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Motivation
Adaptive Spindel Support (ASS) with Piezo Actuators

Figure: ASS mounted in Parallel-Kinematic Machine

Source: B. Kranz, Fraunhofer IWU, Dresden, Germany.
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Motivation
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Motivation
Adaptive Spindel Support (ASS) with Piezo Actuators

Mathematical Model for Controller Design

Second Order Index-1 Syste

MEi(t) + Dx(t) + Kx(t) = Hu(t)
y(t) = HTx(t)

(/\/1 mass matrix, D damping matrix, K stiffness matrix)
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Mathematical Model for Controller Design

Second Order Index-1 Syste

(o o] ]+ (o ol ) Ry a2 - o
y(t)=[H H]] [;((?J
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Motivation
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Motivation
Goal

Full Dimension Second Reduced Second

Order Index-1 systems Order Index-1 Systems
Reduced Second Optimization, Control

Order Standard Systems or Simulation
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Balanced Truncation for Large Scale Systems
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Balanced Truncation for Large Scale Systems

First Order Systems

@ Given LTI continuous-time system

T 1| x(t) = Ax(t) + Bu(t), y(t) = Cx(t) + D,u(t)]

where x(t) € R", u(t) € R™, y(t) € R? and A, B, C and D, are matrices

@ The realization (A, B, C, D,), of the system X, is called balanced, if
the solutions P, Q of the Lyapunov equations (LE)

B AP+ PAT + BBT = 0, [controllability]
B ATQ+QA+CTC = 0, [observability]

satisfy: P = Q = diag(o1,...,0,) where oy >0, > ... > 0,>0

o {01,...,0,} are the Hankel singular values (HSVs) of X
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Balanced Truncation for Large Scale Systems

First Order Systems

@ Given LTI continuous-time system

1| x(t) = Ax(t) + Bu(t), y(t) = Cx(t) + D,u(t)]

@ A balanced realization is computed via state space transformation

T:(AB,C,D,)— (TAT ', TB,CT ', D)

~([a 2l 8]1e e10)

@ Form k < n dimensional reduced order model:

~ N N

Yo X(t) = A%(t) + Bu(t), 9(t) = Cx(t) + D,u(t)

where (A, B, C,D,) = (A, B1, Ci, D,)
@ Such that ||y — 7|l is small enough
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Balanced Truncation for Large Scale Systems
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Balanced Truncation for Large Scale Systems

First Order Systems

The SR Method (Implementation of BT)

Q Compute (Cholesky) factors of the solutions to the Lyapunov
equation,

P=STS, Q=R"R

@ Compute singular value decomposition

24 v.T
T _ 1
SR —[Ul,Ug][ ZzHVzT]
© Define
W:=RTVS[Y2eR™ v .=STU 2 e R

@ Then

~

> =(AB,C,D,)=(WTAV,WTB, CV,D,)
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Balanced Truncation for Large Scale Systems
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Balanced Truncation for Large Scale Systems

Second Order Systems

Second Order Form First Order Form

Mx + Dx + Kx = Hu Ez=Az+ Bu
y = Lx y=Cz
o x displacements 0o J J 0
T T17 EZ{M D]’ A:[o —K]’
0 z= [x , X ]
o M,D,K € R™*M jnvertible B= [2,] , C= [0 L]

o J arbitrary but invertible
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Balanced Truncation for Large Scale Systems

Second Order Systems

Second Order Form First Order Form

Mx + Dx + Kx = Hu Ez=Az+ Bu
y = Lx y=Cz
o x displacements e [0 1 Al o
OZZ[XT’XT]T ~ M D’ ~ o —k|°
o M,D,K € R™*M jnvertible B= [2,] , C= [0 L]
o J =/ identity matrix
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Balanced Truncation for Large Scale Systems
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Balanced Truncation for Large Scale Systems
Second Order Systems

Second Order Form First Order Form

Mx + Dx + Kx = Hu Ez=Az+ Bu
y = Lx y=Cz
o x displacements 0o M M0
T T17 ‘9:{/\/1 D]’ A:[o —K]’

0 z= [x Y ]
e M,D,K € Rm*™M invertible B= [I?I] , C= [0 L]
o J = M for symmetric system y
o First order form is symmetric since A and £ symmetric
o Apply BT methods on first order systems
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Balanced Truncation for Large Scale Systems

Second Order Systems

Second Order Systems

Projectors

Mx + Dx + Kx = Hu, y = Lx W,V e Rmxk?

