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Abstract

In this paper, we establish a model reduction technique for periodic discrete-time
descriptor systems exploiting the generalized inverses of the periodic singular matrix
pairs associated with the systems. We compute the generalized inverses of periodic
singular matrix pairs to implement a structure preserving iterative method for the
solution of the periodic projected Lyapunov equations that arise in analysis and
modelling of periodic discrete-time descriptor systems. We extend the Smith method
to solve the large scale projected periodic discrete-time algebraic Lyapunov equations
in lifted form. A low-rank version of this method is also presented, which avoids
the explicit lifted formulation and works directly with the period matrix coefficients.
Moreover, we consider an application of the Lyapunov solvers in balanced truncation
model reduction of periodic discrete-time descriptor systems. Numerical results are
given to illustrate the efficiency and accuracy of the proposed methods.

Keywords: periodic descriptor systems, lifted state space representation, periodic pro-
jected Lyapunov equations, alternating direction implicit method, Smith iteration, model
order reduction.

1 Introduction

Periodic systems and control theory have received a lot of attention in the last few
decades because they have wide applications in many areas of science and engineering,
specially in the areas where the periodic control is deserved, such as aerospace realm,
control of industrial processes and communication systems, modeling of periodic time-
varying filters and networks [15, 20, 19, 34].

In this paper, we consider linear time-varying (LTV) discrete-time descriptor systems of
order X = (ng,n1,...,NK—1), as

Erxpp1 = Agzy + Brug,  yr = Crag, k€ Z, (1)

where F) € RMXMe+1 Ap € RMEXMk, B € RMEX™k () € RPE*™: are the system
matrices, z € R"* is the (generalized) state or descriptor vector, u; € R"™* is the control
input, and y; € RP* is the output. The system matrices are periodic with a period K > 1,
and Ef:_ol e = ZkK:_Ol nE = n, ZkK:_Ol my, = m as well as EkK:_Ol gr. = q. If all E}, are
nonsingular, then (1) can be transformed into a periodic standard system.

Efficient numerical methods for computing poles and zeros, L.,-norm, minimal and
balanced realizations have been developed for such systems [0, 38, 39, 40]. All these
methods are restricted to problems of small or medium size because they are based on the
reduction of the periodic pairs {(Fj, Ak)}kK:_Ol to a periodic Kronecker-like form [37]. In
the last decade, attention has been devoted to the iterative solution of large-scale sparse
Lyapunov equations using the alternating directions implicit (ADI) method [17, 21],
the Smith method [9, 21, 26], and Krylov subspace methods [11, 24]. All these methods
have also been generalized to projected Lyapunov equations [30, 31]. On the other hand,
an extension of the Smith method and the block-Arnoldi based Krylov subspace method



to standard periodic Lyapunov equations has been presented in [14]. These methods
cannot be directly applied to the projected periodic Lyapunov equations.

Analysis and reduced order modeling of such systems may require to invert the periodic
matrix pairs associated with these systems in some appropriate sense. For square and
invertible systems, one can explicitly formulate these inverses. For non-square systems,
explicit formulation of these inverse may not be always possible [37]. The inversion
formulas for periodic systems in standard form have been considered first in [12, 22, 23].
A special form of the generalized inverses, known as (1,2)-inverses, of periodic systems
in the descriptor form has been considered in [37], which works on the corresponding
lifted form of the associated system pencil of the periodic system.

In this paper, we discuss the computation of the generalized inverses of periodic discrete-
time descriptor systems using the left and right deflating projectors associated with the
eigenstructures of the periodic singular matrix pairs. This technique has been imple-
mented in [31] for continuous-time descriptor system to compute the solution of the
corresponding projected Lyapunov equations. We will generalize the idea of [31] for the
discrete periodic setting and use those periodic inverses to compute the solutions of the
periodic projected Lyapunov equations. Moreover, we reformulate the Smith method to
solve the large projected periodic discrete-time algebraic Lyapunov equations in lifted
form. The block diagonal structure of the periodic solutions is preserved in every Smith
iteration step which is one of the challenging task in many of the iterative computations
in the periodic setting. It should be noted that generalized versions of the ADI method
and the Smith method have been proposed in [2] for the solution of projected periodic
Lyapunov equations. But, the methods fail to preserve the block diagonal structure
during the iteration, and it is only achieved upon convergence.

