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Project Summary
o

Project Summary

Scientific Goals of the Project

@ Derive and investigate numerical algorithms for optimal
control-based (normal and tangential) boundary feedback
stabilization of multi-field flow problems.

@ Explore the potentials and limitations of feedback-based (Riccati)
stabilization techniques.

@ Extend current methods for flow described by Navier-Stokes
equations (NSE) to flow problems coupled with other field equations
of increasing complexity.
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Project Summary
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Project Summary

Scientific Goals of the Project

@ Derive and investigate numerical algorithms for optimal
control-based (normal and tangential) boundary feedback
stabilization of multi-field flow problems.

@ Explore the potentials and limitations of feedback-based (Riccati)
stabilization techniques.

@ Extend current methods for flow described by Navier-Stokes
equations (NSE) to flow problems coupled with other field equations
of increasing complexity.

Major Challenge

Numerical solution of algebraic Riccati equations associated to special
LQR problem for linearized Navier-Stokes/Oseen-like equations. E%
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Project Summary

Optimal Control-Based Stabilization for NSEs Dﬂ]‘

Analytical Solution [RAYMOND ’05-"0

Linearized Navier-Stokes Control System

Oiz—vAz+(z-V)W+ (W-V)z—wz+ Vp=0 in Q,

divz=0 in Quo,
z=buin X,
z(0) =z in Q,

J(Z, u) = %/0 <PZ, PZ>L2(Q) + puTU dt.
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Project Summary

Optimal Control-Based Stabilization for NSEs AT

Analytical Solution [RAYMOND ’05-'07]

Linearized Navier-Stokes Control System

Oiz—vAz+(z-V)W+ (W-V)z—wz+ Vp=0 in Q,

divz=0 in Quo,
z=buin X,
z(0) =z in Q,
J(Z, u) = %/0 <PZ, PZ>L2(Q) + puTU dt.

Proposition [RAYMOND ’05, BAHDRA *09]

The solution to the instationary NSEs with perturbed initial data is
exponentially controlled to the steady-state solution w by the feedback law

u= —p_lB*XzH.
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Optimal Control-Based Stabilization for NSEs AT

Analytical Solution [RAYMOND ’05-'07]

Linearized Navier-Stokes Control System

Oiz—vAz+(z-V)W+ (W-V)z—wz+ Vp=0 in Q,

divz=0 in Quo,
z=buin X,
z(0) =z in Q,
J(Z, u) = %/0 <PZ, PZ>L2(Q) + puTU dt.

Proposition [RAYMOND ’05, BAHDRA *09]

The solution to the instationary NSEs with perturbed initial data is
exponentially controlled to the steady-state solution w by the feedback law

u= —p_lB*XzH.
- zy 1= Pz, with P : [5(Q) — V2(Q) (Helmholtz projector) (~ divzy = 0).
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Project Summary

Optimal Control-Based Stabilization for NSEs AT

Analytical Solution [RAYMOND ’05-'07]

Linearized Navier-Stokes Control System

Oiz—vAz+(z-V)W+ (W-V)z—wz+ Vp=0 in Q,

divz=0 in Quo,
z=buin X,
z(0) =z in Q,

J(Z, u) = %/0 <PZ, PZ>L2(Q) + puTU dt.

Proposition [RAYMOND ’05, BAHDRA *09]

The solution to the instationary NSEs with perturbed initial data is
exponentially controlled to the steady-state solution w by the feedback law

u= —p_lB*XzH.
-z 1= Pz, with P : [5(Q) — V2(Q) (Helmholtz projector) (~ divzy = 0).
- X =X* € £(V2(Q)): unique nonnegative semidefinite weak solution of %
0=1+ (A+wh)*X+X(A +wl) — X(B,B: + p 'B,BS)X.
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Project Summary
o

Previous Work

@ Discretization of Helmholtz-projected linearized NSEs would need
divergence-free finite elements.

Here, we want to use standard discretization.