¥

Second Order Projected Systems

WTMVix+WTDVLX+WTKVL=WTHu
§=LV&

J

Second Order Reduced Systems

<>
Il
~>
x>

Mm% + D% + K% = Hu,
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Balanced Truncation for Large Scale Systems

Second Order Systems

First Order Form

Second Order Systems

Mx + Dx + Kx = Hu, y = Lx Ez=Az+Bu,y=Cz

¥

Second Order Projected Systems

WTMVix+WTDVLX+WTKVL=WTHu
§=LV&

J

Second Order Reduced Systems

<>
Il
~>
x>

Mm% + D% + K% = Hu,
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Balanced Truncation for Large Scale Systems
Second Order Systems

Second Order Systems

First Order Form

Mx + Dx + Kx = Hu, y = Lx Ez=Az+Bu,y=Cz

¥

Second Order Projected Systems

WTMVX+ WTDVi+ WTKV&=WTHu _[M 0 _[o1"
A=lo k|7 |L
y=LVx

J

Second Order Reduced Systems

Mm% + D% + K% = Hu,

<>
Il
~>

x>
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Balanced Truncation for Large Scale Systems
Second Order Systems

Second Order Systems

First Order Form

Mx + Dx + Kx = Hu, y = Lx Ez=Az+Bu,y=Cz

¥

Second Order Projected Systems

WTMVX+ WTDVi+ WTKV&=WTHu _[M 0 _[o1"
A=lo k|7 |L
y=LVx

Second Order Reduced Systems

Mm% + D% + K% = Hu,

<>
Il
~>
x>
Il
—
)
&
—_
o
<
=
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Balanced Truncation for Large Scale Systems
Second Order Systems

Second Order Systems

First Order Form

Mx + Dx + Kx = Hu, y = Lx Ez=Az+Bu,y=Cz

¥

Second Order Projected Systems

WTMVX+ WTDVi+ WTKV&=WTHu _[M 0 _[o1"
A=lo k|7 |L
y=LVx

L
Second Order Reduced Systems _[Q @] . gh
o=[ar al=
Ao A g N N ~ . RVT = =
W%+ Dk + Ks = Hu, §=1% —[Rﬂ[v ]
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Balanced Truncation for Large Scale Systems
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Balanced Truncation for Large Scale Systems

Second Order Systems

Four Types of Left and Right Projectors

type SVD left proj. W | right proj. V
W | SMRT = UnZu Vil | RI Vi Tty | STUwaToh
pp SPMRpT = UppXpp Vp7;; R,Z- Vop,r Zppir SpT Upp,rz;pir
vp SVMR,Z' = UyZys VV7,; R,Z' va’rZV_p? SIUVP,,ZV_,,?,
07 | SR = YT 2 | R Ve Tane || S Uy ke

vv = velocity-velocity, pp = position-position,
vp = velocity-position, pv = position-velocity,

r = first r columns of the respective matrix

Form four types of reduced order model:
M=w"mv, D=wW'DVv, K=WTKV,
H=WTH, L=1tv
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Solving Large Lyapunov Equations
LRCF-ADI [BENNER/L1/PENZL ’

Given FX+XFT =—-GGT FeR™" G e R™P

@ To solve Controllability LE: F=Aand G =B
o To solve Observability LE : F = AT and G = C" J

Task Find Z € C"™ "2 such that nz < n and X ~ ZZ"
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Solving Large Lyapunov Equations
LRCF-ADI [BENNER/L1/PENZL ’