The rest of the paper is organized as follows. In Section 2, we briefly review discrete-
time periodic descriptor systems and their cyclic lifted representations. We also study
the causal and noncausal decomposition of the periodic descriptor systems. In Section 3,
we introduce the periodic matrix equations under consideration and review the different
techniques for the solutions of those matrix equations associated to the causal and non-
causal systems. We also discuss the challenges of iterative techniques used in computing
the structure preserving solution of those matrix equations. In Sections 4, we discuss the
generalized inverses of periodic discrete-time descriptor systems using the left and right
deflating projectors associated with the eigenstructures of the periodic singular matrix
pairs. Iteratively solving of the causal and noncausal lifted Lyapunov equations exploit-
ing the generalized inverses is discussed in Sections 5 and 6, respectively. Low-rank
versions of these methods are also presented, which avoid the explicit lifted formulation
and work directly with the period matrix coefficients. A balanced truncation model
reduction method for periodic descriptor systems is considered in Section 7. Section 8
contains numerical examples that illustrate the properties of the described iterative
methods for projected Lyapunov equations and their application to model reduction.
Some conclusions are given in Section 9.



2 Periodic descriptor systems

Analysis and modeling of periodic discrete-systems are often described by an analogous
time-invariant representation of the periodic systems, known as lifted representation
[1, 7, 38], which uses the input-state-output behavior of the system over time intervals
of length K, rather then 1. Using the lifting isomorphism one can exploit the theory of
time-invariant systems for the analysis and control of periodic systems, provided that
the results achieved can be easily re-interpreted in a periodic framework. The lifted
representation of discrete-time periodic descriptor systems plays an important role in
extending many theoretical results for descriptor systems to the periodic setting.

2.1 Cyclic lifted representation of periodic systems

We consider here the cyclic lifted representation which was introduced first for standard
periodic systems in [20]. The essence of the cyclic lifted system is putting inputs, states
and outputs of the original LTV descriptor system at cyclic places of those of the lifted
LTT system.

The cyclic lifted representation of the periodic descriptor system (1) is given by

5Xk+1 =AX. + BU,, YV.=CAX, (2)
where
£ = diag(Eo, El, ce ,EKfl), B = diag(Bo, Bl, e ,BKfl),
0 0 Ao 0 0 Co
A 0 Ch 0 (3)
A= ) . , C= . )
0 Ax_1 0 0 Ck_1 0

The descriptor vector, system input and output of (2) are related to those of (1) via

x1 Uug Yo
: u 1
Xk‘ = ’ 3 uk; — . ) yk‘ - . 5
TK-1 . .
Zo UK -1 YK-1

respectively. The transfer function of the lifted system (2) can be rewritten as

H(z) =C(2£ — A)7'B. (4)

The cyclic lifted system (2) describes the eigenstructure and system dynamics of the
LPTV discrete-time descriptor system (1). Regularity of the periodic matrix pairs
{(Ek, Ag) 11! implies the regularity of the cyclic matrix pair (£,.4) [16, 27, 15]. The



reverse argument also holds true. Stability of the cyclic lifted system (2) is defined by
the regularity of the cyclic matrix pencil z€ — A, defined as [27]

E() AO

E A
: b - . (5)

EK_1 AK—l

The cyclic matrix pencil z€ — A is said to be regular when det(z€ — A) # 0, for any
z € C. The cyclic lifted system (2) is asymptotically stable iff zE — A is regular and all
its finite eigenvalues lie inside the unit circle. System (1) is asymptotically stable if and
only if the corresponding cyclic lifted system (2) is asymptotically stable.

2.2 Decomposition of periodic descriptor systems

The structure and periodic nature of the matrices Fy, for K =0,1,..., K — 1, play an
important role in the analysis and modelling of the periodic descriptor system (1). In the
descriptor setting, the matrices Ey in (1) are singular for £ = 0,1,..., K — 1. Hence, the
transformation of system (1) to a standard system is not possible by an explicit inversion
of Ej. However, one should avoid the explicit inversion of Ej, even if the Fj in (1) are
invertible, due to numerical instability. In this case, we proceed by separating the causal
and the noncausal parts of the periodic descriptor system (1). The canonical structures
of the periodic matrix pairs {(E}, Ak)}kK:Bl can be used to find such a decomposition
[6, 37]. The periodic Kronecker canonical form [33, 25] of the matrix pairs {(Ej, Ax) } '
for k=0,1,..., K — 1, can be represented as

UpEp Vi1 = B

Al 0
, UpApVi = [ 0’“ I OJ ; (6)

where Uy, V}, are nonsingular, Vg = Vj, A£+K_1A£+K_2 e A£ = Jpisan n£ ><n£ Jordan

matrices corresponding to finite eigenvalues, EZE,Z IPRRE E,g tx—1 = Ng is an ng” x ng°

nilpotent Jordan matrix corresponding to infinite eigenvalues, and ny = n£ + 0, k=
n£ 1 g