(Taylor-Hood elements available in flow solver NAVIER)

Explicit projection of ansatz functions possible using application of
Helmholtz projection, but too expensive in general.

'é?:piie‘sg
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Project Summary
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Previous Work

@ Discretization of Helmholtz-projected linearized NSEs would need
divergence-free finite elements.

Here, we want to use standard discretization.
(Taylor-Hood elements available in flow solver NAVIER)

Explicit projection of ansatz functions possible using application of
Helmholtz projection, but too expensive in general.

© Each step of Newton-Kleinman iteration: Solve
Al ZjnZl + 2 Zl A = - M- KT K;,

n, := rank (M) = dim of ansatz space for velocities.

~~ need to solve n, + m linear systems of equations in each step of
Newton-ADI iteration!

= piie 5\%
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Previous Work

@ Discretization of Helmholtz-projected linearized NSEs would need
divergence-free finite elements.

Here, we want to use standard discretization.
(Taylor-Hood elements available in flow solver NAVIER)

Explicit projection of ansatz functions possible using application of
Helmholtz projection, but too expensive in general.

© Each step of Newton-Kleinman iteration: Solve
Al ZjnZ0 + 2 Zl A = - M- KT K;,

n, := rank (M) = dim of ansatz space for velocities.
~~ need to solve n, + m linear systems of equations in each step of
Newton-ADI iteration!
© Linearized system (i.e., A+ wM) is unstable in general.
But to start Newton iteration, a stabilizing initial guess is needed! %
’é‘f:n}iess
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annual meeting Freising 2010

@ Discretization of Helmholtz-projected linearized NSEs would need
divergence-free finite elements.

Here, we want to use standard discretization.
(Taylor-Hood elements available in flow solver NAVIER)

Explicit projection of ansatz functions possible using application of
Helmholtz projection, but too expensive in general.

© Each step of Newton-Kleinman iteration: Solve
Al ZjnZ0 + 2 Zl A = - M- KT K;,

n, := rank (M) = dim of ansatz space for velocities.
~~ need to solve n, + m linear systems of equations in each step of
Newton-ADI iteration!
© Linearized system (i.e., A+ wM) is unstable in general.
But to start Newton iteration, a stabilizing initial guess is needed! %
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Previous Work

@ Discretization of Helmholtz-projected linearized NSEs would need
divergence-free finite elements.

Here, we want to use standard discretization.
(Taylor-Hood elements available in flow solver NAVIER)
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@ Each step of Newton-Kleinman iteration: Solve
Al ZjnZ0 + 2 Zl A = - M- KT K;,

n, := rank (M) = dim of ansatz space for velocities.
~~ need to solve n, + m linear systems of equations in each step of
Newton-ADI iteration!
© Linearized system (i.e., A+ wM) is unstable in general.
But to start Newton iteration, a stabilizing initial guess is needed! %
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Project Summary
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Previous Work

@ Discretization of Helmholtz-projected linearized NSEs would need
divergence-free finite elements.
Here, we want to use standard discretization.
(Taylor-Hood elements available in flow solver NAVIER)
Explicit projection of ansatz functions possible using application of
Helmholtz projection, but too expensive in general.

© Each step of Newton-Kleinman iteration: Solve

[BENNER '08-"10] Partial Stabilization of Descriptor Systems Using Spectral Projectors;
to appear in V. Olshevsky et al (eds.), Numerical Linear Algebra in Signals, Systems and

r Control, Lecture Notes in Electrical Engineering, Springer-Verlag.

~ [HEIN "10] MPC/LQG-Based Optimal Control of Nonlinear Parabolic PDEs;
PhD thesis Chemnitz UT.