Given FX+XFT =—-GGT FeR™" G e R™P

@ To solve Controllability LE: F=Aand G =B
o To solve Observability LE : F = AT and G = C" J
Task Find Z € C"™"?, such that nz < n and X ~ ZZ"
Algorithm
Vi = /—2Re(p1)(F + p1/)~1G, Zi=W
Vi = e (Vi = (pi + Be)(F 4 pil)Vima] . Zi= 21 Vi)

o For certain shift parameters {p1,...,p/} C C~
o Stop the algorithm if |[FZ;ZH + Z.ZHFT + GGT|| is small
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LRCF-ADI
[

Solving Large Lyapunov Equations
G-LRCF-ADI (E invertible)

Given FXET +EXFT =—GGT  E,F e R™n G € R¥P

@ To solve Controllability LE: F=Aand G =B
o To solve Observability LE : F = AT and G = C" J
Task Find Z € C"™"?, such that nz < n and X ~ ZZ"
Algorithm
Vi = /—2Re(p1)(F + p1E)~'G, Zi=W
Vi= P [Vis — (i + Pe)(F +pE)EVia] 2= (2 Vi)

o For certain shift parameters {p1,...,p/} C C~
o Stop the algorithm if |FZ;ZHET + EZ.ZHFT + GG is small
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Solving Large Lyapunov Equations
S-LRCF-ADI (index-1) [ROMMES/FREITAS/MARTINS ’

Index-1 system

Ei; O )'(1(1') _
0 0 5(2(1')
Given FXEL + EuXFT =—-GGT,  Epn,FeR™" G eR"™P
F=Fu—FoFntFn, G=Bi—FuaF»n 1B

P o] o)+ 3] o

Task Find Z € C" "2, such that nz < n and X ~ ZZ"
Algorithm
1
(%] = veemeten [ e B2 (2] z-w
. e . . -1 .
(] = T [y - e [ S ] [B0]] 2w

Max Planck Institute Magdeburg M. M. Uddin, Second Order to Second Order Balancing for Index-1 Vibrational Systems 10/19



LRCF-ADI
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Solving Large Lyapunov Equations
S-LRCF-ADI (Real low-rank factor) [BENNER/KURSCHNER/SAAK '12]

Given FXE] + EnXF=—-GGT,  Ey,FeR™" G e R"™*P
F=F1—FoFFa, G=Bi—FaFyp'Bs
Task Find Z € R""2, such that nz < n and X ~ ZZ"

Observation:
If pit1=pi
Visi = Vi+ BIm(V))
Ziy1 = [Zi-1, V2Re(Vi) + ZIm(Vi),\/ 5 +2Im(V))]

where = 2:ﬁ(Z’)
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Solving Large Lyapunov Equations

Efficient Solvers for Second Order Systems [BENNER/KURSCHNER/SAAK '12]
Second Order Form First Order Form
Mx + Dx + Kx = Hu Ez=Az+ Bu
o x dlsplacemenTts . {0 M} e [M 0 ]
OZZ[)-(T7XT] M D|’ 0 —K|’
e M,D,K invertible B /(ﬂ
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Solving Large Lyapunov Equations

o/
Efficient Solvers for Second Order Systems [BENNER/KURSCHNER/SAAK '12]
Second Order Form First Order Form
Mx + Dx + Kx = Hu Ez=Az+ Bu
o x dlsplacemenTts . {0 M} e [M 0 ]
OZZ[)-(T7XT] M D|’ 0 —K|’
e M,D,K invertible B /(ﬂ

main task per step: (A+pE)x=EFf, x=[q,x|T
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Solving Large Lyapunov Equations

N/

Efficient Solvers for Second Order Systems [BENNER/KURSCHNER/SAAK '12]
Second Order Form First Order Form
Mx + Dx + Kx = Hu Ez=Az+ Bu
o x displacemenTts . {0 M} e [M 0 ]
OZZ[XT7XT] M D|’ 0 —-K|’
e M,D,K invertible B— I(-)I}

main task per step: (A+pE)x=EFf, x=[q,x|T

SO-LRCF-ADI

(PizM—PiD‘i‘K)XZZ(PiM—D)fz—Mfl, x1 = f — pix
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MOR for Second Order Index-1 Systems

