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Abstract

This paper extends an interpolatory framework for weighted-H2 model reduc-
tion to MIMO dynamical systems. A new representation of the weighted-H2
inner product in MIMO settings is presented together with associated first-order
necessary conditions for an optimal weighted-H2 reduced-order model. Equiv-
alence of these conditions with necessary conditions given by Halevi is shown.
An examination of realizations for equivalent weighted-H2 systems leads to an
algorithm that remains tractable for large state-space dimension. Several numer-
ical examples illustrate the effectiveness of this approach and its competitiveness
with Frequency Weighted Balanced Truncation and Weighted Iterative Rational
Krylov Algorithm.
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1 Introduction

Consider a multiple input/multiple output (MIMO) linear dynamical system having a
state-space realization (which will be presumed minimal) given by

x(t) = Ax(t) + Bu(t) 1
y(t) = Cx(t) + Du(t) (1)

where A € R™*" B € R™™, C € RP*" and D € RP*™ are constant matrices.
x(t) € R™, u(t) € R™ and y(t) € R? are, respectively, the state, the input, and the
output of the system. The transfer function of this system is G(s) = C(sI-A)"'B+D.
Following common usage, the underlying system will also be denoted by G. The
circumstances of interest for us presume very large state-space dimensions relative to
the input/output dimensions, n > m, p. This leads to fundamental difficulties for any
task that involves optimization or control of this system. This in turn motivates model
reduction: finding a reduced order model (ROM),

X, (t) = A,x,.(t) + Bru(t), )
yr(t) = Crx,(t) + D, u(t) (2)

with an associated transfer function G,(s) = C,.(sI — A,) !B, + D, where A, €
Rnrxne B, € R*>*™M C, € RP*" and D,. € RP*™. The goal is to produce a greatly
reduced state-space dimension, n, < n, yet still assure that y,(t) ~ y(¢) over a large
class of inputs u(t). This is accomplished by requiring G,(s) to approximate G(s)
very well, in an appropriate sense, which we interpret as making G,(s) — G(s) small
with respect to an appropriate system norm.

For example, one may consider approximations that attempt to minimize the Hs-
error:
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where |[M||% = 3, ; [mi;|* denotes the Frobenius norm of the matrix M. Notice that
in order to ensure that this error measure is even finite, it is necessary that D, = D.

“Typical” inputs, u(t), often will have their power concentrated in known frequency
ranges, and so, some frequency ranges will naturally be more important than others
with regard to ROM fidelity. This leads in a natural way to consideration of weighted
system errors designed in such a way so as to enhance accuracy in certain frequency
ranges while permitting larger errors at other frequencies.

Consider then, a weighted system error

IGr = Gllaaawy = [[(Gr(s) — G(5)) W(s) |, (4)

where W (s) is a given input weighting (“shaping filter”). One may specify an output
weighting as well, however in the interest of clarity and brevity, we do not do this here.
For a given system G € H, the goal will be to construct a reduced system G, € Ha
solving the weighted-Ho approximation problem:

G, =argnin  ||G — G|, w) (5)

ord(G) < np



Choosing W (s) to be a transfer function associated with a band-pass filter penal-
izes approximation errors at frequencies within the passband and while discounting
approximation error at frequencies outside the passband.

Another choice of shaping filter arises from controller reduction: Consider a linear
dynamical system, P (the plant), with order np together with an associated stabiliz-
ing controller, G, having order n, that is connected to P in a feedback loop. Many
control design methodologies, such as LQG and H ., methods, lead ultimately to con-
trollers whose order is generically as high as the order of the plant, n ~ np, see
[26, 30] and references therein. Thus, high-order plants will generally lead to high-
order controllers. However, high-order controllers are usually undesirable in real-time
applications because this typically translates into unduly complex and costly hardware
implementation that may suffer degraded performance both in terms of speed and ac-
curacy. Thus, one may prefer to replace G with a reduced order controller, G,., having
order n, < n.

It is often not enough to simply require G, to be a good approximation to G. In
order to accurately recover closed-loop performance, plant dynamics need to be taken
into account during the reduction process. This may be achieved through frequency
weighting: Given a stabilizing controller G, if a reduced model, G,., has the same
number of unstable poles as G and

I[G-G,] - PO+PG] Y|, <1,

then, if G, is used to replace G, G, will also be a stabilizing controller [1, 30]. Seeking
G, to minimize the weighted-Hy error measure (4) is an effective proxy, using W(s) =
P(s)[I + P(s)G(s)]~!. This approach has been considered in [26, 1, 20, 10, 7, 28, 15,
27, 25] and references therein, leading then to variants of frequency-weighted balanced
truncation. Related methods in [13] and [24] are tailored instead towards minimizing
a similarly weighted Ho error, as we do here.

2 Optimal approximations in a weighted-7, norm.

Hoo will denote here the set of m x m,, matrix-valued functions, W (s), having entries,
w;;(s), that are analytic for s in the open right half plane and uniformly bounded
along the imaginary axis, which sup,cp |w;;(w)| is finite for all 7,7. A norm may
be defined on Hoo as |W||y,, = sup,egr ||W (w)l|2, where | M]||2 here represents the
induced matrix 2-norm. We assume throughout this work that weighting functions are
drawn from Ho.