[N S

@ Linearized system (i.e., A+ wM) is unstable in general.
But to start Newton iteration, a stabilizing initial guess is needed! %
'}é’PP.i’EE‘B‘_V
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Solving Large Scale Saddle Point Systems
o

Key to Numerical Solution: Saddle Point System Ar

Linearized NSE:
Oz —vAz+ (z-V)w+ (w-V)z+Vp=0
divz=10
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Solving Large Scale Saddle Point Systems
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Key to Numerical Solution: Saddle Point System AT

Linearized NSE: DAE: State space system:
Oz —vAz+ (z-V)w+ (w-V)z+Vp=0 Mz = Az + Gx Mz(t) = Az(t) + Bu(t)
divz=0 0=G6"2 with M = M" =0
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Solving Large Scale Saddle Point Systems

T - r

Key to Numerical Solution: Saddle Point System

Linearized NSE: F 25 State space system:
Oz —vAz+ (z-V)w+ (w-V)z+Vp=0 Mz = Az + Gx Mz(t) = Az(t) + Bu(t)
divz=10 G’z with M = M" =0
Generalized algebraic Riccati equatlon
R(X) = M+ ATXM + MXA — MXBB'XM =0
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Solving Large Scale Saddle Point Systems
o

Key to Numerical Solution: Saddle Point System

State space system:
Mz(t) = Az(t) + Bu(t)

with M = M" =0

\Nx |-|-|

Az + Gx
Ts

Linearized NSE:
Oz —vAz+ (z-V)w+ (w-V)z+Vp=0
divz=10 z

[Generalized algebraic Riccati equatlon ]
=

R(X) =M+ A"XM + MXA — MXBB'XM =0

Newton iteration: X**! = S35 A Nk,~where N¥ is solution of
(A — BBTX*M)T N M + MAK(A — BBT XK M) = —R(XK)

ésnpiqze 5\%
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Key to Numerical Solution: Saddle Point System

State space system:
Mz(t) = Az(t) + Bu(t)

with M = M" =0

\Nx |-|-|

Az + Gx
Ts

Linearized NSE:
Oz —vAz+ (z-V)w+ (w-V)z+Vp=0
divz=10 z

[Generalized algebraic Riccati equatlon J
=

R(X) =M+ A"XM + MXA — MXBB'XM =0

Newton iteration: X**! = S35 A Nk,~where N¥ is solution of
(A — BBTX*M)T N M + MAK(A — BBT XK M) = —R(XK)

= 7W,(TW1< ]

Lyapunov equation = ADI-Method:
AL REM + MNF A, =
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Solving Large Scale Saddle Point Systems
o

Key to Numerical Solution: Saddle Point System Diﬂ-

Linearized NSE: F 25 State space system:
Oz —vAz+ (z-V)w+ (w-V)z+Vp=0 Mz = Az + Gx Mz(t) = Az(t) + Bu(t)
divz=10 =G'z with M = M" =0
Generalized algebraic Riccati equatlon.
R(X) = M+ ATXM + MXA — MXBB'XM =0

Newton iteration: X*t1 = Xk + Nk,~where N¥ is solution of
(A — BBTX*M)T N M + MAK(A — BBT XK M) = —R(XK)

Lyapunov equation = ADI-Method:
AL REM + MN* A = = W] W,

Saddle Point System: [HEINKENSCHLOSS, SORENSEN, SUN ’08]
AT + pM — KKBT Gl [A] _ [w

G" o] [*] O

)j ... ADI shift parameter

K* := MX*B ... Feedback operator
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Solving Large Scale Saddle Point Systems

Analysis of the Saddle Point System

AT +pM — K*BT G| [A] _ [wW
G of [x] |0

AT £ A € R™v*"  sparse, discretized lin. Nav.-St. operator, constant

pj € R™, changes in every ADI step

— M € R™*™, spd, sparse, mass matrix, constant

— KX e R™*" dense, feedback operator, changes in every Newton step
— B € R™*"™, highly sparse, boundary operator, constant

— G € R™*"™ sparse, full column rank, discretized gradient, constant

w
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Solving Large Scale Saddle Point Systems

Analysis of the Saddle Point System

AT +pM — K*BT G| [A] _ [wW
G of [x] |0

AT £ A € R™v*"  sparse, discretized lin. Nav.-St. operator, constant
— pj € R, changes in every ADI step

