(1-‘)1 pPAGIES
= mMaXz>0 ||Z f_oo(y(jw) — f/(jw))ejwtdw| |oo (inverse Fourier transform)
< maxeso0 = /70 ||(y(gw) — 9(w))||oo| cOswt + gsinwt|dw
< I 60) — Gl u(p)lades ()
S 0o
< (3= [7 (G () = GUWDIF) (55 75 [lu(w)[[3) 2 dw
( Cauchy-Schwarz inequality)

=[1G = Glln,llul 2z,

where (*) uses the facts y(jw) = G(yw)u(gw) and ||Ax||o < [|Ax]|]2 < [A]lE|]X]|2
(http://de.wikipedia.org/wiki/Frobeniusnorm). G and G are original and reduced transfer

functions. || - ||eo is the vector norm in Euclidean space for any fixed t.

1A. C. Antoulas, C. A. Beattie, S. Gugercin. Interpolatory Model Reduction of Large-scale Dynamical Systems.
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“ @ Systems and control theory

System Norms

Then

Error bound 2

ly = Iloo <G = Gl ull 2,
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< @ Systems and control theory

System Norms

(Plancherel Theorem)

The Fourier transform of f € Lj(—o0, 00):
o

F(¢) = / f(t)e Stdt

—00

is a Hilbert space isomorphism between Lj(—o00,c0) and L3(jR).
Furthermore, the Fourier transform maps L5(0, o) onto Ha(C™). In
addition it is an isometry, that is, it preserves distances:

L9(—00,00) = Lo(JR), L3(0,00) = Ho(CT).

Consequently, L5-norm in time domain and L>-norm, H>-norm in
frequency domain coincide.
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@ Systems and control theory

Approximation Problems

Therefore the Error bound 1,
ly = 9lla = ||Gu = Gull2 < ||G = G|z ||ull2, (2)

holds in time and frequency domain due to Plancherel theorem, i.e. the

[| - ]]2 in (2) can be the L3-norm in time domain, or the Ly-norm in
frequency domain.

The transfer function is analytic, therefore ||G||y., is defined. Futhermore,
from their definitions, we have

16z = 11Gl3ac

so that,
ly = 2ll2 <G = Gllu|ull2-
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< @ Systems and control theory

Approximation Problems

Similarly, the Error bound 2 holds as
1y = 9o < NG = Gl lull2,

where || - ||2 can be the Lj-norm in time domain, or the L£o-norm in
frequency domain.
Finally, we get two error bounds,

Output errors bounds

=9l < 6= Cllwllell, = [|6=¢]|_ <tol

ly =9l < G =Gllallull2 = |G = G, < tol

Goal of MOR: [|G — G||s < tol or ||G — G|z, < tol.
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“ @ Systems and control theory

Computable error measures

Evaluating system norms is computationally very (sometimes too) expensive.

Other measures
m absolute errors HG(]wj) - é(jwj)Hz, HG(jwj) - @(]wj)H U=1,...,);
[|6Gw)=GGw)l], [|6Gw)-6Gw)]|_ .

N6Gw)ll, NeGwlls

m "eyeball norm”, i.e. look at frequency response/Bode (magnitude) plot:
for SISO system, log-log plot frequency vs. |G(yw)| (or |G(yw) — G(jw)|) in
decibels, 1 dB =~ 20log;,(value).

m relative errors
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“ @ Systems and control theory

Computable error measures

For MIMO systems, g x m array of plots Gj.

Bode Diagram

Bode Diagram
——n=348 (ullorder)
=26 (modal) - ~G-q

Magnitude (dB)
Magnitude (dB)

Frequency (rad/sec)
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