For any such weight W € H,, denote by Hao(W) the set of p x m matrix-valued
functions, G(s), that have components analytic for s in the open right half plane, and
such that for each fixed Re(s) =z > 0, G(x + 2y) is square integrable with respect to
W as a function of y € (—00,00) in the sense that

sup/ |G (2 + 1) W (z + w)||% dy < co.

z>0J —oco



If G, H € Hy(W) are transfer functions representing real dynamical systems then an
inner product may be defined as

<G7 H>’H2(w) = % 700 tr (WW(ZW)TH(ZQJ)T) dow
1 e . .
=5 _ootr (G(—Zw)W(—ZoJ)W(zw) H(w) ) dw.

The associated norm on Ho (W) is

1/2
1Gl 0 = (G Ghay)

Ho will denote precisely the set Ho(WW) but using the particular choice W(s) =1
(and with m = m,,). Note that Ho C Ho(W) and for G, H € Ha,

(G, H>H2(W>‘ < W, 1Glss [H] 2, (6)
In all that follows, we suppose the weight W € H, is a rational function with
simple poles at {71,...,7x, } and that it has alternative representations given by
W(s) = C, (sI — A,,) "B, + D, (7)
d Wi(s) ie’“f’fT+D (8)
an s) = w-
1 S Tk

with A, € R"w>"w B, € Rw*™w C, € R™*"™ and D,, € R™*™w. Echoing the
setting of [13], our analysis does not require m = m,,, though it may be a natural
choice. The (matrix-valued) residue of a meromorphic matrix-valued function, M(s),
at a point ¢ € C will be denoted as res[M(s), (], so for example, with W as in (8),
resi\W, v = e 1.

Notice that the transfer function, G, associated with the system (1) will be in Ha (W)
if and only if A is stable and DD,, = 0. For G € Ha(W), define

Lemma 1 For § as defined in (9)
a. § is a bounded linear transformation from Ha(W) to Ho.

b. For any G, H € Hs, (G, H>H2(W> = (§[G], H);,- Hence, § is a positive-
definite, selfadjoint linear operator on Hs.

The proof of this lemma and subsequent arguments employ an elementary result that
we list here. It is an immediate corollary to [3, Lemma 1]:



Proposition 2 Let G; € Ha and Ga(s) =

. Then,

llelll[bl
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Proof of Lemma 1: Clearly, §[G]is linear in G. Let G € Ha(W). G(s)W(s)W(—s)T
has simple poles in the right half plane at —y;, —v2,..., —Vn,,, and

(G1,G2)n, = ¢ Gi(—p)b and |Gz, =

SGEWS W), ] = _lim (s +76)G (W ()W ()"
= G=m)W(=) Tim (s +3)W(=s)"
= ~G(=m)W(=) Jim (s = 3)W(s)"

= —G(—7k)W (=) - res[W(s)", 7]
= —G(—)W (=) fx e} .

Thus §[G](s) is analytic in the right-half plane To show that §[G] € Ho, observe first
that G - W € Hy so that for each k =1,...,n, :

u* [G(=7)W(=)] v
[ullz [[v]l2

1 *
max<G(s)W(s), va >
wv [[ufz [[v]l2 S =Y/ 1,

s

||G(_'Yk)w(_'7k)”2 = rﬂaf

vu

STYRNH, G |22, w)
- b)

[[ull vl V2 |Re |

where the final equality follows from Proposition 2. This amounts to the observation
that point evaluation in the right half-plane is a continuous map from Hs (W) to C™*P.
We now calculate

< |GW||3, - max
u,v

N

131G 132 < Wil IG(s)W (5)ll3, + D IIG (=) W (=)
k=1

1€ IIekII
< (WH Z 2Re |G ll245 w3

§ is a bounded linear transformation from Ha(W) to Ha.

For assertion 1b, suppose first that H has simple poles {y1, ..., t¢}. Note that since
F|G](—s) is analytic in the left half plane, F[G](—s)H(s)T will have poles in the left
halfplane exactly at {u1, ..., ue}-

For any R > 0, define a semicircular contour in the left halfplane:

fkek
S+ Yk

H'Hz

3

CR={z|z:zwwithw€[—R,R]}U{z z=ReY WithQG[g,z]}.




For R large enough, the region bounded by Cr contains {1, . .., u¢}. Using the Residue
Theorem and linearity of the trace, we find

1 [*e°

@G, H)y, = ol tr (S[G](—zw) H(W)T) dw
= Al zim /c o (3[GI(~s) H(s)") dw

= >t (SIG)(—pres[H, ]

Il
-+
/N

(G (=) W (=) W () res[HL jun] ")

k:le N -
+ ; ;tr <G(—%)W(—%)_M;7_Z’_% res[H, Mk]T)
4
= > tr (G )W (=) W (1) res[HL, 1]
k=1
Ny ) .
Yt (G(—%)W(_%)fie; 3 res[HM)
i=1 1 i T Mk

Since H has simple poles and is in Ha, Zizl % = H(s)?. Note that

{p1, - e} U{y1,...,vn, | is precisely the set of poles in the left half plane for the
meromorphic function G(—s)W(—s)W (s)TH(s)T.
So, we continue:

<S[G]7 H>'H2
L
:Zt (G( /Lk)W( Mk)W( res )y Mk T)
k=1
4+ - tr (G(_’VZ)W( Vz)res[ 7’72 T)

“+oo
= % tr (G( w) W( zw)W(zw)TH(zw)T) dw
= (G, )

This remains true independent of whether H has simple poles or not: Take a sequence,
Hj,, converging to H in Hy with each Hy having simple poles. Then, appeal to the
continuity of the expressions (G, Hy) = (§[G], Hy),,, with respect to the Hy
norm.

