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Model Order Reduction

The System Description

Consider the
linear time invariant (LTI) System
Ex(t) = Ax(t) + Bu(t),
y(t) = (1),

(X(E; A, B, C))

v

where

o x € R" state,

@ u € R™ input, or control,

@ y € RP output, or measurement,
and

E,AeR™" B e R™™M, C e RP*",
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Model Order Reduction

Model Order Reduction

The System Description

Consider the
linear time invariant (LTI) System
Ex(t) = Ax(t) + Bu(t),
y(t) = (1),

Example “FEM for the heat equation”

@ E FEM mass matrix,

(X(E; A, B, C))

@ A discretized spatial differential operator,

@ x temperatures in degrees of freedom.
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Model Order Reduction

Basic Idea of MOR

LTI System ¥ = (E; A, B, C):

E x0=[A <9+ Bu®.  y()=EEx()

Max Planck Institute Magdeburg Jens Saak, Numerics for sparse Mat. Eqns. in MOR 5/32



Model Order Reduction

Basic Idea of MOR

LTI System ¥ = (E; A, B, C):

E x0=[A <9+ Bu®.  y()=EEx()

Model Order Reduction

Find Projection Matrices

T e R™¥ and Ti € R™*k,
k < n.
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T e R™¥ and Ti € R™*k,
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T . T T
TLE T 5= T [A T 50+ T g u(t), 7(0)=meny
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Balanced Truncation
[

Balanced Truncation
BT Basics

o The system X, in realization (E; A, B, C), is called balanced, if the
solutions P, @ of the Lyapunov equations

APET + EPAT + BBT = 0, ATQE4+ETQA+CTC = 0,

satisfy: P = ET QE = diag(o7y,...,0,),
where 01 > 05 > ... > 0, > 0.
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Balanced Truncation
[

Balanced Truncation
BT Basics

o The system X, in realization (E; A, B, C), is called balanced, if the
solutions P, @ of the Lyapunov equations

APET + EPAT + BBT = 0, ATQE+ETQA+CTC = 0,
satisfy: P = ET QE = diag(o7y,...,0,),
where 01 > 05 > ... > 0, > 0.

o {01,...,0n} are the Hankel singular values (HSVs) of X.
@ A balanced realization is computed via state space transformation

T:(E;AB,C)— (TET Y, TAT 1, TB,CT 1)

Enn  Ep A A By
_ : , JTa al).
([ Exn  Ex ] [ Axn Ax ] [ By ] [a & ])
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Balanced Truncation
[

Balanced Truncation
BT Basics

o The system X, in realization (E; A, B, C), is called balanced, if the
solutions P, @ of the Lyapunov equations

APET + EPAT + BBT = 0, ATQE+ETQA+CTC = 0,
satisfy: P = ET QE = diag(o7y,...,0,),
where 01 > 05 > ... > 0, > 0.

o {01,...,0n} are the Hankel singular values (HSVs) of X.
@ A balanced realization is computed via state space transformation

T:(E;AB,C)— (TET Y, TAT 1, TB,CT 1)
Enn  E A A By
_ : , Ja al).
([ Exn  Ex ] [ Axn Ax ] [ By ] [a & ])

o Truncation ~- reduced order model:(E; A, B, C) = (Ew1; A1, B, Gi)

4
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Balanced Truncation
o

Balanced Truncation

Implementation

The SR Method

Q Compute (Cholesky)factors of the solutions to the Lyapunov
equation,

P=5STS, Q=R'R.
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Balanced Truncation
o

Balanced Truncation

Implementation

The SR Method

Q Compute (Cholesky)factors of the solutions to the Lyapunov
equation,

P=5STS, Q@=R'R.
@ Compute singular value decomposition

P}

SERT =[Uy, U
[Ui 2][ 5,
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Balanced Truncation
o

Balanced Truncation

Implementation

The SR Method

Q Compute (Cholesky)factors of the solutions to the Lyapunov
equation,

P=5STS, Q=R"R.

@ Compute singular value decomposition

>y

SER™ =[ Uy, UQ][

v,
V2T ’

T :=RTWEIY?  T,=STus;Y2
Q Then the reduced order model is (/; T,” AT,, T, B, CT,).