Problem Structure

Second Order Index-1 Systems

5 Y[ S [ ][] - (B o
== 5 X

where M, D, K € R"*™ H € R"*P and L € R™*"™

Properties

@ All matrices are sparse

@ M and D are singular, Ky, is invertible
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MOR for Second Order Index-1 Systems

Problem Structure

Compact Form of the Systems

M"t—l—D't—l—K—KK_lK 2(t) = (By — Kpo K33t Bo)u(t

1 2(t) 1 2(t) + (Kun 12K 21)2(t) = (B1 — Ki2Ky, Ba)u(t)

M D K H

y = (C1 — GKy'Kay)z(t) + Ky By u(t)
———— ——

L Da
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MOR for Second Order Index-1 Systems '

Problem Structure

ROM of Compact Form (applying W, V)

Ml 2(!‘) —+ ﬁl 2(!‘) —+ (Rn — Rlsz_zlkzl)f(t) = (31 — I‘A(12K2_2152)u(t)

Y b K N A
_)'7 = (C1 — C2K2_21K21)2(t) =+ C2K2_2132 u(t)
—_— ~——

L Da

M=W"MV, Di=W'DV, Ki=W"KuV, Ko=WTKpy
Koy = KV, Bi=W'B), G =GV
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MOR for Second Order Index-1 Systems

Problem Structure

ROM of Compact Form (applying W, V)

Ml 2(!‘) —+ ﬁl 2(!‘) —+ (Rn — Rlsz_zlkzl)f(t) = (31 — I‘A(12K2_2152)u(t)
M D K R A
_)'7 = (C1 — C2K2_21K21)2(t) =+ C2K2_2132 u(t)
N—— N———

L Da

v

ROM of Index-1 Form

5 Y15 3B B0
(S e ——

7 7 — 7
M D K A H 2(t)
=& cllo)
£

4
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MOR for Second Order Index-1 Systems

Efficient LRCF-ADI Methods

Second Order Index-1 Systems

4 0003 968D - e
T i —x o

-[a ¢ {z(t)]

o« (1)
L
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MOR for Second Order Index-1 Systems

Efficient LRCF-ADI Methods

State-Space Form (x1 = 2,50 = z)
0 J 0 )'(1(1') J 0 0 X1(t) 0
My D1 Of |%(t)] = |0 —Ku —K12] lxz(t)] I [&] u(t)
[ 0 O 0] [g&(t)] 0 —Kau —Kox [o(t) B>
—_———

&

Xl(t)
y(t) = [0 C1 Cz] [Xz(t)]
T Le(®)
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MOR for Second Order Index-1 Systems

Efficient LRCF-ADI Methods

State-Space Form (x1 = 2,50 = z)
0 J 0 )'(1(1') J 0 0 X1(t) 0
My D1 Of |%(t)] = |0 —Ku —K12] lxz(t)] I [&] u(t)
[ 0 O 0] [g&(t)] 0 —Kau —Kox [o(t) B>
—_———

&

Xl(t)
y(t) = [0 C1 Cz] [Xz(t)]
T Le(®)

Advantages
e Bi=C,B=Cl =B=CT
e J=M; = &, A symmetric

= System symmetric = Lyapunov equations coincide

Max Planck Institute Magdeburg M. M. Uddin, Second Order to Second Order Balancing for Index-1 Vibrational Systems 14/19



MOR for Second Order Index-1 Systems @)

Efficient LRCF-ADI Methods

Linear System Inside the ADI

Ml M1 M1 0 Xfi) 0
piMy o pa(Dy — Kii) —Kio xé') = |f
0 —Ko — K2 A f

()

for x;

o Solve [N%Ml — p1 D1 + Kz K12:| [xz(i)] _ {;]
5

K21 K| [ A
olfi=1f=—Bfh=—Band xV) = — Y
@ Otherwise, i = (p; V(z) \/,(_1)1)/\/71 + Dy \/,-(_)17 f» =0 and

