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NS Linearization-based MOR

Original large ODE Linearization: approximate
EdX /dt = f(X)+Bu(t) f(X)by a linear function
y(t) =CX(t) Taylor series expansion:

F(X)=1(Xy)+D (X _Xo)"'%(x _XO)T H ¢ (Xo)(X = Xg)+-
= f(X,)+D; (X =X,)

?X) EdX /dt = f(X,)+D, (X —X,)+Bu(t)
y(t)=CX(t) l

X EdX /dt = AX +[B, f(xo)—Dfxo](”f))
o0 - Ax (1) =CX (V) :

V =orthogonalization{r,M,r,M.,r,---M jr}
M. = (A"E)'ri =0L,.. r=A"B,M, =[(s,E—A)EJ'r,i=01,....




dX
dt

y(t) = LX (t)

_g(x1)_g(x1_xz)
Xl_XZ)_g(XZ _

— %)= 9(X —

u(t),
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Quadratic MOR

Approximatef (X) by a quadratic polynomial 9(X)

EdX /dt = f (X)+Bu(t)
y(t) =CX(t) Taylor series expansion:
FX) = 10X+ Dy (X = Xg) 4 (X = Xo)T Hy (Xe)(X =X+

~ F(Xo)+ Dy (X - X0)+%(X - Xo)T H ¢ (Xo)(X = X,)

A
f(X) EdX /dt = AX + X "WX + Bu(t)
v y(t) =CX ()
"\ X ~VZ,Z R g<<n
9(X) VTEVAZ /dt =VTAVZ +VTZ™VTWVZ +V T Bu(t)

> y(t)=CVZ(t)

V = orthogonalization{r,M,r,M.r,---Mr}
r=(s,E—A)'B,M, =[(s,E—-A)*E]'r,i=01....




~9(0) -9 %) WP
g% —%)=g(%, —%) | [1
- | o o
dt 9 (Xt = X) = (X = Xii) .
_O_
! 9(X1 = X;) ]
y(t) = LX(t)
—82x, +41Xx,
41x, —82X, + 41X,
dX ;

dt | 41x,,—82x, —41X, .,

| 41x,, 41X,
y(t) = LX(t)

O

Y. Chen, MIT thesis 1999.
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9(x)=9(0)+g (0)x+ X
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L~ g(0)+g (0)x + 9"(0) x* = 41x + 800x>
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i(t)Cl) } - C - C ~C -~ C — C - C — C

o © _ Y. Chen, MIT thesis 1999. J
—82x, +42x, —800x2 —800(x, — X,)* 1
41x, —82x, + 41X 800(X1 o X2)2 _800(X2 o X3)2 1
dX : : 0
— = + , , |+ . ut),
dt 41Xk—1 _82Xk - 41Xk+1 800(Xk—1 - Xk) _800(Xk - Xk+1) :
: 0
| 4lx,, - 41X, 1| 800(x._, —X.)° ]
y(t) = LX(t)

W is a tensor, it has n matrices, the ith matrix
v corresponds to the ith element of the
nonlinear vector.

dX /dt = AX + X "WX + Bu(t)
y(t) = LX(t)
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Bilinearization-bsed MOR

Approximate f (X)by quadratic polynomial g(X), but written into Kronecker

product : .
Taylor series expansion:

dX /dt = f (X)+Bu(t) £(X) = F(X,)+ D, (X —xo)+%(x —X,)TH (X)X = Xg) 4+

y(t) = LX (t)
< £(X0)+ Dy (X = Xg)+5 (X = X)"H (X)X = Xo)
A =f(X)+AX+AX®X
f(X) l
y
dX®/dt= A°X® + N®X®u(t) + B®u(t)
t) =Xt
TX YO=UX"0 | r o
9(X) S X®=VZ,Z R q<<n

dZ /dt =V A®VZ +VTN®VZu(t) +V  B®u(t)
§(t) = LVZ (1)



Bilinearization-bsed MOR

Exercise
dX /dt = f(X)+Bu(t) - dX®/dt = A®X® + N®X ®u(t) + B®u(t)
y(t) = LX(t) Carleman bilinearization y(t) = L®X 2(t)
A(—D — Al A2 N@ — 0 O
0 AQI+I®A BXI+1®B 0
Kronecker product
X
X ® — B® — B L® _ [L 0] ailB alnB
X®X 0 ARB=| : :
a.,B a.,B
Carleman bilinearization:

[1] W.J. Rugh, Nolinear System Theory, The John Hopkins University Press, Boltimore, 1981.