Ha(w)



§ is positive-definite and selfadjoint on Hs because, for G, H € Ho,
<S[G]7 H>H2 = <G7 H>H2(W> = <H’ G>H2(W) = <S[H]’ G>H2 = <G7 S[H]>?-[2
and (F[G], G),, = (G, G) >0 if G#£0. O

Ha(w)

Given state-space realizations for W € H., and G € Ha(WW), one may obtain an
explicit state-space realization for F[G](s).

Lemma 3 Suppose W € Hoo has simple poles at {v1,...,v} and G € Ha(W).
Suppose further that W(s) has a realization as given in (7) and G(s) = C(sI —
A)"'B+ D from (1).

Then F[G|(s) as defined in (9) has a realization given by

3IG](s) = €z (sI — Ag) ' Bg (10)

-1
A BC zc? + BD,DZ

=|C DC, SI—|: w] [ s YT
,[ ] ( 0 A, > P.CI +B,DZ

: As B;
where Py, and Z solve, respectively,
AP, +P, AT - B,BY =0 and (11)
AZ +ZAT +B(C,P, +D,BT) =0. (12)

Proof We evaluate (10) in two parts. Note first that since G € Ho(W), DD, = 0.
We may directly compute a realization of G(s) - W(s):

c pe [T %] [
~[Cc DC.] {(3(181‘ _A;:;?};gﬂ — G(s)W(s). (13)

A, has distinct eigenvalues by hypothesis; assume that its eigenvalue decomposition
is given as A,, = UTU~!. Postmultiply (11) with U~7:

AP, +P, T +B,F =0,

where P,UT =P, = [p1, P2, ..., Pn,] and BIUT =F = |f, f5, ..., £, |.

F
In particular, for each column of P, we have p; = (—vI — A,) 1B, fi. Defining
E=C,U=éy, &, ..., &,,], we have

P,ChL =P, U TUTC] =P,E" =) (—yI-A,) 'B,fié].
k=1

We follow the same development for (12); postmultiplication with U7 yields

AZ+ 7T + B(C,P, + D,F) =0,



where Z=2U"T = [z, 2, ..., Zp,]. Note that
Cubr + Dufi = W(—y)fi

so that z; = (—yI — A) "' BW(—;)fx, and drawing all together, we obtain

ZCl =2zU"UTCl = ZE" =) (%I — A) "' BW(—y)fié] .
k=1

With these expressions, the remaining contribution to (10) becomes

sI-A -BC,| '[zC?
[ DC“’}{ 0 sIwa] [chﬂ

= C(sI— A)'ZCL + G(5)Cu(sI — A,) P, CL
=Y C>I—A) (= I— A) 'BW(—)fuél
+3 T G(5)Cu(sI — Ay) M (—I — Ay) "By frél

The following easily verified resolvent identity allows further simplification:

1 1

I-A) ' (—pI-A)t= v I—A) - I-A)". 14
(s ) (= ) 8+%(% ) S+%(S ) (14)
Which then yields,
| <
=> (G(=) — G(s)) W (=) fré)
k=1 5+ Yk
N 1 -
3 5 O (W) = W) el
Uz 'f'-k éZ‘ N fk ég‘
=S G(—y)W(— . _ G(s)W
> GEmWm) o - GEOWE) 3 S5

Postmultiplying (13) with DL and combining with this last expression gives

7 7 -1 T T
[c DC.)] |:SIOA BCM} [zcw+BDwa]

sI— A, P.CL +B,D7T
= G(s)W(s) i ﬁi +DL | + iﬂ: G(—’Yk)W(—’Wc)fki
k=1 Tk B k=1 §+ 7k



Lemma 4 Suppose My and My are stable matrices. The unique solution, X, to the
Sylvester equation
M; X+ XM, +N =0,

s given by
1 [t
(=2l — M) 'N (I — M)~ ! dw

=0/
Lemma 5 For § as defined in (9) and any G, H € Ha(W),
a. (81Gl, Du)y, =3 (G, Da)yy,w,
b. (3[G], H)y, = (G, H)y, = 5 (G, D)y

Proof We may decompose H as H(s) = Ho(s) + Dy with Hy € H3. Since G, H €
Ho (W), Dy - Dy, = 0 and D - D,, = 0. Using the realization of GW in (13), we
calculate
(G, Dit)yy, ) = (GW, D W),
I THT
=5 tr (G(—w)W(—w) W(w) DY) dw
T J—0o