— M € R™*™, spd, sparse, mass matrix, constant

— KX e R™*" dense, feedback operator, changes in every Newton step
— B € R™*"™, highly sparse, boundary operator, constant

— G € R™*"™ sparse, full column rank, discretized gradient, constant

Solver

— Try to avoid direct solvers because of high dimensions. %
— Use Krylov subspace method for non symmetric problems. = GMRES &
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Solving Large Scale Saddle Point Systems
@000

Preconditioned GMRES I

Left Preconditioner [ELMAN, SILVESTER, WATHEN

[AT +piM — KBT G]

GT 0
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Solving Large Scale Saddle Point Systems

Preconditioned GMRES I
Left Preconditioner [ELMAN, SILVESTER, WATHEN
F G T
[GT o] F#F
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Solving Large Scale Saddle Point Systems
@000

Preconditioned GMRES ﬂ]‘

Left Preconditioner [ELMAN, SILVESTER, WATHEN ’06]

5§ e

- No need for symmetric preconditioner:
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Solving Large Scale Saddle Point Systems

Preconditioned GMRES Diﬂ-
Left Preconditioner [ELMAN, SILVESTER, WATHEN ’06]
F G T
[GT o] F#F

- No need for symmetric preconditioner:

P 0 1 P! 0
P = Pt = F
’ {GT _PSC]:, ’ [P§£GTP;1 fP;é}
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Solving Large Scale Saddle Point Systems

Preconditioned GMRES I ﬂ]‘
Left Preconditioner [ELMAN, SILVESTER, WATHEN ’06]
F G T
[GT o] F#F

- No need for symmetric preconditioner:
Pe O _ P! 0
P/:{GT —Psc]ipllz[ TR = 71}
- Choice of Pg, Psc:
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Solving Large Scale Saddle Point Systems

Preconditioned GMRES K ﬂ]‘
Left Preconditioner [ELMAN, SILVESTER, WATHEN ’06]
F G T
[GT o] F#F

- No need for symmetric preconditioner:

P 0 _ P! 0
P,:{GFT —Psc]:P’lz[ S 71}

- Choice of Pg, Psc:

Pt 0 F G P.'F *
PAGTPEY —P2| |GT o] T |PAGTP; TP PLGT PLGTPL'G

é PP, 12 5%
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Solving Large Scale Saddle Point Systems

Preconditioned GMRES K ﬂ]‘
Left Preconditioner [ELMAN, SILVESTER, WATHEN ’06]
F G T
[GT o] F#F

- No need for symmetric preconditioner:

P 0 _ P! 0
P,:{GFT —Psc]:P’lz[ S 71}

- Choice of Pg, Psc:

P! 0 F G| / *
PGPt P |GT 0] " |PlGTP'F—PlGT PAGTPL'G

é PP, 12 5%
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Solving Large Scale Saddle Point Systems

@000
Preconditioned GMRES K ﬂ]‘
Left Preconditioner [ELMAN, SILVESTER, WATHEN ’06]
F G T
[GT o] F#F
- No need for symmetric preconditioner:
_[Pe 0 L _[ PR 0
(L R e =

- Choice of Pg, Psc:

P! 0 F G| I *
PLGTPEY —P||GT 0] T |0 PLGTPE'G
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Solving Large Scale Saddle Point Systems

@000
Preconditioned GMRES K ﬂ]‘
Left Preconditioner [ELMAN, SILVESTER, WATHEN ’06]
F G T
[GT o] F#F
- No need for symmetric preconditioner:
_[Pe 0 L _[ PR 0
(L R e =

- Choice of Pg, Psc:

P! 0 F G| _[I *
PGPt —P2| |GT 0] |0 PLGTFIG
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Solving Large Scale Saddle Point Systems

@000
Preconditioned GMRES K ﬂ]‘
Left Preconditioner [ELMAN, SILVESTER, WATHEN ’06]
F G T
[GT o] F#F
- No need for symmetric preconditioner:
_[Pe 0 L _[ PR 0
(L R e =