[2] S. Sastry, Nonlinear Systems: Analysis, Stability and Control, Springer, New York, 1999.



Bilinearization-bsed MOR

How to compute V? dX®/dt=A"X® +N®X"u(t) +B®u(t)
y(t) = L"X® (1)

\olterra series expression of bilinear system
According to the theory in [Rugh 1981], the output response of the bilinear system
can be expressed into Volterra series,

y(t) =2 ¥, (t)
n=1
t 1
yn(t):jo...jo h,freg’(tl,tzr“,tn)u(t—'[1—tz—“'—tn)“'U(t—tn)dtl“'dtn
hr(]reg)(tl’tz,_“’tn) _ L®TeA®tn N ®eA®tn_1 N®eA®tlB®

Laplace transform (drop ® for simplicity):
h®9(s,,s,,---,5,) =L (s, 1 =A)'N(s,_ | —A)'N---(s,] —A)"'N(s,| —A)™'B
=-D"L"(I -s,AY)"A'N( -s, ,A)"A'N--- (1 =s,AD)TA'N(l -s,A)"A™'B



Bilinearization-bsed MOR

dX®/dt = A®X® + N®X®u(t) + B®u(t)
y(t) = L"X® (1)

How to compute V?

Laplace transform:

h*9(s,,s,, --,5,) = L(s, 1 =A)'N(s, | —A)*N---(s,] —A)'N(s,| —A)"'B
=(-D"L"(1=s, AHTA'NUI -s A TAN--- (I —=s,ADA'N(I -s,AD)TAT'B

(I-s, A =1+A"s +---+A's +

-

h{*9(s,,s,, --,S,) Z (=D syt s LA NATN - ATB

l,=1 =1
Multimoments: /

m(l_,---,1)=(-1)"LA""NA™™N...A™B




Bilinearization-bsed MOR

How to compute V? dX®/dt=A"X® +N®X"u(t) +B®u(t)
y(t) = L"X® (1)

0

Z (=D sy s LA NATN - ATB

n I,=1 Il =1 K

(reg)
h. ™’ (s,,S,," ",

n

Multimoments:
m(l )=(-1)"LA""NA™N..-A™"B

ny

range{V,} = K, {A™, A"B}=span{A"'B,..., A" “B}

rangefV,} = K, {A™, ANV} =span{ ANV, A*NV ,,..., ANV}

dZ /dt =V T ASVZ +VTNVZu(t) +V T BSu(t)
y(t) = LVZ(t)
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Variational analysis-based MOR

Original system: Taylor series expansion:

dX /dt = £ (X)+Bu(t) )= F(X)+ Dy (X = X) + 2 (X = Xp) Hy (X)X ~X) -+

y(t) = LX) < F(X)+AX +AXOX + AX OX ®X +--

l\>

dX /dt=AX +AX ® X +Bi(t) dX /dt=AX +AX®X + AX ®X ® X +Bi(t)
y(t) = LX(t) OF y(®) =LX(1)

Variational analysis:
dX /dt = AX + AX ® X +Bad (t) dX /dt=AX +AX®X + AX ®X ® X +Bali(t)
y(t) = LX (1) oy =X

> X(a,t)= X(a=0,t)+aX,[t)+a?X,(t)+a®X,(t)+---

Assume: X (t) =0, if u(t) =0,so that X (¢ =0,t) =0.