=tr([C DC,]|XC]D})

where
1 [t BD.,

X B.,

(—wwI — Ag) " { } BL(wl — AL) " dw

:%700

From Lemma 4, this X is the unique solution to the Sylvester equation

Z

Recalling (11) and (12), X evidently may be expressed as X = { p

tr (CzCcl D}, + DC,P,CIDY).
Conversely, we may use (10), take account that DID% = 0, and calculate:

] . Thus, (G, Du)yy ) =

1 toe —1 T
(G], D)y, = g/_ tr (@5(—wl — Ag)'BDF) do

1 “+oo T
=tr (C’g (?/ (—wI — Ag)~1 dw) ZC,, } D}}) ,
T J—o0

P,CT
where the integral limit is to be interpreted as a principal value. Because the matrix
Ay is stable, the integral reduces to I, so we have:

(F[G], D)y, = %tr (CzcﬁDg +Dchw05D£) -~ (G, Dy)

Ho (W)

N[ =

Part (b) is shown similarly. We omit the details. O



2.1 Interpolatory weighted-7#, optimality conditions

The feasible set for (5) consists of all stable transfer functions in Haw) having order n,
or less. This is a nonconvex set, hence as a practical matter, finding a global minimizer
is extremely difficult and so, instead, one typically seeks efficient local minimizers.
Methods proposed in [13] and [24] may be used to find local minimizers to (5). However,
these methods require solving a sequence of large-scale Lyapunov or Riccati equations
and so, rapidly become computationally intractable as system order, n, and shaping
filter order, n,,, increase.

We approach (5) instead within an interpolatory framework similar to that developed
in [2]. Computational complexity for interpolatory methods grows more slowly with
increasing n and n,,, hence much larger problems are feasible. In contrast to the (SISO)
results of [2], we are able to treat general MIMO settings (including feedthrough terms).
Furthermore, the heuristic algorithm derived in [2] is improved upon here with an
iterative correction process that produces near-optimal reduced models (approaching
true optimality as reduction order n, grows).

We first derive interpolatory conditions that necessarily hold for a reduced system,
G, assuming it solves (5).

Theorem 6 Suppose that G, € Ho(W) is a solution to (5). Suppose further that G,

has only simple poles, {\1, ..., A\n, } and is represented as:
Go(s) = C, (sT— A)"'B, +D, =S %PL L p 1
'r(s)— T(S - 7‘) r+ T_ZS—A]C+ i (5)

k=1

where A, € R"*" gnd B, € R"*™  and C, € RP*". Then G, must satisfy for
each k=1, ..., n,,

SIG](=Ak)bi = TG, ] (=) bk (16a)
ng[G}(_/\k) = ng[Gr](_)‘k)’ and (16b)
i §'[G](=Ar)br = ¢} §'[G](— )by (16¢)

where § is defined in (9) and F'[-](s) = %Sﬂ](s).
(Theorem 7 will provide one additional condition.)

Proof Pick an arbitrary vector g € C? with ||g|| = 1 and an index k with 1 < k < n,..

Suppose that
bT
<G—GT, gb > —ap £0.
5= Ak Ha(w)

Define 6y = arg(ap) and for arbitrary e > 0, define a perturbation to G, as

~ +ee g c;b!
GE)(g) = SETEC 8y E Und I
T (S) k + _ )\i

S — g Z,?éks



Then, using (6) and Proposition 2, we obtain

—100
~ (e —ce T [bg|le
1Gy — G s = \ e < [ Wi el
: s — Ak Ho (W) v/ 2|Re(Ar)]

Thus, ||Gr(s) — G ()| rew) = O(€) as e — 0. Since G, solves (5),

1G = Gr sy < I1G = G iz < (G = Gr) + (Gr = Gy
<G = Gl +2Re (G = Gr, G, —GY) 4Gy = G .
Ha (W)

Thus,

0<2 Re<G—Gr, GT—(N}(f)>

16 = &Pl
e FReacs

This implies that 0 < —¢|ag| + O(e?), which then leads to a contradiction; it must be
that ap = 0. But then

T T
0= <G—GT, gby. > _ <S[G—GT], gby > — &" (3G — G](—Me)) by,
s— Ak Ho (W) s = Ak Ho

using Proposition 2) and since g was chosen arbitrarily, we must have
0 =3[G — Gr](=Ak)br = F[G](—Ak)br — F[Gr](—Ax)br

gby
Sf}\k

which confirms (16a). (16b) is shown similarly, replacing in the argument above
with % for arbitrary g € C™.
T
To show (16¢), suppose that <G -G, (Sc_k;)]’:)Q

arg(aq). For € > 0 sufficiently small, define

> = a1 # 0. and define 6, =
Ha (W)

~ bl c;bT
GO (g) = CrDy iDi
(8 s—()\k+€€_wl)+i;€$—>\i

As ¢ — 0, we have

~ —ee "Wic,bl
1G = G oy aw) = ] Te ‘

(s = X)(s — (A\g +ee7201))
= 0(¢)

Ho (W)

Following a similar argument as before, we find that 0 < —¢|az| + O(g?) as e — 0,
which leads to a contradiction, forcing a; = 0. This, in turn, implies

T T
0= <G ~ G, 7cf][:\k 2> - <3[G — G, 7cflj\’“ 2>
(s k) Hao (W) (s k) Ho
d

= & of GG - G.(s)) bki :

s=—\g

which gives (16¢). O

10



We have one additional necessary condition for optimality that arises from the pres-
ence of the weighting filter. For G, G, € Ha(W), let F(¢t) and F,(¢) denote the
impulse response functions associated respectively with F[G|(s) and §[G,](s). That
is, §[G] = L{F} and F[G,] = L{F,}, where L{-} is the Laplace transform.