- Choice of Pg, Psc:

P! 0 F G| _[I *
PGPt P2 |GT 0] |0 PLGTFIG
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Solving Large Scale Saddle Point Systems

@000
Preconditioned GMRES K ﬂ]-
Left Preconditioner [ELMAN, SILVESTER, WATHEN ’06]
F G T
[GT o] F#F
- No need for symmetric preconditioner:
_[Pe 0 L _[ PR 0
(L R e =

- Choice of Pg, Psc:
P! 0 F G| _[I *
PGPt P2 |GT 0] |0 PLGTFIG

Schur Complement

— Choose Schur complement for lower right block: Psc = GTF~1G
— Can not build this matrix (dense, high dimension). %

— Have to find a good approximation for Psc.
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Solving Large Scale Saddle Point Systems
0@00

Preconditioned GMRES D ﬂ]-

Schur Complement Section 8.2 [ELMAN, SILVESTER, WATHEN ’06]

Approximation to the Schur Complement Operator

Consider the discrete version of a shifted Navier-Stokes operator:
L=—vV+ Wy -V+V- i+ pl

258
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Solving Large Scale Saddle Point Systems
0@00

Preconditioned GMRES D ﬂ]-

Schur Complement Section 8.2 [ELMAN, SILVESTER, WATHEN ’06]

Approximation to the Schur Complement Operator

Consider the discrete version of a shifted Navier-Stokes operator:
L=—vV+ Wy -V+V- i+ pl

Suppose analogous operator on pressure space:

Lp = (—VV2+vVh-V+V- VVh—ij/)p

=N
4
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Solving Large Scale Saddle Point Systems
0@00

Preconditioned GMRES D ﬂ]-

Schur Complement Section 8.2 [ELMAN, SIU 'R, WATHEN ’06]

Approximation to the Schur Complement Operator

Consider the discrete version of a shifted Navier-Stokes operator:
L=—vV+ Wy -V+V- i+ pl
Suppose analogous operator on pressure space:
Lp=(—vV>+ -V +V-vih+pil),
Consider a small commutator of £ with the gradient:
E=(—vVP 4+ W V4V -+ pl)V = V(=vV?+ W -V + V- Wi + pjl),

=N
4
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Solving Large Scale Saddle Point Systems
0@00

Preconditioned GMRES D ﬂ]-

Schur Complement Section 8.2 [ELMAN, SILVESTER, WATHEN ’06]

Approximation to the Schur Complement Operator

Consider the discrete version of a shifted Navier-Stokes operator:
L=—vV+ Wy -V+V- i+ pl

Suppose analogous operator on pressure space:
Lp=(—vV>+ -V +V-vih+pil),
Consider a small commutator of £ with the gradient:

E=(—vVP 4+ W V4V -+ pl)V = V(=vV?+ W -V + V- Wi + pjl),
Discrete version of commutator in terms of finite element matrices:
En=(MTF)(M'G) — (M *G)(M, ' Fp)

=N
4
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Solving Large Scale Saddle Point Systems
0@00

Preconditioned GMRES D ﬂ]-

Schur Complement Section 8.2 [ELMAN, SILVESTER, WATHEN ’06]

Approximation to the Schur Complement Operator

Consider the discrete version of a shifted Navier-Stokes operator:
L=—vV+ Wy -V+V- i+ pl

Suppose analogous operator on pressure space:
Lp=(—vV>+ -V +V-vih+pil),
Consider a small commutator of £ with the gradient:

E=(—vVP 4+ W V4V -+ pl)V = V(=vV?+ W -V + V- Wi + pjl),
Discrete version of commutator in terms of finite element matrices:

£ = (MT'F)(M™G) — (M G)(M; *F,)
Premultiplying with GTF~'M, postmultiplying with Fp_lMp:

