
Model Reduction for Dynamical Systems
–Lecture 5–
Lihong Feng
Otto-von-Guericke Universitaet Magdeburg
Faculty of Mathematics
Summer term 2019

Max Planck Institute for Dynamics of Complex Technical Systems
Computational Methods in Systems and Control Theory
Magdeburg, Germany

feng@mpi-magdeburg.mpg.de
https://www.mpi-magdeburg.mpg.de/3668354/mor_ss19

https://www.mpi-magdeburg.mpg.de/3668354/mor_ss19


Outline

1. Mathematical Basics IV
Systems and control theory

2. A brief summary

3. A brief summary

Lihong Feng Model Reduction for Dynamical Systems 2/21



Systems and control theory

System Norms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Definition

The Ln2(−∞,+∞) space is the vector-valued function space f : R 7→ Rn,
with the norm

‖f ‖Ln2 =

(∫ ∞
−∞
||f (t)||2dt

)1/2

.

Here and below, || · || denotes the Euclidean vector or spectral matrix norm.

Definition

The frequency domain L2(R) space is the matrix-valued function space
F : C 7→ Cp×m, with the norm

||F ||L2 =

(
1

2π

∫ ∞
−∞
||F (ω)||2dω

)1/2

,

where  =
√
−1 is the imaginary unit.Lihong Feng Model Reduction for Dynamical Systems 3/21



Systems and control theory

System Norms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Definition

The Ln∞(−∞,+∞) space is the vector-valued function space f : R 7→ Rn,
with the norm

‖f ‖Ln∞ = sup
t
||f (t)||∞.
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Systems and control theory

System Norms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The maximum modulus theorem will be used repeatedly. 1

Theorem

Let f (z) : Cn 7→ C be a regular analytic, or holomorphic, function of n
complex variables z = (z1, . . . , zn), n ≥ 1, defined on an (open) domain D
of the complex space Cn, which is not a constant, f (z) 6= const. Let

maxf = max{|f (z)| : z ∈ D}.

If f (z) is continuous in a bounded domain D, then maxf can only be
attained on the boundary of D, i.e. maxf = max{|f (z)| : z ∈ ∂D}.

1In mathematics, a holomorphic function is a complex-valued function of one or more
complex variables that is, at every point of its domain, complex differentiable in a
neighbourhood of the point. from: https://en.wikipedia.org/wiki
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System Norms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The maximum modulus theorem will be used repeatedly. 1

Theorem

Let f (z) : Cn 7→ C be a regular analytic, or holomorphic, function of n
complex variables z = (z1, . . . , zn), n ≥ 1, defined on an (open) domain D
of the complex space Cn, which is not a constant, f (z) 6= const. Let

maxf = max{|f (z)| : z ∈ D}.

If f (z) is continuous in a bounded domain D, then maxf can only be
attained on the boundary of D, i.e. maxf = max{|f (z)| : z ∈ ∂D}.

Consider the transfer function G (s) = C (sI − A)−1B + D, and input
functions u ∈ L2(R), with the L2-norm

||u||2L2
:=

1

2π

∫ ∞
−∞

u(ω)Hu(ω) dω.

1In mathematics, a holomorphic function is a complex-valued function of one or more
complex variables that is, at every point of its domain, complex differentiable in a
neighbourhood of the point. from: https://en.wikipedia.org/wiki
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Systems and control theory

System Norms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Assume A is (asymptotically) stable:Λ(A) ⊂ C− := {z ∈ C : Re (z) < 0}.
Then G is analytic in C+ ∪ R, and following the maximal modulus
theorem, G (s) is bounded: ||G (s)||F ≤ M <∞, ∀s ∈ C+ ∪ R. Thus we
have

‖y(ω)‖2
L2

= 1
2π

∫∞
−∞ y(ω)Hy(ω) dω

= 1
2π

∫∞
−∞ u(ω)HG (ω)HG (ω)u(ω) dω

= 1
2π

∫∞
−∞ ||G (ω)u(ω)||2 dω ≤ 1

2π

∫∞
−∞M2||u(ω)||2dω

= M2 1
2π

∫∞
−∞ u(ω)Hu(ω) dω = M2‖u(ω)‖2

L2
< ∞,

So that y = Gu ∈ L2(R). (||Ax ||∞ ≤ ||Ax ||2 ≤ ||A||F ||x ||2)
Consequently, the L2-induced operator norm is well defined:

||G ||L∞ := sup
||u||2 6=0

||Gu||L2

||u||L2

. (1)
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Systems and control theory

System Norms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

It can be further proved that

||G ||L∞ = sup
ω∈R
||G (ω)|| = sup

ω∈R
σmax (G (ω)) .