Let v be the nilpotency index of N for kK =0,1,..., K — 1 such that N,’:kil # 0 and
Ng* = 0. Then the index v of the set of periodic matrix pairs {(E}, A) kK:_Ol and also
of the periodic descriptor system (1) is defined by

v = max{vy, V1, ..., VK—1}

Using (6), we can decompose the periodic states xj, periodic input matrices By, and the



periodic output matrices Cy, for k =0,1,..., K — 1. For every k € Z, let

f I
xk:Vk[jfo], UkBk:[ngo], CiVi = [cf o]
k k

We then decompose the periodic descriptor system (1) into causal (forward) and non-
causal (backward) periodic subsystems

f _ f..f f fo_ f..f
Ty, = Ay xy + Bjuy, v, = Cpzy,
Eres, = ap+Blw, oy = Oy,

respectively, with y, = y,{ + y°. The left and right spectral projectors F(k) and Py.(k),
for k=0,1,..., K — 1, can be represented as [, 6, 30],

I ¢ 0

P(k)y=U;"| "+ o| Uk Prlk) = Vi

respectively.

Remark 1. The index of the periodic descriptor system (1) and the index of the lifted
system (2) are closely related to each other. The index 7 of the lifted pencil A\ — A is
defined as the nilpotency index of the matrix

0o Eb ... 0
Ex =
Ey 0 - 0

Taking into account that EX = diag(Ny,..., Nx_1,Np), the index of A& — A can be
bounded as n < Kv [0, 30].

3 Periodic Matrix Equations and their Solution

Stability analysis and model reduction of periodic systems are strongly related to the
matrix equations associated with the systems. For disctere-time periodic descriptor sys-
tems, they are well known as generalized projected periodic discrete-time algebraic Lya-
punov equations (PPDALESs). It has been shown in [2, 0] that the periodic Gramians of
the asymptotically stable discrete-time descriptor systems (1) satisfy the PPDALEs with
special right-hand sides. The causal and noncausal reachability Gramians X} and X L are
the unique symmetric, positive semidefinite periodic solutions of the PPDALEs

A XAl — E X Bl = —P(k)B,BIP/(k)T,

X, = P.(k)X,P.(k)T, (®)



and . .
AXpAY — B Xpn By = Qu(k) BBy Qu(k)",

Xy = QR)XQ k)",
respectively, where X - = X, X’K = Xo- Note that P,(k), P-(k), for k=0,1,..., K —1,
are the spectral projectors onto the k-th left and right deflating subspaces of the periodic

matrix pairs {(Ek,Ak)}f:_Ol corresponding to the finite eigenvalues [1, 0], and @Q;(k) =
I — P(k)and Q,(k) =1 — P,(k) in (9).

9)

Similarly, the causal and noncausal observability Gramians Yz and Y} are the unique
symmetric, positive semidefinite periodic solutions of the PPDALEs

AY AT —EY, El = —P(k)B,BiP(k)",
Y, = P(k)Y,P (k)
and ) .
AY AL — B Yin B[ = Qu(k) BBl Qu(k)",
Vi = Qu(k)YiQu(k)",
respectively, where Y, =Y, }A’K = YO.

The numerical solution of (8) has been considered in [6] for time-varying matrix coef-
ficients. The method proposed there is based on an initial reduction of the periodic
matrix pairs {(Ej, Ax)}1;' to the generalized periodic Schur form [13, 37] and on solv-
ing the resulting generalized periodic Sylvester and Lyapunov equations. As a result, the
method is computationally expensive and not suitable for large scale problems.

An efficient approach which works with the cyclic lifted representation of (1) and the
corresponding lifted form of (8) has been considered in [!]. Following the work of [1],
the PPDALEs (8) and (9) are equivalent to the following projected lifted discrete-time
algebraic Lyapunov equation (PLDALE)

AXAT —exeT = —PBBTPL, x =P.XP!, (12)
AXAT —exe™ = 9,BBTQY, X =0Q,x0F, (13)

respectively, where £, A and B are as in (3), and
X = diag(Xy, ..., Xg_1, Xo), X = diag(Xl, e 7XK—17X0)'
In that case, the projectors in lifted forms are given by

Py = diag(P(0), B(1),..., P(K — 1)), Q=1-7,
P, = diag(Pr(1),..., P(K —1),P(0),  Q =1I-P
The matrices X and X are called the causal and noncausal reachability Gramians of

the lifted system (2). A similar result can also be stated for the causal and noncausal
observability Gramians [1].