Theorem 7 Assume the hypotheses and notation of Theorem 6. Then for all n €
Ker(DY),

F(0)n =F,(0)n. (16d)
1 T : : T & T mfg
Proof Pick m € R? and n € Ker(D,), arbitrarily. From (8), mn* W(s) = Z(n er)
S — Yk
k=1

is evidently an Ho function. Hence, mn” € Hyw). Suppose that
<G -G, mnT>H2<W): ap # 0.
Define 6y = arg(ag) and for arbitrary ¢ > 0, define a perturbation to G, as
GO (s)=ee " mn’ + G,(s)
Arguments identical to those in the proof of Theorem 6 lead to
0< —2Re(G -G, emnT>H2(W) +lemn” |3,

implying that 0 < —e|ag| + O(¢?), and leading to a contradiction as before; as a
consequence, g = 0. But then

0= <G—Gr, mnT>H —— <S[G— G.], mnT>H =m’ [ +003'[G—GT](M) dw| n.

Since m was chosen arbitrarily, we must have
—+oo
0= { 5G — G,](w) dw] n = [F(0) — F.(0)] n.

which confirms (16d). O

3 The Halevi optimality conditions

Following [13, Appendix A], the first-order necessary conditions for a locally optimal
reduced model G, can be stated in terms of solutions to linear matrix equations.
Consider the set of matrix equations defined by G, G, € H2(W) and W € H, as
follows:

Az X +XAT +B;B =0, (17a)
AP, +P,Al +B, [0 C,]X+ (XT {(?T} + BerDi) B! =0, (17b)

11




ATQ, +Q.A,.+CTC, =0, (17¢)

ALY + YA, = {((D B CDT)Cw)T} C, — Bﬂ B/Q,. (17d)
If G, is locally Haz(W)-optimal, then:
Y'X +Q,P, =0, (18a)
¢;X-C,P,—D, [0 C,]X=0, (18b)
Y'B; + Q- (BerDi +x7 {Coﬂ) =0, (18c)
c,.x” {(;)5} N - CZCIN = (D - D,)C,P,CLN, (18d)
where N = [ny,...,ny] is a basis for Ker(DZL).

Notice that for W(s) = I, conditions (18a)-(18¢c) coincide with the Wilson optimality
conditions from [29], while the final condition (18d) is satisfied vacuously since in this
case, Ker(DT) = {0}.

3.1 Equivalence of the optimality conditions

The close connection between Sylvester equations and tangential interpolation in the
unweighted case has been established in [8]. The model reduction bases that enforce
tangential interpolation can be obtained as solutions to special Sylvester equations.
Moreover, in [11], the necessary Ho optimality conditions in the form of Sylvester
equations from [29] have been shown to be equivalent to the interpolatory ones from
[16, 11]. For the weighted case, there are two frameworks as well: the interpolatory
conditions (16a)-(16d) we developed here and the linear matrix equations based con-
ditions (18a)-(18d) of Halevi [13]. Since these are only necessary conditions, their
equivalence is not obvious. Next, we formally establish this equivalency.

Theorem 8 Let G, G, € Ho(W) and W € H,. Assume that G, has simple poles at
{1,y A, }. Then optimality conditions (16a)-(16d) and (18a)-(18d) are equivalent.

Proof Assume G, satisfies (18a)-(18d) and that A, = RAR™! is an eigenvalue de-
composition of A,. Multiplying (17a) with R~7 from right gives

.ASX + XA+ fBgB =0,
where X = XR~7 and B = BTR~T. This implies
Xsk = Xk = (—)\kI — Ag)ilﬂgb}“ (19)

where s, is the k" unit vector. Similarly, multiplying (17b) from right with R=7
yields

0

A P+PA+B, [0 C,]X=— (XT [CT

} + BTDwD5> B,



T

where P = P,R~7. Since for X = [X

Xl} we can conclude that X5 = ZT. where Z,
2

satisfies

A.Z, +7.AT + B, (C,P, +D,BL)=0. (20)

It also follows
Ps, =P = (—\I—-A,)"Y(Z.CL +B,D,D.)b,
+ (=MI—=A)7'B,Cy(—NI - A,)H(P,CL +B, Db, (21)
Right multiplication of (18b) with R™7, gives
¢;X-C,P-D,.[0 C,]X=0.