With the above defined L∞-norm, the frequency domain L∞ space is
defined as

Definition

The frequency domain L∞(R) space is the matrix-valued function space
F : C 7→ Cp×m, with the norm

||F ||L∞ = sup
ω∈R
||F (ω)|| = sup

ω∈R
σmax (F (ω)) .
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Systems and control theory

System Norms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Error bound 1

||Gu||L2 ≤ ||G ||L∞ ||u||L2

Consequently,

||y − ŷ ||L2 = ||Gu − Ĝu||L2 ≤ ||G − Ĝ ||L∞ ||u||L2
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Systems and control theory

System Norms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

When the funtion has better property, for example analytic, then we can
define H norms for these functions.

Definition

The Hardy space H∞ is the function space of matrix-, scalar-valued
functions that are analytic and bounded in C+ := {z ∈ C : Re (z) > 0}.

The H∞-norm is defined as

||F ||H∞ := sup
z∈C+

||F (z)|| = sup
ω∈R
||F (ω)|| = sup

ω∈R
σmax (F (ω)) .

The second equality follows the maximum modulus theorem.
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Systems and control theory

System Norms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Definition

The Hardy space H2(C+) is the function space of matrix-, scalar-valued
functions that are analytic in C+ and bounded w.r.t. the H2-norm defined
as

||F ||H2 :=
(

1
2π supσ>0

∫∞
−∞ ||F (σ + ω)||2Fdω

) 1
2

=
(

1
2π

∫∞
−∞ ||F (ω)||2F dω

) 1
2
.

The last equality follows maximum modulus theorem.
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Systems and control theory

System Norms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Theorem [[Antoulas ’05]](Section 5.5.1)

Practical Computation of the H2-norm of the transfer function

||G ||2H2
= tr(BTQB) = tr(CPCT ),

where P,Q are the controllability and observability Gramians (the infinite
Gramians) of the corresponding LTI system.
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Systems and control theory

System Norms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Following [Antoulas, Beattie, Gugercin ’10]2 (pp. 15-16), the H2 approximation error

gives the following bound

maxt>0 ‖y(t)− ŷ(t)‖∞
= maxt>0 || 1

2π

∫∞
−∞(y(ω)− ŷ(ω))eωtdω||∞ (inverse Fourier transform)

≤ maxt>0
1

2π

∫∞
−∞ ||(y(ω)− ŷ(ω))||∞| cosωt +  sinωt|dω

≤ 1
2π

∫∞
−∞ ||(G (ω)− Ĝ (ω))||F ||u(ω)||2dω (∗)

≤ ( 1
2π

∫∞
−∞ ||(G (ω)− Ĝ (ω))||2F )1/2( 1

2π

∫∞
−∞ ||u(ω)||22)1/2dω

( Cauchy-Schwarz inequality)

= ‖G − Ĝ‖H2‖u‖L2 ,

where (*) uses the facts y(ω) = G(ω)u(ω) and ||Ax ||∞ ≤ ||Ax ||2 ≤ ||A||F ||x ||2
(http://de.wikipedia.org/wiki/Frobeniusnorm). G and Ĝ are original and reduced transfer

functions. || · ||∞ is the vector norm in Euclidean space for any fixed t.

2
A. C. Antoulas, C. A. Beattie, S. Gugercin. Interpolatory Model Reduction of Large-scale Dynamical Systems.
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System Norms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Then

Error bound 2

||y − ŷ ||∞ := max
t>0
‖y(t)− ŷ(t)‖∞ ≤ ||G − Ĝ ||H2 ||u||L2 .
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Systems and control theory

System Norms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(Plancherel Theorem)

The Fourier transform of f ∈ Ln2(−∞,∞):

F (ω) =

∫ ∞
−∞

f (t)e−ωtdt

is a Hilbert space isomorphism between Ln2(−∞,∞) and L2(R).
Furthermore, the Fourier transform maps Ln2(0,∞) onto H2(C+). In
addition it is an isometry, that is, it preserves distances:

Ln2(−∞,∞) ∼= L2(R),

Consequently, Ln2-norm in time domain and L2-norm, H2-norm in
frequency domain coincide.
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Systems and control theory