PXS

© Define
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Large Scale Lyapunov Equations
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Lyapunov Equations
[ Jele]ele]elele]

Large Scale Lyapunov Equations
LRCF-ADI

Lyapunov Equation

Consider
FX +XFT = -GGT

with F € R"*" Hurwitz, G € R"™*P, p < n.

Observation in practice' singular values for n = 2500 example
[PENZL 99, ANT./SOR./ZHOU '02, GRASEDYCK '04, 107!
TRUHAR/VESELIC '07]

rank(X,7)=r<n 10-13

= Compute low-rank solution factor

Z E Rnxr, r << n. 10,25 | | | | |
X ~ 22-’— 50 100 - - 2000 2500
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Lyapunov Equations
O@000000

Large Scale Lyapunov Equations

LRCF-ADI e.g.,[BENNER/L1/PENZL 08|
Consider FX + XFT = —-GG" F e R™" G € R™%P
Task Find Z € C™", such that nz < n and X ~ ZZH
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Large Scale Lyapunov Equations
LRCF-ADI

Available low rank solvers in the literature:

o LR-ADI
[PENZL ’00], [L1/WHITE '02], [BENNER/LI/PENZL ’08], [BENNER/S.’05-"10],
[BENNER/KURSCHNER/S. ’11-’12], [STYKEL '04-],
[RoMMES/FREITAS/MARTINS ’08], [HEINKENSCHLOSS/SORENSEN/SUN ’08]

@ Smith
[PENZL ’00], [ANTOULAS/GUGERCIN/SOR. '03]

o Krylov
[JAIMOUKHA /KASENALLY ’94], [SAAD ’90], [SIMONCINI '07-]

@ Sign function method
[BENNER/QUINTANA-ORTI 99],[BENNER/BAUR 06]

o SDA [CHuuU ET AL. '11]
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Large Scale Lyapunov Equations
LRCF-ADI

Alternating directions implicit (ADI) iteration for Lyapunov

equations [WACHSPRESS '88/'95]
Xo = 0
(F—i—FjI)X-_% = —GGT — X;_1(FT —pjl)
(F+pl)X = —GGT =X, (FT —pjl)
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v Equations
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Large Scale Lyapunov Equations @)
LRCF-ADI

Alternating directions implicit (ADI) iteration for Lyapunov

equations [WACHSPRESS '88/'95]
Xo = 0
(F—i—FjI)X._% = —GGT = X;_1(F" —pjl)
(F+pl)X = —GGT =X, (FT —pjl)

~~ Rewrite as one step iteration and factorize X; = Z,-Z,-H, i=0,...,J

2ZH = 0
ziz/' = —2Re(p)(F +pl) ' GCT(F+p/)~ T
+(F+pl) NF = p)Z 1 ZL(F =) (F+51)" T
= '—[\/ —2p;(F + p;l)~ 'G, (F+pl)~ S pil)Zj-1]
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Large Scale Lyapunov Equations (G5
LRCF-ADI

Using

. \/Re(p) _ 1
P = VRe(prn) [In — (Piy1 +pi)(F + pil) ] .

and z; = \/—2Re(p,)(F + psI)"1G, the iterate Z, can be rewritten as
Zy = [z4, Pyoazy, Pya(Py-12), -y Pi(P2--- Pyo1z))]

[J. R. Li/WHITE 02]
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Lyapunov Equations
[e]e]e]e] Jelele]

Large Scale Lyapunov Equations

LRCF-ADI
Using
V/Re (pi — -
P = \/ﬁ [In = (pisr + B)(F +pil) 1]
and z; = \/—2Re(p,)(F + psI)"1G, the iterate Z, can be rewritten as
Zy = [z4, Pyoazy, Pya(Py-12), -y Pi(P2--- Pyo1z))]

[J. R. Li/WHITE 02]

~~ Rearranging the order of shifts

= Low-rank Cholesky factor ADI iteration (LRCF-ADI)

[PENZL ’99, BENNER/L1/PENZL ’08]

Vi = \/—2Re(p1)(F+pll)_1G, Z1 =W

Re () — - :
V= L 1=+ ) + i) ] Vit 2= (B, VL
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Model Order Reduction Balanced Truncatior Lyapunov Equations
o oo 0O0000e0000

Large Scale Lyapunov Equations
LRCF-ADI

Simplified schematic illustration of LRCF-ADI:

Iteration 1:

Computation .