G'F'G~G'M'GF; ' M,

=N
4

E. Bansch, P. Benner, J. Saak, M. Stoll, H. Weichelt Feedback Stabilization of Multi-Field Flow Problems



Solving Large Scale Saddle Point Systems
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Suppose analogous operator on pressure space:
Lp=(—vV>+ -V +V-vih+pil),
Consider a small commutator of £ with the gradient:

E=(—vVP 4+ W V4V -+ pl)V = V(=vV?+ W -V + V- Wi + pjl),
Discrete version of commutator in terms of finite element matrices:

£ = (MT'F)(M™G) — (M G)(M; *F,)
Premultiplying with GTF~'M, postmultiplying with Fp_lMp:

G'F'G~G'M'GF;'M,

=N
4
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Schur Complement Section 8.2 [ELMAN, SILVESTER, WATHEN ’06]

Approximation to the Schur Complement Operator

Consider the discrete version of a shifted Navier-Stokes operator:
L=—vV+ Wy -V+V- i+ pl

Suppose analogous operator on pressure space:
Lp=(—vV>+ -V +V-vih+pil),
Consider a small commutator of £ with the gradient:

E=(—vVP 4+ W V4V -+ pl)V = V(=vV?+ W -V + V- Wi + pjl),
Discrete version of commutator in terms of finite element matrices:

£ = (MT'F)(M™G) — (M G)(M; *F,)
Premultiplying with GTF~'M, postmultiplying with Fp_lMp:

G'F'G~S,F,'M,

=N
4
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Schur Complement Section 8.2 [ELMAN, SILVESTER, WATHEN ’06]

Approximation to the Schur Complement Operator

Consider the discrete version of a shifted Navier-Stokes operator:
L=—vV+ Wy -V+V- i+ pl

Suppose analogous operator on pressure space:
Lp=(—vV>+ -V +V-vih+pil),
Consider a small commutator of £ with the gradient:

E=(—vVP 4+ W V4V -+ pl)V = V(=vV?+ W -V + V- Wi + pjl),
Discrete version of commutator in terms of finite element matrices:

£ = (MT'F)(M™G) — (M G)(M; *F,)
Premultiplying with GTF~'M, postmultiplying with Fp_lMp:

G'F'G~S,F,'M,

Schur complement approximation:

Psc : = SpFy *M, %
L4

= Pl = M, 'F,S; "
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Approximation of
— Need approximation for PE.
— For high Reynolds numbers the approximation has to get more accurate.

— In the future we want to use some V-cycle Multigrid steps.
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Preconditioned GMRES Diﬂ-

Preconditioner [ELMAN, SILVESTER, WATHEN ’06]

Approximation of Pg

— Need approximation for PE.

For high Reynolds numbers the approximation has to get more accurate.

— In the future we want to use some V-cycle Multigrid steps.

Current proof of concept uses direct solvers in MATLAB ("\").
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Solving Large Scale Saddle Point Systems
{e]e] o]

Preconditioned GMRES D ﬂ]-

Preconditioner [ELMAN, SILVESTER, WATHEN ’06]

Approximation of Pg

— Need approximation for PE.
— For high Reynolds numbers the approximation has to get more accurate.
— In the future we want to use some V-cycle Multigrid steps.

— Current proof of concept uses direct solvers in MATLAB ("\").

Simplification

We considered F instead of A” + p;M — KB .
Why can we do this?
= Feedback-invariance of Krylov Subspaces
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Preconditioned GMRES

Feedback-invariance of the Krylov Subspaces

Saddle Point System

[AT—i—ij—KkBT c;] H _ {W]

@7 0

*
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Solving Large Scale Saddle Point Systems
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Preconditioned GMRES

Feedback-invariance of the Krylov Subspaces

Saddle Point System

{AT—i—ij\/l— KBT G} H _ {[CTK"]}

GT 0l |* 0
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Solving Large Scale Saddle Point Systems
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Preconditioned GMRES

Feedback-invariance of the Krylov Subspaces

Saddle Point System

(e -] () FI= (19T 15
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Preconditioned GMRES