Approximation Problems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Therefore the Error bound 1,

||y − ŷ ||2 = ||Gu − Ĝu||2 ≤ ||G − Ĝ ||L∞ ||u||2, (2)

holds in time and frequency domain due to Plancherel theorem, i.e. the
|| · ||2 in (2) can be the Ln2-norm in time domain, or the L2-norm in
frequency domain.
The transfer function is analytic, therefore ||G ||H∞ is defined. Futhermore,
from their definitions, we have

||G ||L∞ = ||G ||H∞ ,

so that,
||y − ŷ ||2 ≤ ||G − Ĝ ||H∞ ||u||2.
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Systems and control theory

Approximation Problems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Similarly, the Error bound 2 holds as

||y − ŷ ||∞ ≤ ||G − Ĝ ||H2 ||u||2,
where || · ||2 can be the Ln2-norm in time domain, or the L2-norm in
frequency domain.
Finally, we get two error bounds,

Output errors bounds

||y − ŷ ||2 ≤ ||G − Ĝ ||H∞ ||u||2 =⇒
∣∣∣∣∣∣G − Ĝ

∣∣∣∣∣∣
∞
< tol

||y − ŷ ||∞ ≤ ||G − Ĝ ||H2 ||u||2 =⇒ ||G − Ĝ ||H2 < tol

Goal of MOR: ||G − Ĝ ||∞ < tol or ||G − Ĝ ||H2 < tol .

Lihong Feng Model Reduction for Dynamical Systems 16/21



Systems and control theory

Approximation Problems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Similarly, the Error bound 2 holds as

||y − ŷ ||∞ ≤ ||G − Ĝ ||H2 ||u||2,
where || · ||2 can be the Ln2-norm in time domain, or the L2-norm in
frequency domain.
Finally, we get two error bounds,

Output errors bounds

||y − ŷ ||2 ≤ ||G − Ĝ ||H∞ ||u||2 =⇒
∣∣∣∣∣∣G − Ĝ

∣∣∣∣∣∣
∞
< tol

||y − ŷ ||∞ ≤ ||G − Ĝ ||H2 ||u||2 =⇒ ||G − Ĝ ||H2 < tol

Goal of MOR: ||G − Ĝ ||∞ < tol or ||G − Ĝ ||H2 < tol .

H∞-norm best approximation problem for given reduced order r
in general open; balanced truncation yields suboptimal
solution with computable H∞-norm bound.

H2-norm necessary conditions for best approximation known; (lo-
cal) optimizer computable with iterative rational Krylov
algorithm (IRKA)
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Systems and control theory

Computable error measures. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Evaluating system norms is computationally very (sometimes too) expensive.

Other measures

absolute errors
∣∣∣∣∣∣G (ωj)− Ĝ (ωj)

∣∣∣∣∣∣
2
,
∣∣∣∣∣∣G (ωj)− Ĝ (ωj)

∣∣∣∣∣∣
∞

(j = 1, . . . ,Nω);

relative errors
||G(ωj )−Ĝ(ωj )||

2

||G(ωj )||2
,
||G(ωj )−Ĝ(ωj )||∞
||G(ωj )||∞

;

”eyeball norm”, i.e. look at frequency response/Bode (magnitude) plot: for
SISO system, log-log plot frequency vs. |G (ω)| (or |G (ω)− Ĝ (ω)|) in
decibels, 1 dB ' 20 log10(value).

For MIMO systems, G ∈ Cq×m, plot Gij .
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Computable error measures. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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A brief summary
Questions you should be able to answer after learning Lecture 1-5:

1. What is a linear time invariant (LTI) system? Standard form? Generalized
form?

2. What is the transfer function of an LTI system?

3. What is the SVD of a matrix? truncated SVD?

4. What is a stable LTI system?

5. What is a realization of an LTI system? Is the realization unique?

6. What is the state-space transformation of an LTI system?

7. What is the sufficient and necessary condition of “a system is minimal”?

8. What is the controllability (reachability) matrix? observability matrix?

9. What is the controllability Gramian? Observability Gramian?

10. What is a sufficient condition of “a system is controllable (reachable)”?
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A brief summary
11. What is a sufficient condition of “a system is observable”?

12. What condition must the reachability matrix satisfy if a system is
controllable?

13. What condition must the observability matrix must satisfy if a system is
observable?

14. What condition must the reachability Gramian satisfy if a system is
controllable?

15. What condition must the observability Gramian must satisfy if a system
is observable?

16. Under what condition do the infinite Gramians exist?

17. What equations do the infinite Gramians satisfy?

18. What is the definition of HSVs of an LTI system?

19. What is the relation between a state that is difficult to reach/observe
and the eigenvectors of the infinite Gramians?

20. What is a balanced system?
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