Solve (F + p1/,) Vi =v/—2Re(p1)G for V4
1 = Vl(—/_
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Model Order Reduction Ba ation Lyapunov Equations
. 0O0000e0000

Large Scale Lyapunov Equations )
LRCF-ADI ’

Simplified schematic illustration of LRCF-ADI:

Iteration 2:

Computation .

Solve (F + p2/n) V=V for V
Z, = VWWoe— | Vz—,/Re(’”g (Vl—(p2+ﬁ)\7>

~ V Re(p

(
-
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Model Order Reduction Balanced Truncation Lyapunov Equations
00 00 0O0000e0000

Large Scale Lyapunov Equations
LRCF-ADI

Simplified schematic illustration of LRCF-ADI:

Iteration 3:

Computation .

Solve (F + psln) V =V, for V
Zz = i Vo Vae— | V3=,/%<V2—(p3+5)\7>

(
-
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Model Order Reduction Balanced Truncation Lyapunov Equations
00 00 0O0000e0000

Large Scale Lyapunov Equations
LRCF-ADI

Simplified schematic illustration of LRCF-ADI:

Iteration k:

Computation .

Solve (F + pkly) V =Vj_; for V
2 v e e R )
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Lyapunov Equations
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Large Scale Lyapunov Equations

LRCF-ADI e.g.,[BENNER/L1/PENZL 08|
Consider FX + XFT = —-GG" F e R™" G € R™%P
Task Find Z € C™", such that nz < n and X ~ ZZH
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Lyapunov Equations
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Large Scale Lyapunov Equations

LRCF-ADI e.g.,[BENNER/L1/PENZL 08|
Consider FX 4+ XFT = —-GGT F € R™" G € R™P
Task Find Z € C™", such that nz < n and X ~ ZZH
Algorithm
Vi = V/—2Re(p1)(F + p1/)1G, Zi=W
Vi= RO 1 (o pra)(F + P Vi 2= (21

For certain shift parameters {py, ..., p;} C Cco.
Stop if
o ||V;VH] is small, or

o |[FZ:ZH + ZZHFT + GG is small.
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Lyapunov Equations
0O00000e0

Large Scale Lyapunov Equations
G-LRCF-ADI (E invertible)

Consider FXET + EXFT = —GGT E,F e R™" G € R"™%P
Task Find Z € C™"2, such that nz < n and X ~ ZZ"

Algorithm

Vi = \/—2Re(p1)(F+p1E)_1G, Z1 =W

Vi= O (1 — (p + Bm)(F + piE) T EVie Zi= (22 Vi]

vRe(pi—1)

For certain shift parameters {py, ..., p;} C Cco.
Stop if
o ||V;VH] is small, or

o ||[FZZHET + EZ;ZHFT + GGT|| is small.
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Large Scale Lyapunov Equations
S-LRCF-ADI ((E, F) index 1) e.g.,[ROMMES/FREITAS/MARTINS ’08]

Consider FXEL + EpnXFT =—-GGT Eq, F eR™" G e R™P

Task Find Z € C™", such that nz < n and X ~ ZZH
Algorithm
=il
|:\:1:| = +/—2Re(p1) |:F11 -;—:ZTIEH gj [g;] s Zi =W
i e (p; . -1 .
[‘:} _ RF: ::,)1 [[ — (pi +P0) [Fn -‘:’:_2/13,E11 22] } |:E11(‘]/:—1i| Z = [Zi1Vi]

For certain shift parameters {py, ..., p;} C Cco.
Stop if
o ||V;VH] is small, or

o |FZZME] + EnZiZMFT + GG is small.
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Lyapunov Equations
[e]e]e]ele]ele] ]

Large Scale Lyapunov Equations
LRCF-ADI for higher index DAEs

arbitrary index DAEs [MEHRMANN/STYKEL '04]

o Require spectral projectors P;, P, onto the left and right deflating
subspaces corresponding to the finite eigenvalues,

@ and projected Lyapunov equations
F'XE+E"XF=-P/GG"P,,
X = P XP,.
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Large Scale Lyapunov Equations ‘
LRCF-ADI for higher index DAEs

arbitrary index DAEs [MEHRMANN/STYKEL '04]

o Require spectral projectors P;, P, onto the left and right deflating
subspaces corresponding to the finite eigenvalues,

@ and projected Lyapunov equations

FTXE+E"XF=-P]GG"P,,
X = P XP,.