In practice, one should avoid these direct methods for large-scale problems because the
computational complexity for solving a Lyapunov equation of the form (12) or (13)
using direct methods is at least of order (O(Knj .x)), Where nmax = max(ng), and
they require extensive storage. Therefore, iterative methods have been developed for
the solutions of such equations.

3.1 Revised lterative Methods for Solutions of PLDALEs

Iteratively solving (8) and (9) using their corresponding lifted structures, i.e., (12) and
(13), has been considered in [2]. A generalized version of the alternating direction implicit
(ADI) method and the Smith method is proposed there for the solutions of (12) and (13),
respectively. Note that, for the descriptor system (1), the matrix £ = diag(Fp, ..., Fx_1)
is singular. However, both the ADI and Smith iterations fail to converge for the resulting
Lyapunov equations since the iteration operator of the ADI and the Smith iterations, in
this case, does not have spectral radius less than one. This problem has been circum-
vented by considering a generalized Cayley transformation given by

CE,A) = AA—E) — (A+E) (14)

see, e.g., [18]. This transformation transfers the PLDALE (12) to an equivalent projected
continuous-time algebraic Lyapunov equation (PCALE)

EgcrAT + AgcrET _ —Q,PZBBT,PIT, gcr _ fprgcrzP;F’ (15)

where AE — A = A(A — &) — (A + &) is the Cayley-transformed pencil. The finite
eigenvalues of A\ — A lying inside the unit circle are mapped to the finite eigenvalues of
AE — A in the open left half-plane, and the eigenvalue of A\ — A at infinity is mapped
to A= 1.

The solutions of the PLDALE (12) and the PCALE (15) are identical and have the block
diagonal structure. Therefore, it is desired that the iterative solution of (15) will have
the block diagonal structure analogous to (12) at each ADI iteration step. Unfortunately,
the case is not so. It is observed that the generalized ADI method does not preserve the
block diagonal structure at every ADI iteration step due to the specific structure of the
matrices E and A, although the approximate Gramian is block diagonal [2]. Therefore,
we use the concept of generalized inverses of periodic matrix pairs associated with the
periodic system to preserve the block diagonal structure of the approximate solution at
each iteration step.

4 Generalized inverses of periodic matrix pairs

For periodic systems, the inversion problem has been introduced in [12, 22] by exploit-
ing the concept of left and right invertibility of system (1) in the standard case (i.e.,



with By = I, +1). A generalization of that concept, which computes the generalized
inverses of periodic descriptor systems via the corresponding lifted representation has
been considered in [37]. A special class of generalized inverse, called reflexive generalized
inverse, of the system pencil has been proposed in [31] to find the solutions of projected
continuous-time algebraic Lyapunov equations using Krylov subspace methods, and also
in [3] for computing a partial realization for descriptor systems. Similar inverses have
been proposed in [36] to compute generalized inverses of rational matrices in descriptor
state-space representation, and named there (1,2)-inverse as they satisfy the first two
Moore-Penrose conditions. Details of these definitions can be found in [5]. This paper
generalizes the idea of [31] for an analogous representation of the generalized inverses
associated with the periodic matrix pairs {(E, Ak)}f;(}. Note that in the periodic set-
ting we do not have any matrix pencil, but a set of periodic matrix pairs. Analogous to
[31], we can find the reflexive generalized inverses for Ej with respect to the projectors

P,(k) and P,(k) as

_ I f _ -1
By = Vg1 | Min U, Ar="Vj () 0 Ug, (16)
0 Inee
for Kk = 0,1,..., K — 1. For nonsingular A, the exact inverse of Ay is equal to its
reflexive generalized inverse for each k£ = 0,1,..., K — 1. The main advantage of this

approach is that the resulting system preserves the block sparsity of the lifted system
matrices. Moreover, the generalized inverses follow the relations

EyEyEy, = Ey,, EyE, = Pi(k), EyEy=P.(k+1), (17)

for k=0,1,..., K — 1. These reflexive generalized inverses of the periodic matrix pairs
{(Ek, Ax) 5;01 will be exploited in the next two sections to find the block diagonal
approximate solutions of (12) and (13) using the Smith iterative method.