Feedback-invariance of the Krylov Subspaces

Saddle Point System

(- (1) =[S (2]
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Preconditioned GMRES

Feedback-invariance of the Krylov Subspaces

Saddle Point System

(s () 1= [[9]
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Preconditioned GMRES

Feedback-invariance of the Krylov Subspaces

Saddle Point System
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Preconditioned GMRES

Feedback-invariance of the Krylov Subspaces

Saddle Point System

E. Bansch, P. Benner, J. Saak, M. Stoll, H. Weichelt Feedback Stabilization of Multi-Field Flow Problems



Solving Large Scale Saddle Point Systems
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Preconditioned GMRES

Feedback-invariance of the Krylov Subspaces

Saddle Point System

(Fs — K- BT) A= [CTKY]
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Preconditioned GMRES

Feedback-invariance of the Krylov Subspaces

Saddle Point System

(Fs — K- BT) A= [CTKY]

AN = WX
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Preconditioned GMRES

Feedback-invariance of the Krylov Subspaces

Saddle Point System

(Fs — K- BT) A= [CTKY]

AN = WX

Feedback Invariance of Subspaces [BENNER/BECKERMANN ’11]

Km(AF, WX) = K,,,(Fs, W)
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Solving Large Scale Saddle Point Systems
ooo0e

Preconditioned GMRES

Feedback-invariance of the Krylov Subspaces

Saddle Point System

(Fs — K- BT) A= [CTKY]

AN = WX

Feedback Invariance of Subspaces [BENNER/BECKERMANN ’11]

Km(AF, WX) = K,,,(Fs, W)

Km(A*, WX) = K,.(Fs — K'BT), [CT K¥])
=sp[CT,KF FsCT —K*B'C",FsK* — K'B"K",...]
=sp[CT, KK FsCT FsK”, .. ]
= Km(Fs, [C" K¥]) = Kn(Fs, W¥) %

@/
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Solving Large Scale Saddle Point Systems
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Preconditioned GMRES

Feedback-invariance of the Krylov Subspaces

Saddle Point System

(Fs — K- BT) A= [CTKY]

AN = WX

Feedback Invariance of Subspaces [BENNER/BECKERMANN ’11]

Km(AF, WX) = K,,,(Fs, W)

Km(A*, WX) = K,.(Fs — K'BT), [CT K¥])
=sp[CT, KX FsCT —K'B'C",FsK* — K'B'K",...]
=sp[CT, KK FsCT FsK”, .. ]
= Km(Fs, [C" K¥]) = Kn(Fs, W¥) %

@/
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Solving Large Scale Saddle Point Systems
ooo0e

Preconditioned GMRES

Feedback-invariance of the Krylov Subspaces

Saddle Point System

(Fs — K- BT) A= [CTKY]

AN = WX

sp[-K“BTC"] C sp[K]

Feedback Invarianci

BECKERMANN ’11]
sp[-K“B"K"] C sp[K"]

Km(R VW JE Xm(Ts, YV )

=sp[CT, KX FsCT —K'B'C",FsK* — K'B'K",...]
=sp[CT, KK FsCT FsK”, .. ]
= Km(Fs, [C" K¥]) = Kn(Fs, W¥)

P2 5\%

I
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Solving Large Scale Saddle Point Systems
ooo0e

Preconditioned GMRES

Feedback-invariance of the Krylov Subspaces

Saddle Point System

(Fs — K- BT) A= [CTKY]

AN = WX

Feedback Invariance of Subspaces [BENNER/BECKERMANN ’11]

Km(AF, WX) = K,,,(Fs, W)

Km(A*, W¥) = K(Fs — K'BT), [CT K¥])
=sp[CT,KF FsCT —K*B'C",FsK* — K'B"K",...]
=sp[CT, KK FsCT FsK”, .. ]
= Km(Fs, [C" K¥]) = K (Fs, W¥) %

@/
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Numerical Examples
[

Problem Setting Diﬂ-

Example: K,Z\irmAin vortex street

— Create matrices with FEM software NAVIER.