@ Drawback: Usually P;, P, not easily accessible.
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Lyapunov Equations
[e]e]e]ele]ele] ]

Large Scale Lyapunov Equations
LRCF-ADI for higher index DAEs

arbitrary index DAEs [MEHRMANN/STYKEL '04]

o Require spectral projectors P;, P, onto the left and right deflating
subspaces corresponding to the finite eigenvalues,

@ and projected Lyapunov equations

FTXE+E"XF=-P]GG"P,,
X = P XP,.

@ Drawback: Usually P;, P, not easily accessible.

Stokes-like DAEs (index 2) [HEINKENSCHLOSS/SORENSEN /SUN ’08]

o Structure exploitation ~» avoid P;, P,.
@ Similar to S-LRCF-ADI.
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Large Scale Lyapunov Equations

Shift Parameters

Optimal shift parameters

For J ADI iterations, the optimal shift parameters solve the rational
minmax problem

J
Pi — \¢
-1 Pt A

min ( max > . A € N(F).
pryypsCC_ \ 1<0<n |3
1
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Lyapunov Equations
{ Je]

Large Scale Lyapunov Equations

Shift Parameters

Optimal shift parameters

For J ADI iterations, the optimal shift parameters solve the rational
minmax problem

J
Pi — Ae
-1 Pt A

min ( max > . A € N(F).
pryypsCC_ \ 1<0<n |3
1

Heuristic Penzl/ shifts [PENZL *99]

Since Ay not easily available in large-scale setting, take small numbers of
Ritz values of F and F~! (generated with Arnoldi) instead.
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Lyapunov Equations
oe

Large Scale Lyapunov Equations

Shift Parameters

Required by all LRCF-ADI variants:

Proper shifts
A set of the form

{p1,--sps} =A{v1,...,v} CC_,

where either v; = p; € R_ or v; = {p;, p;} C C_ is referred to as proper

set of shift parameters.
v

That means:
e both p; and p; are shifts and follow each other,

e ZZ" is real, although Z is complex.
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Recent Contributions

Recent Contributions

@ Model Order Reduction
© Balanced Truncation
© Large Scale Lyapunov Equations

@ Recent Contributions
o Real Solution Fators for Complex Shifts
o Efficient LRCF-ADI for Second Order Systems
@ A Dual LRCF-ADI lteration for Balanced Truncation
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Model Order Reduction Balanced Truncati:

Recent Contributions

Generation of purely real

solution factors in the presence of
complex ADI shift parameters.
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Recent Contributions
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Recent Contributions

Real Solution Fators for Complex Shifts

Theorem [BENNER/KURSCHNER/S. '11]

The LRCF-ADI iterates associated to v; = {p;, pj+1 :=p;} are
constructed by

V= 1 Rty (Vo = oy + B + i) Vi),

and Vi1 =V, = 25;(F + Bil) V.
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Recent Contributions

Real Solution Fators for Complex Shifts

Theorem [BENNER/KURSCHNER/S. '11]

The LRCF-ADI iterates associated to v; = {p;, pj+1 :=p;} are
constructed by

V= 1 Rty (Vo = oy + B + i) Vi),

7 Re (p))
and Vi1 =V, + 5, Im(V)), =2 .
Jj+1 J 51 ( J) /81 Tham (Pj)

Max Planck Institute Magdeburg Jens Saak, Numerics for sparse Mat. Eqns. in MOR 22/32
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Recent Contributions

Real Solution Fators for Complex Shifts

Theorem [BENNER/KURSCHNER/S. '11]

The LRCF-ADI iterates associated to v; = {p;, pj+1 :=p;} are
constructed by

V= 1 Rty (Vo = oy + B + i) Vi),

7 Re (p))
and Vi1 =V, + 5, Im(V)), =2 .
Jj+1 J 51 ( J) /81 Tham (Pj)

Moreover, if v; = p; € R_ it holds Im (V;) = 0.
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Recent Contributions
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Recent Contributions