0= ) V1

V(l)
o Vi ;= ( )| (see ADI methods)
-1

V.
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Numerical Results
[

Numerical Results
ASS Model (Fraunhofer IWU)

Dimension of full model: 290 137

o

o ADI optimal shift parameters: 40

o ADI iteration steps 400 to compute Z € R"*"*

o Number of inputs/outputs: 9

e Tolerance for ROM: 103

@ Dimension of reduced order models in different balancing levels:

different types ROM dimension

velocity-velocity (vv) 223
position-position (pp) 52
velocity-position (vp) 76
position-velocity (pv) 76
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Numerical Results
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Numerical Results
Sigma Plot

sigma plot
108 = T T T \\\‘ T T T \\\‘ T T 1 17 \E
= E full
E - 1 |--- w223
o 107F 4 |- -pp52
= B ER vp76
§ B 1 1--- pv76
6
10° F Ll Ll L d
10t 102 103 10*
w
relative model reduction error
1074 T T T \\\‘ T T 1 17 \‘ T T T 117
~ --- w223
2= TR ~{ |- -pp52
T ] T T SSSY U Sy N I Ry vp76
AN - R At I N
5l -,if‘ .’\ i i pv76
= P S SN I RN n
Eb r s~ ‘\J\I'||~H\
10-14 | Ll L
10t 102 103 10*

w
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Numerical Results
[

Numerical Results
Sigma Plot

Transfer function of original and reduced order system

108 = T T T 117 ‘ T T T T 17 ‘ T T T 1T H
§ ] full
3 w0 ‘ | o
s B .t L -~ - pp30
30k JNJ 4 Pp20
s 1L eeto
1057 | | \\\\\\7
10! 102 103 10*
w
relative model reduction error
107 e P L i B At I A i B
3
g3
30 107t cooisoiToioioiIiioIn
¢ s
g v
Y
1077 | Lol I Lo
10! 102 103 10
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Numerical Results
{ Jele}

Numerical Results
Single Input to Single Output Relation

Transfer function input 1 (force) to output 9 (charge)

101 T T \\\\\ T T \\\\\ T T 1T 1171
full
2 107!
1073
Ll Ll i
10! 102 103 104
w
relative error
T T \\\\\ T T \\\\\ T T T T 171
.’3 101 - | - —pp40
2 .E"Tﬁr., """" pp30
S3 e ‘\A/h"' ¥| |----pp20
[ e T R s e e s R R N e AR En RL s frmriTiae 4r=' €
E@” 1072 T T T ey A ppl0
§
—10_5 Ll | L1
10! 102 103 10*
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Numerical Results
{ Jele}

Numerical Results
Single Input to Single Output Relation

Transfer function input 9 (potential) to output 9 (charge)

108 T T 1T 1171 \ T T T T 171 \ T T 1T 1171
full

= - - pp40
S ol e e pp30
o ---pp20
A ppl0

104 Ll ! L

10! 102 103 104

— 10-¢ Ll Ll g \
10! 102 103 10*
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Numerical Results
000

Conclusion and Outlook

Overview

@ Second order to second order MOR techniques are shown for second
order index-1 systems, and applied to ASS model

@ The accuracy of the method is demonstrated by a frequency domain
error analysis

@ Even very low order surrogate models (10dof) preserve the main
features of the transfer behavior of the full (290137dof) FEM model

@ They are expected to perform well in controller design

@ Our approach performs well on any computer that can solve the
finite element model

Implicit handling of higher index, e.g., structural dynamics with
holonomic constraints

Max Planck Institute Magdeburg M. M. Uddin, Second Order to Second Order Balancing for Index-1 Vibrational Systems 18/19



Numerical Results
000

Conclusion and Outlook

Overview

" /shown for second

@ Second order to second order MOR technig
order index-1 systems, and applied to AS? {,\o

error analysis

10dof) preserve the main

@ Even very low order surrogate »
% the full (290137dof) FEM model

o Implicit handling of higher index, e.g., structural dynamics with
holonomic constraints
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