Variational analysis-based MOR

Variational analysis [11]:

dX /dt=AX +AX®X +AX®X ® X +Bali(t)

y(t) = LX(t)

d(aX, +a’X, +a’ X, +--)/dt = A (aX, +a’ X, +a’ X, +--)
+A[(@X, +a’ X, +a’ X, +- )@ (aX, +a’ X, +a’ X, +-+)]
+ A(@X, +a?X, +a° X, ++) @ (aX, +a’X, +a’ X, +-) ® (aX, + a?X, +a* X, ++- )]+ Bl (t)

y(t) = LX () @

a:  dX,(t)/dt=AX,(t)+BU(t)

> X(O)=aX,{)+a"X,(t)+a’X; )+

o’ dX,(t)/dt = AX, )+ A (X, ®X)

a’:  dX,(t)/dt= AX,(t)+ A X, ® X, + X, ®X )+ A (X, ® X, ®X,)




Variational analysis-based MOR

Variational analysis:

dX /dt=AX +AX®X +AX®X ® X +Bali(t)

X () =aX, (t)+a’ X, () +a’ X, (t) +---
y(®) =LX (@) —

a:  dX,(t)/dt=AX,(t)+BU(t)

o’ dX,(t)/dt = AX,([)+A (X, ®X)

s dX,(t)/dt= AX,(t)+ A X, ® X, + X, ®X )+ A (X, ® X, ®X,)

X, ~ViZ,  V,=span{A'B,--, A“B} X (t) = aX, (1) +27X, (1) + "Xy () +
~aX, +a’ X, +a’X,

X, =VyZ, Vv, :Span{Ai_lAz’”" A" A} i :> ~oNV,Z, +a™N,Z,+aN,Z,

XsmVoZy  Vy=spa{A A, Al A% [A, A}

X (t) espan{V,,V,,V,}



Variational analysis-based MOR

Original system:
dX /dt = f(X)+Bu(t) dX /dt=AX +AX®X +AX ®X ® X +Bi(t)
y(t) = LX(t) ~ y(t) = LX(t)

X(t) ~espan{V,,V,,V;}

Compute V: range(V)=orth{V,,V,,V.}  X(t)=VZ

Reduced model: dZ/dt=VTAVZ +VTAVZ ®VZ +V'AVZ ®VZ ®VZ +VBi(t)
y(t) = LVZ(t)



AN

0018 | | | | V for bilinearization MOR:
DoLy range{V'} = colspan{V;,V,}
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©
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Example

V for [Phillips 2000] method:

0.018
0016l range{V,}=span{A 'B,..., A*B}
Vzo = A_lAz (Vl ®V1)
0.014f
range{V,} = span{V, (. 1: 6)}
-, 0.012} 1 range{V}=span{V,,V,}
Q
S 001} I
©
& 0.008] 1 V for our method [Feng 2014]:
S 0.006} . range{V,} =span{A'B,..., A"'B}
0 _
0.004} _ - Ve =orth{A}
—origina range{V,} = span{A [V, (: 1: )T}
0.002} =+=our method, q=9, relative error=0.0073 i
------- Phillips 2003 method, g=9, relative error=0.0076 range{V } = span{V,,V, }
. i ! ! .
00 2 4 6 8 10

time, u(t)=0, t<0.3; u(t)=1, t>=0.3



% Trajectory piece-wise linear MOR

Original system:

dX /dt = f(X)+Bu(t) L
y(t) = LX (1) —— t—gwigi(XHBu,
A y(t) = LX(t)
f(X) ggiX) g, (X)=f(X))+A(X=X;), i=01,...,5-1
4/ S of (X)
3 A=) = (Jﬁxk

X




& Trajectory piece-wise linear MOR

Original system:

s—1
dX /dt = f (X)+Bu(t) dX /dt =3 wg;(X)+Bu,

y(t) = LX (1) "y =LXQ)
g,(X) = f(X)+A(X=X,), i=01,....s-1

= AX+(F(X)-AX)

{

How to compute V? dxX /dt= _SZ(WiAiX + Bwi) + Bu(t),
range{V,} = span{Ai‘llgi ..... A I§i} 1=01,...,s-1 y(t) = LX (t)
range{V } =span{V,,...,V,_,} | B =[B,B.],B = f(X,)-AX.