Real Solution Fators for Complex Shifts

Theorem [BENNER/KURSCHNER/S. '11]

The LRCF-ADI iterates associated to vj; = {p;, pj+1 := pj} are
constructed by

V= 1 Rty (Vo = oy + B + i) Vi),

7 Re (p))
and Vi1 =V, + 5, Im(V)), =2 .
Jj+1 J BJ ( J) /81 Tham (Pj)

Moreover, if v; = p; € R_ it holds Im (V;) = 0.

= the second linear system involving p; becomes redundant. J

Max Planck Institute Magdeburg Jens Saak, Numerics for sparse Mat. Eqns. in MOR 22/32



Recent Contributions

Real Solution Fators for Complex Shifts

Consequence of the theorem

Augmentation of Zj_; by the results of the iterations j and j+ 1, s.t
J+1 [ZJ 1, Z] with Z = [ Vj+1]. It holds

2=V, Vi) = [Re (V) +ilm (V)), Re(Vjr) +ilm (V1)

Max Planck Institute Magdeburg Jens Saak, Numerics for sparse Mat. Eqns. in MOR 23/32



Recent Contributions

Real Solution Fators for Complex Shifts

Consequence of the theorem

Augmentation of Zj_; by the results of the iterations j and j + 1, s.t.,
Zis1 = [Zi1, Z] with Z := [V}, Vj11]. It holds

Z =[V;, Vil = [Re(V)) +ilm(V}), Re(V}) —iIm(V}) + 8;Im (V})]
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Recent Contributions (

Real Solution Fators for Complex Shifts

Consequence of the theorem

Augmentation of Zj_; by the results of the iterations j and j+ 1, s.t
J+1 [ZJ 1, Z] with Z = [ Vj+1]. It holds

2 =V, Vil = [Re(V)) +iIm(V}), Re(V}) —im(V})+ B;Tm (V})]

= [Re (V)), ~Im(Vj)] Ll’,n,, (B ﬁni)’m}

=7
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Recent Contributions (

Real Solution Fators for Complex Shifts

Consequence of the theorem

Augmentation of Zj_; by the results of the iterations j and j+ 1, s.t
J+1 [ZJ 1, Z] with Z = [ Vj+1]. It holds

2 =V, Vil = [Re(V)) +iIm(V}), Re(V}) —im(V})+ B;Tm (V})]

= [Re (V)), ~Im(Vj)] Ll’,n,, (B ﬁni)’m}

=7

S5H _ 5 2lm ﬂjlm 5T
= ZZ —Z[Bj/m (B2 +2)m| £
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Recent Contributions
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Recent Contributions
Real Solution Fators for Complex Shifts

Consequence of the theorem

Augmentation of Zj_; by the results of the iterations j and j+ 1, s.t
Zi1 = Zj-4, Z] with Z = [Vj, Vjt1]. It holds

2 =V, Vil = [Re(V)) +iIm(V}), Re(V}) —im(V})+ B;Tm (V})]

= [Re (V)), ~Im(Vj)] Ll’,n,, (B ﬁni)’m}

V4
. = [2] Bil .
= 2ZM=z| 7 a4
L@j/m (ﬂf+2)/m]
P V2l 0 [ﬁ/m 0 TZT
= Bij 1.2 Bi 12
ol v/ 3582 + 2 ol \/ 382 + 2

=ZLLTZT
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Recent Contributions

Real Solution Fators for Complex Shifts

= 727" =z

2
with Zg := ZL = \/ERe(\/j)+\%Im(vj), \/ﬂ—+2 Im (V;)| € R™2m.