Hence, due to Lemma 3, each column is equivalent to (16a). Now postmultiply (17c)
with R to obtain

ATQ+QA+CIC =0,
where Q = Q,R and C = C,R. Hence, it follows

Qs Qi = (—\I— AT)"'Clcy. (22)
Also, postmultiplication of (17d) with R leads to
T~ < 7 _ CT ad 0 T A
A;Y +YA = {((D ~D,)Cy)" C - cr B, Q
where Y = YR. In particular, we get
?Sk :?k = (—)\kI — Ag)_T (|:(~?T:| Bz(—)\kI - Af)_lcf + DZ - Gg) Ck. (23)

We further have Y7 Bz + Q (B,D,DL + Z,CL) = 0 due to (18c). Together with
(22) and (23), for each row it thus holds

O = —C{eg(—)\kI — Ag)_lgg
+ ¢t (Cr(—MI = A) 7 'B, + D,)Cy(~MI - A,) " (B,DE +P,CT)
+¢;Cr(—\I—-A,) ' (B, D, D] +2,.C]).

Again, using Lemma 3, this leads to (16b). Finally, pre- and postmultiplication of
(18a) with R” and R~ yields

Y'X +QP =o. (24)
Using (19) - (23) for the diagonal of (24), we find
0 = —clCz(—\I - Az) ?B;by,
+ ¢t (Cr(—M\I— A,)'B, + D,)Cp(—\I - A,)*(B,DL +P,C)b,
+¢ Cr(—MI - A,)7? (Z,CF + B, D, DY)
+cfCr(=MI—A,)?B,Cyp(—MI-A,) ' (B,DY +P,CD)b,.
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Then, due to Lemma 3, this implies (16¢). Finally, due to (18d) we note that

7,.CT 7CT
[C, D,C.] [Pw C“T’} N=[C DC,] [PwéﬂT} N.

From [11], ffooo (iwl —M)~! dw = 71, for any stable matrix M, and we conclude that

1 [ iwl—A, -B,C, | '[z.CL
;/m [C, D,C.] { 0 Mwa] [chﬂ N dw

1 [ iwl—A —-BC, | '[2zCE
_;[w[c DCw}{ . iwI—Aw] [mﬂmw

Hence, for all n € Ker(DT),

IR

which is equivalent to (16d). Reversing the arguments and using (14) for the offdiag-
onal entries of (18a) shows that (16a)-(16d) also imply (18a)-(18d). O

4 Frequency-weighted rational interpolation

We henceforth assume that the feedthrough term of the original system, G, is zero:
D = 0. This is without loss of generality since the general case may be recovered by
subtracting the original D from the reduced system feedthrough term: D, < D, —D.
From the previous discussion, we have seen that frequency-weighted Ho optimal ap-
proximants are mapped to Hermite interpolants via the mapping § introduced in
(9). This presents the practical problem of how to construct reduced order sys-
tems, G,, such that §[G,](s) interpolates §[G](s) at selected points in C, say at
{01, 02, ..., on, }, in selected tangent directions {bs,..., by, } and {c1,...,c,,.}. Us-
ing the realization developed in Lemma 3 and standard interpolation results, we con-
struct reduction subspaces that force interpolation:

(a)
Ran R]/(b)} = blpan {(o;1 - Az)"'"Bsb;}. (25)
and
W(a)] T
Ran = span ol — Az lele, b, 26
[W(b) iZII?...,nT {( ) 3 } ( )

Define V., W, € C"*"" so that WV, =T and
Ran(V,) D Ran{V@} =~ Ran(W,) D> Ran{W@}. (27)
The reduced feedthrough term is computed from (18d):
D, =C(Z-V,Z,)CI,N(N"C,P,CLN) 'N", (28)
where N is a basis for Ker(DZ).
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Theorem 9 Let A, = W?AVT7 B, = W,nTB7 C = C,V,, with V,. and W, con-
structed as in (25), (26), and (27). Suppose D, is determined by (28). Then pick any
interpolation point o € {01, 09, ..., op, }, with associated tangent directions: b and
c. Provided o ¢ {A(A),A(A,)}, we have

§(G](0)b - 3[G,)(0)b = Hi(0) (Z - V,Z,) Cyb — C(Z - V,Z,) Hz(0)b
cT3Gl(o) — c*'F[G,|(0) = c"H,(0) (Z - V,Z,)CL —cTC(Z - V,Z,)Hs(0),
c"F'[G](0)b — " F'[G/](0)b = ¢"H}(0) (Z — V,Z,) Cyb — ¢ C(Z —~ V,Z,) Hy(0)b,

and F(0)n = F,(0)n,
where F(t) and F.(t) are the impulse responses of §[G| and F[G,|, respectively,
n € Ker(DY) is arbitrary, and

)
Hi(s) = C,(sI - A,) "W
H,(s) = cCIN(NTC,P,CIN)"'NTC,(sI - A,) ' (P,CT + B,DL)

Proof We follow a pattern of proof given in [3]. Define V = {Vr O} , W= [WT 0} ,

0 I 0 I
AT‘ BT’CU)

and Az, = [0 A

} . Further define two (skew) projectors via

Pr(s) = V(sI — Age) "W (sT — Ag)
Q,(5) = (sT — Az)Pr(s)(sT — Az) " = (sT — Az)V(sI — Az,) *WT,