Trajectory piece-wise linear MOR

Original system: Trajectory piece-wise linear system:
s—1

dX /dt = f (X)+Bu(t) dX /dt=>" (WAX +Bw,)+Bu(t),
i=0

y{)=Lxa) (O = LX (1)

J

Reduced model:

s-1
dZ /dt=>"(wVTAVZ +V'Bw, +V Bu(t),

i=0

y(t) =LVZ(t)




Proper orthogonal decomposition (POD)

POD and SVD

SVD: Forany matrixY e R™", thereexistU = (u,,...,u.) e R™™ andV = (v,,...,v,) e R™",s.t
T T D 0 mxn
Y=UXZV or UYV= 0 0 =2eR

Here, D =diag(o,,...,0,).LetU® andV ¢ be the matrices including the first d columns of
U andV respectively.
Itis obvious, Y =(,...,y,)=U’DV°)

=>yJ—iZU(D(V )" = Z(D(V ) )il Z((U )'UDV ) )y,

—Z((U ) Yy, Zd:(ZUISiijjui:Zd:<yj1ui>Rmui :Zd:<ui’yj>Rmui'

=1 \ k=1 i=1 i=1

Y can be represented in terms of d linearly independent columns of U .



Proper orthogonal decomposition (POD)

Definition Forle{l,...,d}, the vectors{u.}_, are called POD basis of rank I.

The POD basis{u.}_, is optimal,among all rank | approximations,
in approximating the columnsof Y :

{u}_, =arg 1mu||re1R Zs st.(0,T;) , =0;,1<i, j<I.

I
Here, &, =| yj—i§1<y,-, ) 0 0 12




& Model Order Reduction using POD

Algorithm MOR using POD

1. Solve the original nonlinear system to get the snapshots
X=X %, )

2. Get the POD vectors of rank g from SVD of X
X =UsV',V=(d,...,0,)

3.UseV to get the ROM

dz(t)

VTEV 2 o —VT £ (Vz(t)) +V T Bu(t)

How to deal with f(Vz(t)) ?

An effective way is to approximate the nonlinear function by projecting it onto
a subspace with dimension | <<n, that approximates the subspace spanned
by the snapshots of the nonlinear function.

f(x@®t) ~U ‘ct),U" =(,,...,u")



To determine c(t), we require that U "c(t) interpolates f (t) at | << n points:

This is equivalent to : find a matrix
P=[e,,....e, 1e R™",st. PTf(t)=PTU "c(t).

Suppose P'U is nonsingular, then

PTf(t)=P'U'c(t)=c(t)=(P'U")*PTf(t)
so that,

f(t)=Uct)=U"(PTU")"'PTf(t).

How to computeU and how to specify the indices g,,i =1,...,1?

Compute U:
1. Collect the snapshots of f (x(t)) intoa matrix F = (f(x,),..., f(Xy)).
2.ApplySVDtoF:F=U"Z(V")’
U =(uf,...,ul).



Using DEIM to decide the indices:

Algorithm Discrete Empirical Interpolation Method (DEIM)

Input : POD basis {uiF }!zl for F

Output: @ =[¢,,...¢,] €R'

L[ ol g, =max{|uf ||

20" =[uf],P=[e,] p=[0.]

3.fori=2toldo

4.Solve (P'U ")a = P"u’ for a, where o = (ary,..., )"
5.r=u"-U'«a

6.0 o1, 2,1 = max{ r |}

7TUT U’ uiF],Pe[Pepi],g%eEj}

8.end for



DEIM

Come back toV ' f (Vz(t)):

f(Vz(t)) ~U (PTU)PT f (Vz(t)).
can be precomputed
Finally, before solving the ROM

VT (Vz(1) =VTU(PTU)PT f (Vz(t))

P f(Vz(t) = (f,, (Vz(t))...., T, (Vz(1)))'

where X =Vz(t).

Computation of V' f (Vz(t)) during solving ROM is independent of n.
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