Max Planck Institute Magdeburg Jens Saak, Numerics for sparse Mat. Eqns. in MOR 24/32
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Recent Contributions

Real Solution Fators for Complex Shifts

. 2
with Zg := ZL = \/ERe(\/j)JrﬂIm(vj), %+2-Im(vj) e R™<2m,

Advantages:
@ computation of real LRCFs,
@ only one complex linear system needed for each complex pair,
@ original sparsity preserved.
Disadvantages:
o still one complex linear system per complex pair,

o intermediate V; is complex.
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Recent Contributions

Real Solution Fators for Complex Shifts

Simplified schematic illustration of this strategy in LRCF-ADI:

Iteration j, j+ 1:

Computation ~

Solve (F + pjl, _y for V
“Re(p;)
Vj Ree(ai()jp 1) ( p_/ + Pj— 1)V>
Zisi =ViVL V5 ---
- J
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Recent Contributions

Real Solution Fators for Complex Shifts

Simplified schematic illustration of this strategy in LRCF-ADI:

Iteration j, j+ 1:

Computation ~

Solve (F + pjl,) V= Vi_; for 1%
Re (p; —
Vi=4/ —LRe(,(,f,)l) (Vj—l —(p+ Pj—1)V)

V1=V + B Im(V,), B =28
Zin =ViVa Vs --- J+1 J ﬂJ (J) ﬂJ Im (p;)
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Recent Contributions

Real Solution Fators for Complex Shifts

Simplified schematic illustration of this strategy in LRCF-ADI:

Iteration j, j+ 1:

Zisi =ViVL V5 ---

Max Planck Institute Magdeburg

Computation

Solve (F + pjl,) V = V;_; for V

Re —\
Vj = r(,gp)%) (Vj—l —(pj + Pj—1)V)

Re (pj)

Vita = Vi + i Im (V)), B;:= 2 (m)

[

Nz

m (V)]
2lm 0
i, W/ ]

Jens Saak, Numerics for sparse Mat. Eqns. in MOR
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Recent Contributions

Real Solution Fators for Complex Shifts

Simplified schematic illustration of this strategy in LRCF-ADI:

Iteration j, j+ 1:

Zisi =ViVL V5 ---

N\

Computation

Max Planck Institute Magdeburg

Solve (F + pjl,) V= Vi_; for 1%

Re (pj 1)V
V, = —LRG(F(L)I) (Vj—l —(pj + Pj—1)V)
Vi = V4 8 Im(V), §;:=2Reled

Jens Saak, Numerics for sparse Mat. Eqns. in MOR
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v/

Efficient balancing based MOR for damped
vibrational Models. J
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Recent Contributions
Efficient LRCF-ADI for Second Order Systems [BENNER/S. ’09, BENNER/KURSCHNER/S. ’12]

Second Order Form First Order Form

Mx + Dx + Kx = Bu Ez=Az+ Bu
@ x displacements, 0 F F 0
o z=(xT,xN)T ‘9:[/\/1 D|’ A:[o —K}’
o M,D,K invertible, B [0]
o F arbitrary but invertible. B
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Second Order Form First Order Form

Mx + Dx + Kx = Bu Ez=Az+ Bu
@ x displacements, 0 F F 0
o z=(xT,xN)T ‘9:[/\/1 D|’ A:[o —K}’
o M,D,K invertible, B [0]
o F arbitrary but invertible. B

main task per step: (A+pi&)x =EF
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Efficient LRCF-ADI for Second Order Systems [BENNER/S. 09, BENNER/K{URSCHNER/S. '12]

Second Order Form First Order Form

Mx + Dx + Kx = Bu Ez=Az+ Bu
@ x displacements, 0 F F 0
o z=(xT,xN)T ‘9:[/\/1 D|’ A:[o —K}’
o M,D,K invertible, B [0]
o F arbitrary but invertible. B

main task per step: (A+pi&)x =EF

SO-LRCF-ADI

(PPM — piD + K)xo = (piM — D), — Mfy,  x1 = f, — pixa.
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Recent Contributions

ADI stopping criteria,
quality of reduced order models
and

efficient solution of the two dual
Lyapunov equations.
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Recent Contributions
A Dual LRCF-ADI Iteration for Balanced Truncation

Key Target

Reuse LU-factorizations in a sparse direct solver framework.

A VRe(pi) — (e L T F)—1 2
Vi m[/ (pi +Pi—1)(F + piE) ] EViy,
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Recent Contributions
A Dual LRCF-ADI Iteration for Balanced Truncation

Key Target
Reuse LU-factorizations in a sparse direct solver framework.