For all s in a neighborhood of o, we have ¥V = Ran(P,(s)) = Ker(I — P,.(s)) and
Wt = Ker(Q,(s)) = Ran(I — Q,(s)). Now observe that

sI—A, -B,C,] '[WZzcI+B,D,D?
3G:](s) = [C- 0] { 0 sIwa] { P,CJ + B,D] }

si—A, -B.C,] '[(W!z-1%,)CT
- [C 0}{ 0 sI—AJ { 0

+D,Cyu(sI — A,) ' (P,CL +B,DL).
Hence, we can write
§[G](s) - 3[Gr](s) = Hi(s) (Z — V,Z,) Cy, — C(Z — V,Z;) Hy(s)

+€5(sT— Ag)THI — Qi (s))(sT — Ag) (I~ Pr(s)) (s - Ag) ™' Bg
(30)
Evaluating this expression at s = ¢ and postmultiplying by b yields the first assertion;
premultiplying by ¢’ yields the second. We find that
(c+e)I—Az)" " = (0cI—Az) " — (ol - Az) > + O(%).

Evaluating (30) at s = o+, premultiplying by ¢, and postmultiplying by b together
with € — 0 yields the third statement. The last statement results from the proof
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of Theorem 8 and the fact that N is a basis of Ker(DZI). Note also that we have
D,D,=0. O

Conditions for exact interpolation are now evident:

Corollary 10 Let G, denote the reduced order model of Theorem 9. If G, is sta-
ble and Ran(Z) C Ran(V.,) then §[G,] is an ezact bitangential Hermite interpolant
to §[G] at each interpolation point, {01, 02, ..., on,.} in corresponding tangent direc-
tions, {b1,...,by.} and {c1,..., ¢y, }.

Proof Note first that under the hypotheses, V,, WX Z = Z, Now, premultiply (12) by
WZ' and subtract (20) to obtain

AW (Z-V,2,)+WI(Z-V,Z,)AL =o0.
Since A, and A, are both stable,
Wi(Z-V,Z,)=W'Z-Z.=0
and so, Z =V, Z,.

The deviation from exact interpolation is quantified in Theorem 9 and depends on
the deviation of V,.Z, from Z. For shaping filters of modest order with n,, < n, exact
interpolation can be induced since one may include Ran(Z) in the projection space,
Ran(V,.).

More generally, V,.Z, may be viewed as a Petrov-Galerkin approximation to the
solution Z of the Sylvester equation (12) in the following sense: Z, that solves (20) is
a solution to the problem of finding Z € R %™« such that with respect to the usual
(Euclidean) inner product in R"™,

Ran (A (V,2) + (V,%) Al + B(C, P, + D,B)) L Ran(W,).

Since m, m,, < n, the singular values of the original solution, Z, to (12) will typically
decay rapidly [9, 18, 22, 23]; there will be good low rank approximations to Z and
among them will be approximations of the form V,.Z. Overall, this leads to the expec-
tation that as n, increases, V,Z, ~ Z. If furthermore, the interpolation points that
determine a reduced model coincide with the reflected poles of the model, then Theo-
rem 9 asserts that the optimality conditions (16a)-(16d) will very nearly be satisfied;
the reduced model draws closer to How)-optimality as n, increases.

The practical difficulty in constructing such near optimal reduced models is that one
doesn’t know a priori how to choose interpolation data determining a reduced model
so as to coincide with the reflected poles of the model. The parallel circumstance for
(unweighted) optimal Ho model reduction has been largely resolved with an iterative
correction process [11]; we propose an analogous approach here: -.6cm

16



Algorithm NOWT:
Nearly Optimal Weighted Interpolation

Input: Interpolation points: {o1,...,0,. };
Tangent directions: B = [by,...,b, ] and C = [c1,...,c,,].
Output: A,, B, C,, D,
while relative change in {o;} > tol do
Compute V, and W, from (25), (26), and (27).
Update ROM: A, = WXAV, B, = W!B, C, = CV,, and D, as in (28).
oi=-X(A),A, =RAR' B=BTR7, and C = C,R.
end while

Computational complexity: Many issues enter in determining the computational re-
sources necessary to produce an effective reduced order model. Estimates of computa-
tional complexity serve as a useful proxy for this expense, which may be then further
refined according to problem-specific structure and implementation. Notice first that
our NOWI Algorithm is an iterative process, requiring in each cycle the construction
of left- and right- reduction subspaces. This requires first the solution of two linear
matrix equations, (11) and (12) of orders n, X n,, and n X n,,, respectively. If n,, < n,
this may be done directly with cost dominated by n., linear solves of dimension n. For
larger n,,, the numerical rank of P,, and Z is often relatively small allowing for very
accurate approximations by low rank methods such as [17, 12, 19, 5, 14, 21]. Bases for
the left- and right- reduction subspaces then may be computed exploiting the block
triangular structure of the §-realization; this leads to 2n, linear solves of dimension n
and n, linear solves of dimension n,,. Sparsity in A and A,, may be exploited with
either direct or iterative linear solvers. Multiple right-hand sides and small changes
among shifts offer further opportunities for efficiency from subspace and preconditioner
recycling.