5 Generalized Smith method for causal PLDALEs

Consider again the PLDALE (12), i.e.,
AXAT —exe” = —pBBTPL, X =P.XPL.
Multiplying the above equation from the left and right by £, and (£)7, we get
P XPE — EAXAT(E)T = EPBBTPL(E)T, X =P, XPT, (18)

where EE=P, by the definition of the reflexive generalized inverse, and £ = diag(Eo, E1, - , Ex_1).
Equation (18) can be written in a more usual form as

X - (EAXEANT =P.EB (P.EB)T, (19)



where X = P,XP!I. Note that in the above representation, we use the relation P,& =
EP,. Clearly, P; and P, are the spectral projectors onto the invariant subspace of the
matrix £A corresponding to eigenvalues inside the unit circle. Then the unique solution

of (19) can be obtained using the generalized Smith method [21, 30] and is given by
X => (EAPEBBTETPI((EAT). (20)
£=0

Therefore, the Cholesky factor R;, where X; = R;RI, is given by
Ri=[P.EB, (EA)PEB,..., (EAP.EB]. (21)

Remark 2. At each iteration step ¢, the Smith iteration (21) does not preserve an
analogous block diagonal structure as given in (12). Note that X = diag(Xy,...,
Xy_1,Xp), and X, = RkRCkF for k=0,1,..., K — 1. Hence, we demand to compute the
block diagonal Cholesky factor R; = diag(R1, ..., Rx—1,, Ro,) at each iteration step i
of (21). Unfortunately, the iterations do not result so. This is because in each iteration
step i, except for the first iteration, in the right side of (21) we have a different block
cyclic matrix.

5.1 Structure Preserving Solutions of PLDALEs

The problem of preserving the block diagonal structure at the iterative computation of
the Cholesky factor R; can be circumvented by introducing a cyclic permutation matrix
in each iteration step i of (21). Consider the permutation matrix II

0 I, 0 0
0 I, 0 |
II = . : ; leﬂl; i:1327 ) (22)
0 0 Iy,
i I,, O 0 |

We introduce a permutation matrix II; for each iteration step 4 in the computation of
(20), where IT; changes in a cyclic manner by a backward block-row shift at each iteration
step. For an example, suppose that K = 3, and £k = 0,1,2. Then for ¢ = 1,II; = II is
given by

0 I, O
II= 0 0 I, (23)
I,, 0 O
For ¢ = 2, we get
0 0 I,
Ip=\|1, 0 0 |, (24)
0 I, O



which is just a backward shift of the first block-row of II; in (23). Clearly II3 = IIy = L.
One can also prove this using the proposed relation as

I,, 0 0
My=| 0 I, 0 |, (25)
0 0 I,

which is nothing but a backward shift of the first block-row of Ilo. One nice property of
this permutation matrix is that it satisfies the periodicity property, i.e., lIx 1k = Ilx; k =
0,1,...,K—1.

Hence (20) takes the new form

X =S (EA)PEBI () BTETPI(EA)T.
/=0

Therefore, in this new representation the Cholesky factor R; has the form

R; = [P.EBIL, (EA)PEBIZ, ..., (EA) PEBIT ] (26)

Note that the Smith iteration (26) preserves the block diagonal structure in the computa-
tion of the Cholesky factor R;, where R; = diag(R1, ..., Rx—14, Ro,) at each iteration
stepi,i=1,2,..., and X} = RkRg for k=0,1,..., K — 1. The whole iterative process
can be summarized in Algorithm 1.

Algorithm 1 Generalized Smith method for causal PLDALE
Input: A&, B, P,, cyclic permutation matrix II.
Output: A low-rank Cholesky factor R; such that X; = RZR;*F

1: fori=1do

2: Wy = ’PTEB

3: AR Wl

4: R1 =71

5: end for

6: fori=2,3to...do

7 W; = (E.A)VVZ_l

8  Z;=W,II!

9: R, = [Ri—l) Zi]

10:  Compute the rank-revealing QR decomposition

[Vi7 Qi7 rn] = RR‘QR(R?J T)7

11:  Update R; = Q;VI[I.,, 0]7;
12: end for

10



When the column ranks of the By matrices, i.e., mg, £k = 0,1,..., K — 1, are big, R;
may face rank deficiency, because, in each k-th iteration step, Algorithm 1 will add as
many more columns as in BB to the previous R;. Hence, we propose the rank-revealing
QR decomposition (RRQR) [¢] of R; with tolerance 7 to compute a low-rank factor of
R;.

The approximate solution satisfies R; = P, R; in every iteration step ¢. Algorithm 1 is
to be stopped as soon as the normalized residual norm given by
AR RTAT — ER,RTET + P,BBTPL | r

IP,BB"P] |

n(R:)

satisfies the condition n(R;) < tol with a user-defined tolerance tol or a stagnation of
residual norms is observed.