— Discretization of the domain with conformal Taylor-Hood elements.

— P2-P1 elements fulfill the LBB condition.
= initial stable discretization

Level ny np
1 3452 453
2 8726 1123
3 20512 2615
4 45718 5783
5 99652 | 12566
6 | 211452 | 26572
Tabelle: Levels of refinement
&
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Computation Comparison

— GMRES with P; as left preconditioner.

— Initial data: b = rand(n, + ny, 1), x(% = zeros(n, + np, 1)

— Computations using MATLAB 2010b on editha:
CPU type: Intel®Xeon®@2.67GHz,
#CPUs: 4, #Cores: 32 (8 per CPU), RAM: 1 TB

&,
w
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Mr

Normalized residual of GMRES without preconditioner

36 T T T T T T T T T

[[b—Ax]|
el

30 | | | |
0 50 100 150 200 250 300 350 400 450 500

# steps ﬁ
¥Spp 12588
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Mr

Preconditioned residuals in GMRES

10%° T T T T T T I I
— Level 1
Level 2
10° — Level 3 ||
= Level 4
<(>< —— Level 5
| 1001 —— Level 6 | |
Q
7
a
107° | a
10-10

50 100 150 200 250 300 350 400 450
7 steps
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Computation Comparison

— GMRES with P; as left preconditioner.

— Initial data: b = rand(n, + ny, 1), x(% = zeros(n, + np, 1)

— Computations using MATLAB 2010b on editha:
CPU type: Intel®Xeon®@2.67GHz,
#CPUs: 4, #Cores: 32 (8 per CPU), RAM: 1 TB

Level | # it HP,’I(bIAxe”d)H Hbmfnendu et
1| 256 | 8.6-107° 75-107% | 2.8.1071
2] 303 |24-1071 95.107% | 2.7-10716
3| 434 | 53.1071° 43.107% | 2.4-.10°%
4| 472 1 9.9-107% 8.8-107% | 2.5.10716
5| 462 | 45.1071° 15-107° | 2.4-1071°
6 | 454 | 35.10°1° 16-107° | 25.1071°
no P | 500 | 8.1-10°* 81-107" | 8.4-107} %
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Numerical Examples
[ 1o}

Computation Comparison

— GMRES with P; as left preconditioner.

— Initial data: b = rand(n, + ny, 1), x(% = zeros(n, + np, 1)

— Computations using MATLAB 2010b on editha:
CPU type: Intel®Xeon®@2.67GHz,
#CPUs: 4, #Cores: 32 (8 per CPU), RAM: 1 TB

Level | # it HP,’I(bIAxe”")H Hbmfnendu =
1| 256 | 86-107° 75-107° [|2.8-10716
2| 303 | 24-1071 95.107° [[|2.7-10716
3| 434 | 53.1071° 43.107% ||2.4-107 1%
4| 472 | 9.9-1071° 8.8-107% [|2.5-10716
5| 462 | 45.1071° 15-107° |[2.4-1071¢
6 | 454 | 35.10°1° 1.6-107% |[2.5-1071°
no P, | 500 | 8.1-1071 8.1- 10*_ %
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Numerical Examples
[ 1o}

Computation Comparison

— GMRES with P; as left preconditioner.

— Initial data: b = rand(n, + ny, 1), x(% = zeros(n, + np, 1)

— Computations using MATLAB 2010b on editha:
CPU type: Intel®Xeon®@2.67GHz,

#CPUs: 4
Many thanks for your
Le
attentlon
2| 303 | 24-1071 95-107% | 2.7-10716
3| 434 | 53.10°% 43.107°% | 2.4.-1071
4| 472 | 9.9-1071° 8.8-107°% | 2.5.1071°
5| 462 | 45-107% 15-107° | 2.4-1071¢
6 | 454 | 3.5.-1071° 16-107% | 25.1071°
no P | 500 | 8.1-10°* 81-107" | 8.4-107} %
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