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Numerical Linear Algebra – homework #04

Problem 1 (Gauss Seidel Relaxation)

Let A ∈ Cn×n with aii 6= 0 for i = 1, . . . , n. Assume additionally that A = D + L + R, where D is
a diagonal matrix, L the part below the diagonal and R the part above the diagonal. Show that for
ω ∈ R it holds

ρ((D + ωL)−1(D + ωL− ωA)) ≥ |w − 1|.

Problem 2 (Chebyshev polynomials)

a) Prove for the Chebyshev polynomials τk, k = 0, 1, 2, . . ., which are defined by the recursion

τ0(t) = 1,

τ1(t) = t,

τk+1(t) = 2tτk(t)− τk−1(t),

that the following explicit representation holds true:

τk(t) = 1
2

[(
t+
√
t2 − 1

)k
+
(
t−
√
t2 − 1

)k]
.

b) Consider the space of continuous functions on [−1, 1] equipped with the inner product

〈f, g〉 :=

∫ 1

−1
f(t) g(t)

dt√
1− t2

and the subordinate norm ‖f‖ = 〈f, f〉
1
2 . Show that the polynomials τk, k = 0, 1, . . ., are

orthogonal in this space.
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