5.2 Cyclic computations of causal PLDALEs

In fact, the iteration (26) implemented in Algorithm 1 not only proves that the computed
Cholesky factors R; stay block diagonal at each iteration step ¢, it also enables us to
rewrite (21) in such a way that one can directly compute the periodic Cholesky factors for
different k, k =0,1,..., K — 1. From simple algebraic manipulation of (26), we observe
that the periodic matrices Fy, A, and By appear in a cyclic manner in the computation
of the periodic Cholesky factors R, , in every iteration step ¢ for different values of £,
k=0,1,..., K — 1. Observing these cyclic relations and handing them technically, we
can compute the periodic Cholesky factors R, ;, k =0,1,..., K—~1,i=1,2,..., directly.
We represent some of those computations in the following.

Fori=1and k=0,1,..., K — 1, we get
Roqn = P.(1)EoBy, % Ey= Ex,By= Bxk
Ri1 = P.(2)E1B,

Rg-11 = P(0)Ex-1Bx-1, % P(0) = P.(K)

Fori=2and k=0,1,..., K — 1, we get
Ro2 = FEyAoP(0)Ex_1Bk—1
R172 = E1A1Pr(1)E_bBo

Rik_12 = Ex_1Ax_1P.(K —1)Ex_2Bk_s.

11



Fori=3and k=0,1,..., K — 1, we get
Ros = FEyAoEx_1Ax_1P.(K —1)Ex_2Bg_»

Ry EVAEx Ak P (K)Ek 1Bk

Rk_13 = Ex_1Ax_ 1Ex_2Ax_oP.(K —2)Ex_3Bg_s3,

and so on. The whole computation is summarized in Algorithm 2. Note that in the
above computations and also in Algorithm 2, we use the periodicity of the coefficient
matrices and that of the projectors. Here, P.(K) = P.(0), P.(K — 1) = P.(-1), Ex =
Ey, E_1 = Ex_1, and the similar for others. For the easy index setting, we consider
k=1,2,...,K in Algorithm 2, and obviously X = Xy = RKRT = ROROT. It should
be also noted that in Algorithm 2, Rj ; means the computed Rj at the jth iteration
steps. Finally, Rg j collocates all these iterative counterparts for an individual &, where
k=1,2,...,K. That means for kK = 1, we compute Rll”j = [Ri1,R12,...,R1 ], and
similarly the others.

One can define a stoping criteria for Algorithm 2 by setting a normalized residual norm
given by
_ | ARy By Al — By Ry Ry By + Pu(k) BB Pu(k)" ||

1(pk) |1Pi(k) B, B Pi(k)T|| ¢ 7

(27)

which satisfy the condition 7(pg) < tol for k = 0,1,..., K — 1, where tol is a user
predefined tolerance. A similar computation can also be stated for the causal periodic
observability Gramians Y}, of (10).

6 Smith method for noncausal PLDALEs

Consider again the PLDALE (13), i.e.,

AXAT —exe” = 9.BBTQY, x=0,x9".
For nonsingular A, this equation is equivalent to the PLDALE

X —(ATIOX (AT = QATBBTATOL,

N 28
X = Q.x9or. (28)
In this case, the relation Q, A71€ = A71£Q, holds true [30], and such an equation can
be solved by the Smith method [26] given by
X, = QA 'BBTATQL 29)
X, = QA 'BBTATQI 4+ (A1E)X,_ (AT,

12



Algorithm 2 Smith method for cyclic computation of causal PLDALES.
Input: (Ey, A, By), spectral projectors P,(k) for k=1,... K.
Output: Low-rank periodic Cholesky factor R such that X = Rka.

1: fori=1: K do

2 Rg1= P.(k+1)E:By % note that P,.(K + 1) = P.(1)
3: end for
4: for i =1: K do
Piy =1y, % initialization of a cyclic matrix
6: end for

7. for j =2,3,...do
for k=1:K do
m = mod(k + 1, K)

10: Pk,j = Pk,j—lEm—j Am_j

11: Rk,j = Pk:,j Pr(m — ]) Em—j—l Am—j—l
12:  end for

13: end for

14: for k=1: K do
15: for j=1,2,3,...do

16: if j =1 then
b _
17: de- = de'
18: else
19: Rz,j = [Rz,j—l R]w']
20: end if

21: end for
22: Ry = RRQR(R] ;,7%)
23: end for

Note that in the noncausal case we do not need to compute the generalized inverses of the
periodic matrix pairs {(E}, Ak) 5:_01, since (29) requires only the inversion of the cyclic
lifted matrix A. In that case Q, is the spectral projector onto the invariant subspace
of the matrix A~'E corresponding to the zero eigenvalues. Then Q,A '€ = A71£Q,
is nilpotent with the nilpotency index v, where v is the index of the periodic descriptor
system (1). In this case, after v iterations we obtain

[y

X, =3 (AT'E)QABBTATTQ(ATE)T) = &, (30)

=0

.

