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Advanced Topics in Numerical Linear Algebra – Projection Methods for
Lyapunov Equations.

Consider the large and sparse Lyapunov equation

AX +XAT = −BBT , (1)

i.e., A ∈ Rn×n sparse, Λ(A) ∈ C−, A+AT ≺ 0, n ”large”, B ∈ Rn×m for m� n.
The following pseudocode represents a (very basic) joint framework for the standard (block) Krylov via
Lanczos/Arnoldi [1, 2], Extended Krylov subspace method (EKSM) [3], and rational Krylov subspace
method (RKSM) [4, 5].

Algorithm 1 Projection Method for Lyapunov Equations

Input: A, B forming (1), only for RKSM shifts {s1, . . . , smaxiter} ⊂ C+

Output: Qj , Yj such that X = QjYjQ
T
j , Qj ∈ Rn×nQ , Yj = Y T

j ∈ RnQ×nQ (approx.) solves (1).

1: j = 1,γ0 = 1, Q0 = q0 = orth(B). Only EKSM: Q0 := orth(q0, q̃0 := A−1B).
2: while γj−1 ≥tol. do
3: Generate new basis vectors:

w = Aqj : Standard Krylov via Arnoldi

w = [Aqj(:, 1 : m), A−1qj(:,m+ 1 : 2m)] : Extended Krylov

w = (A− sjIn)−1qj : Rational Krylov

4: Orthogonal expansion: Qj = [Qj−1, qj ] = orth([Qj−1, w]).
5: Hj = Q∗

jAQj , Bj = Q∗
jB;

6: Solve

HjYj + YjH
∗
j +BjB

∗
j = 0

for Yj by, e.g., Bartels-Stewart algorithm.
7: γj = ‖AQjYjQ

∗
j +QjYjQ

∗
jA

T +BBT ‖/‖B‖2.
8: j = j + 1
9: end while

Remarks

� In line 1 and 4, orth should be understood as any stable orthogonalization routine, e.g., modified
(block) Gram-Schmidt, to orthogonally expand Qj−1 by the new basis vectors.

� The dimension of the small scale Lyapunov equation in line 6 grows linearly in m leading to
growing costs O(m3j3). Some savings are possible by solving it only every couple of steps, e.g.,
every 5th step. The condition A + AT ≺ 0 ensures that the projected Lyapunov equation is
uniquely solvable (Theorem II.13).

� There are efficient formula to get the Lyapunov residual norm ‖AQjYjQ
∗
j +QjYjQ

∗
jA

T +BBT ‖
(cf. Theorem II.12).



� For pairs of complex conjugated shifts (ξi, ξi+1 = ξi ∈ C) in RKSM, the amount of complex
operations can be greatly reduced.

� Generalized equations AXET + EXAT = −BBT , E ∈ Rn×n nonsingular, are dealt with by
implicitly applying Algorithm 1 to the equivalent Lyapunov equation defined by M−1A,M−1B

or, if M = LLT � 0, by L−1AL−T , L−1B. Requires additional solves with M or L.

� Sylvester and discrete-time Lyapunov equations can be dealt with similarly.
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