A VRe(pi) Moy LT F)—1 2
Vi m[/ (pi +Pi—1)(F + piE) ] EViy,

LU:=(F+pE) = ULH=(FT +BE")
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Recent Contributions
A Dual LRCF-ADI Iteration for Balanced Truncation

Key Target

Reuse LU-factorizations in a sparse direct solver framework.

L Re(pl) _ L=\ =1 .
Vim e 1= (i DU L] Vi,

o complex shifts come in conjugate pair,
o they are used one after another,

~~ reverse order of complex conjugate shifts for the second equation.
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Recent Contributions
A Dual LRCF-ADI Iteration for Balanced Truncation

Key Target
Reuse LU-factorizations in a sparse direct solver framework.

\/Re(p,- —\y-1y-1
Vi=  —= |l = (pi +Pi—1)U "L EVi_,
) [/ = (pi + Pim1) ] EVie
W, = _VRe(p) [ =P+ pic)L U] ET Wiy
Re (pi-1)

~—

fury

o complex shifts come in conjugate pair,

o they are used one after another,

~~ reverse order of complex conjugate shifts for the second equation.
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Recent Contributions
A Dual LRCF-ADI Iteration for Balanced Truncation: Stopping the iteration

@ Number of columns in LRCFs limits ROM dimension.

@ Lyapunov residuals usually totally unrelated to ROM quality.

Use goal oriented stopping criteria.
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@ Lyapunov residuals usually totally unrelated to ROM quality.
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Identify and monitor the property of interest to underlying application.

Max Planck Institute Magdeburg Jens Saak, Numerics for sparse Mat. Eqns. in MOR 30/32



00e00
Recent Contributions
A Dual LRCF-ADI Iteration for Balanced Truncation: Stopping the iteration

@ Number of columns in LRCFs limits ROM dimension.

@ Lyapunov residuals usually totally unrelated to ROM quality.
Use goal oriented stopping criteria.
Identify and monitor the property of interest to underlying application.

v

In Balanced Truncation MOR:

Assume we are interested in an order k ROM.
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Recent Contributions
A Dual LRCF-ADI Iteration for Balanced Truncation: Stopping the iteration

@ Number of columns in LRCFs limits ROM dimension.

@ Lyapunov residuals usually totally unrelated to ROM quality.
Use goal oriented stopping criteria.

Identify and monitor the property of interest to underlying application.

v

In Balanced Truncation MOR:

Assume we are interested in an order k ROM.

@ Monitor the relative change of k leading HSVs.
o Stop when leading HSVs do no longer change.

Max Planck Institute Magdeburg Jens Saak, Numerics for sparse Mat. Eqns. in MOR 30/32
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A Dual LRCF-ADI Iteration for Balanced Truncation

g;

Leading Hankel Singular Values ( > eps)

Tmax

T T T
1072 e Original [
x dualADI
10—7 -
S 10—12 -
10—17 - b
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| |
20 40 60 80 100 120 140 160
i .
Iteration: 28
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g;

Leading Hankel Singular Values ( > eps)
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Conclusions

*_LRCF-ADI is an efficient solver for large and sparse Lyapunov
equations of several kinds.

@ It can be modified to always compute real solution factors
~ real reduced order models in BT.

o Efficiently extensible to the second order case.

@ Lyapunov residuals do not always give the right information for
BT-MOR. HSV monitoring qualitatively gives more reliable results.

o Quantification of the previous is work in progress.

o Extension of the ideas [RommEs/FrErras/MarTiNs *08] and
[HEINKENSCHLOSS /SORENSEN /SUN ’08] to index three mechanical
systems with holonomic constraints under investigation.
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Conclusions

*_LRCF-ADI is an efficient solver for large and sparse Lyapunov
equations of several kinds.

@ It can be modified to always compute real solution factors
~ real reduced order models in BT.

o Efficiently extensible to the second order case.

@ Lyapunov residuals do not always give the right information for
BT-MOR. HSV monitoring qualitatively gives more reliable results.

o Quantification of the previous is work in progress.

o Extension of the ideas [RommEs/FrErras/MarTiNs *08] and
[HEINKENSCHLOSS /SORENSEN /SUN ’08] to index three mechanical
systems with holonomic constraints under investigation.

Thank you for your attention. J
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