Therefore, the Cholesky factor R of the solution X = RRT of (28) and also of the
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PLDALE (13) takes the form

R=[QA B, AEQAB,... (A& 10, A B (31)

The generalized Smith iteration discussed above does not preserve the block diagonal
structure at every iteration step in the computation of the Cholesky factor R [2], but the
approximate Gramian 2?1 = 7':’,27@? computed there has block diagonal structure at each
iteration step, ¢ = 0,1,...,v — 1. By introducing a cyclic permutation matrix in each
iteration step, one can easily preserve the block diagonal structure at every iteration
step in the computation of the Cholesky factor R using relation (31).

6.1 Structure preserving solutions for noncausal PLDALEs

Let us again consider a cyclic permutation matrix P of the form

0 0 I,
. I, 0 . Ny
P = : i Pi=Ph =12, (32)
0 L, O

Like in the causal case, we introduce a permutation matrix P; for each iteration step 7
in the computation of (30), where the permutation matrix P; changes at each iteration
step in a cyclic manner by a forward block-row shift. Similar to the causal case, the
permutation matrix is periodic with a periodicity K, i.e., 75K+k = 75k, k=0,1,..., K—1.
Then (30) gets the new form

—_

X, = (AE)Q A BP Pl B AT (AT'E)T) = X, (33)

=0

.

Therefore, the Cholesky factor R has the form
R=[QA'BP,AEQATBP?, ..., (A1E)V1Q, A 1BP”]. (34)

It can be verified that each factor inside (34) preserves the block diagonal structure
analogous to the solution of (28). The computation of this factor is presented in Algo-
rithm 3.

We note that if the index 7 is unknown, then Algorithm 3 can be stopped as soon as
|Willr < € or ||[Wil|p/||Ril|r < € with the machine precision e. Thus, for systems of low
index, the solution of (9) can be obtained with few computations.

Remark 3. In order to guarantee that the second equation in (13) (and also in (28))
is satisfied in finite precision arithmetic, we have to project W; onto the image of Q, by
pre-multiplication with O,.
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Algorithm 3 Generalized Smith method for noncausal PLDALESs

Input: A, &, B, spectral projector Qr, cyclic permutation matrix P.
Output: Low-rank factor R; such that X; = R; RT

1: for i =1 do

2 =Q,A B

3 A= Wlﬁ

4 7@1 =7

5: end for

6: fori=23,...,v do
7 W, = A‘lé’Wi,l

9: 7%1 = [7%,1',1, ZZ]

10: end for

The generalized Smith iteration preserves the block diagonal structure at every iteration
step in Algorlthm 3. Clearly, at the th iteration step R; has the block diagonal structure
Ri = dlag(R1 v RK 10 Ro ;), where Rk stands for the periodic Cholesky factors of

X i Rk sz: ; for different values of k, k = 0,1,..., K—1, at the ith iteration step. Since
X = R RT where R, = diag(ﬁ’l, o »RK—hRO)’ one can easily read off the periodic

l/’

solutions X, = RkR;‘g of (13) from the block diagonal structure of R; for different values
of k.

6.2 Cyclic computations of periodic noncausal Cholesky factors

In fact, the iteration (34) implemented in Algorithm 3 not only proves that the computed
Cholesky factors R; stay block diagonal at each iteration step i, it also enables us to
rewrite (31) in such a way that one can directly compute the periodic Cholesky factors for
different k, k =0,1,..., K — 1. From simple algebraic manipulation of (34), we observe
that the periodic matrices Ey, A, and By appear in a cyclic manner in the computation
of the periodic Cholesky factors ]:2,“ in every iteration step ¢ for different values of k,
k=0,1,..., K — 1. Observing these cyclic relations and handing them technically, we
can compute the periodic Cholesky factors Rk »k=0,1,...,K—-1,i=1,2,..., directly.
We represent some of those computations in the following.