When compared to standard approaches for frequency-weighted balanced truncation
(FWBT), we find that as long as the number of iterations of NOWI remains modest
(which appears typical), the overhead associated with solving two large Lyapunov
equations of dimension n, which is necessary for FWBT, has been eliminated. This
creates a particularly dramatic advantage for NOWI in the case of a shaping filter
where n,, < n. The computational advantages of NOWI are also significant when
compared to Halevi’s approach to weighted-Hs model reduction [13], which requires
solving large-scale Riccati and Lyapunov equations of order (n + ny,) X (n + n,,) at
every step of the iteration.

5 Numerical examples
We study the performance of our Now1 Algorithm for three different examples resulting

from controller reduction. We compare the proposed method with frequency weighted
balanced truncation (FWBT) of [7], and also with WIRKA of [2] for the SISO example.
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Figure 1: LA university hospital, n = 48, n,, = 96.

Los Angeles University Hospital: The plant is a linearized model for the Los Angeles
University Hospital with order n = 48. An LQG-based controller of the same order as
the original system is to be reduced, leading to a weighting W (s) of order n,, = 96,
see [2]. For a given n,, we use the mirror images of the ¥ = 2 most dominant poles
of W(s) and the mirror images n, — v most dominant poles of G(s) as the initial
interpolation points for WIRKA, as suggested in [2]. We use the same initialization
for the Nowr Algorithm. Figure 1 shows the relative Ho(W)- and Ho, (W)-errors
obtained from NOwI, FWBT, and WIRKA for reduced system orders n, = 2,...,30.
For the Ho(W)-case, NOWI outperforms FWBT and WIRKA for all n, values except for
n, = 18, for which WIRKA is slightly better. The superiority of NOWI is especially
evident for smaller n, values. We find similar results for the H.,(WW)-error as well;
FWBT yields the smallest H ., (WW)-errors for larger n,., as expected. The fact that NOwI
displays better Ho, (W) performance than FWBT even for a subset of reduction orders
suggests the effectiveness of the approach. NOwI produces reduced models that satisfy
the Ho(W)-optimality interpolation conditions (16) only approximately (see Theorem
9). Figure 2 shows how the relative interpolation error (deviation from (16)) in final
reduced models produced by NOWI evolves with increasing n,.. As the figure shows,
the relative error in the optimality conditions decreases as n,. increases. This confirms
the expectations described in the discussion following Corollary 10. Figure 3 shows
how the relative interpolation error in the the optimality conditions (16) evolve (for
fixed reduction order, n,) step to step in the NOow1 Algorithm. Results for two cases
are displayed: n, = 16 and n, = 30. In both cases, we observe that NOwI rapidly
reduces interpolation error during the iteration. For example, for n, = 16, relative
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Figure 2: LA university hospital, n = 48, n,, = 96.

interpolation errors are in the order of 1 initially; however as the algorithm progresses,
relative errors decline to levels of 1073, leading to near-optimal interpolation.

CD player: The plant is a model for a CD player and belongs to the SLICOT bench-
mark collection. We consider the original MIMO version with n = 120 and m = p = 2.
As in the previous example, we design an LQG-based controller having the same order
as the plant, leading to a weight W (s) with n,, = 240. Since WIRKA has been proposed
only for SISO systems and a MIMO extension is not immediate, we show comparisons
only between FWBT and NOWI, using a random initialization. Figure 4 again compares
the quality of reduction in terms of the Ho(W)-error and Hoo (W)-error. Both methods
perform equally well with slight advantages for NOWI in the case of the Hao(W)-error
and for FWBT in the case of the H,-error. Similar to the previous example, Figure
5 shows how the relative error in the optimal interpolation conditions (16) vary as n,.
varies. Once again, the relative residual of the optimality conditions decreases as n,
increases, yielding near-optimal interpolation.

ISS: The final example is the component 1r of the International Space Station from
the sLICOT benchmark collection. The plant is a MIMO system with n = 270, and
m = p = 3. The controller to be reduced is an LQG-based controller as before. We
compare NOWI and FWBT for n, = 2,4,...,40. For n, < 30, we use logarithmically
spaced interpolation points for initializing NOw1. For larger values of n,., we aggregate
the optimal points from smaller reduced models. The relative Ho (W) errors are shown
in Figure 6. The full model is hard to reduce with slowly decaying Hankel singular
values. This is apparent from Figure 6 where FWBT hardly reduces the error for smaller
n, values. The proposed method clearly outperforms FWBT for every reduction order.
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Figure 3: LA university hospital, n = 48, n,, = 96.

6 Conclusions

We have extended an interpolatory framework for weighted-#s model reduction to
include MIMO dynamical systems with feed-forward terms. The main tool was a
new representation of the weighted-Hs inner product in MIMO settings (using §[-])
which led to associated first-order necessary conditions for an optimal weighted-Ho
reduced-order model. These conditions were found to be equivalent with necessary
conditions established earlier by Halevi. An examination of realizations for systems
defined by F[-] then led to an algorithm that remains tractable for large state-space
dimension. There are a variety of refinements of the ideas presented here that can
exploit the flexibility afforded by the interpolatory model reduction framework. One
direction that has been fruitful in the unweighted case is trust-region based descent
approaches, as described in [4] and extended to frequency-weighted settings in [6]. We
have presented here several numerical examples that illustrate the effectiveness of our
basic approach and its competitiveness with weighted balanced truncation.
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