Fori=1and k=0,1,..., K — 1, we get
Rop = Q. (0)A;'By
Riy = Q:1)A'B

Rrap = Qi (K—-1)Ag Bk 1.
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Fori=2and k=0,1,..., K — 1, we get

Ros = Ay'EoQ.(1)A'B
Ry = AT'F1Q,(2)A;'By

Ri12 = At Ex1Q.(K)AR' B.

Fori=3and k=0,1,..., K — 1, we get

Roz = AJ'EyAT'E1Q,(2)A;' By
Riz = A7'E1A;'E»Q,(3)A3'Bs

Rik_13 = Ax Bk 1A' ExQ.(K +1)Ax. Bi 1,

and so on.

The whole computation is summarized in Algorithm 4. Similar to the causal case, we
consider the periodicity of the coefficient matrices and that of the projectors in Algo-
rithm 4. Here Q,(K) = @Q,(0), Ex = FEy, etc. We also consider k¥ = 1,2,..., K in
Algorithm 4, and X'K = Xo = RKR%; = Rol%g. In Algorithm 4, fm’k,j means the com-
puted Ry, at the jth iteration step. Finally, RZ j collocates all these iterative counterparts
for an individual k, where k = 1,2,..., K. That means for kK = 1, we compute

Rlij = [Rl,b RLQ, ey RLJ],

and similarly the others.

When the index of the system, i.e., i, is unknown, we propose the rank-revealing QR
decomposition (RRQR) [¢] of RZ, ; with tolerance 7 to truncate redundant columns in the
iterations of Algorithm 4. In that case, we assume that after the Jth iteration we have
the exact computation of the periodic Cholesky factors ﬁik satisfying relation HRk illr <e
or HRkj”F/HRkHF < ¢, where € is the machine precision, and then, Xj = Rkﬁz are the
periodic solutions of (9) for k =0,1,..., K — 1.

Remark 4. In order to guarantee that the second equation in (9) is satisfied in finite
precision arithmetic, we need to project Ry ; onto the image of @, by pre-multiplication
with Q,.

Remark 5. As the Ap can well be singular in the discrete-time case, Algorithm 4 is
restricted in that case.
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Algorithm 4 Generalized Smith method for noncausal PLDALEs.
Input: (Ey, Ag, B), spectral projectors Qr(lf) fork=1,....K.
Output: Low-rank periodic Cholesky factor Ry such that X = Rka.

1: forAkzldeo A
2: Rp1= Qr(k?)A];lBk % note that Rig1= Ro;

3. end for

4: for k=1: K do
Py =1, % initialization of a cyclic matrix
6: end for

7. for j=2:vdo
for k=1:K do
: m =mod(j + 1, K)
10: Pk’j = PkJ-_lA_l Btk

m+k
1 Ryj=PrjQr(k+m+1) Al 4 Brymi
12: end for
13: end for

14: for k=1: K do
15: for j=1:vdo

16: if j =1 then
B
17: de- = R;w'
18: else R
19: R} =I[R}, | Ruj
20: end if

21: end for
22: Ry, = RRQR(R} ;,7)
23: end for

Remark 6. The causal and noncausal observabiliy Gramians of the periodic descriptor
system (1) can also be determined from the corresponding PLDALESs that are dual to the
PLDALE (12) and (13), see [!] for details. Applying Algorithm 1 and Algorithm 3 (and
also their corresponding cyclic reformulations Algorithm 2 and Algorithm 4) to these
equations, we find, respectively, the low-rank Cholesky factors L, of the causal observ-
ability Gramians Y, ~ Lka and the Cholesky factor Y, of the noncausal observability

Gramians ?k = ﬁkﬁf

7 Application to model order reduction

Model order reduction (MOR) is an approach, where a large dynamical system is appro-
ximated by a reduced-order model which can be fast and efficiently simulated and
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which has nearly the same response characteristics as compared to the original large
model. For the periodic descriptor system (1), a reduced-order model of dimension
= (ro,71,...,7Kk—1) has the form

ExZpy1 = Apip + Brug,  Gx = Ciiy, ke Z, (35)

Where Ej, € RWXTet1 A € RWXTk | B € RWX™k () € R%*" are K-periodic matrices,
Z il 0 Ve = Z?:_ol rp, = r, and r < n. It is also important that the reduced-order model
preserves physical properties of the original system such as regularity and stability, and
that the approximation error is small.

In this section, we present a generalization of a balanced truncation model reduction
method to periodic descriptor systems. Balanced truncation for periodic standard
discrete-time system and periodic descriptor systems has been considered in [7, 35],
and [0], respectively.

Definition 7. A realization (Ey, Ay, B, Ck) of a periodic descriptor system (1) is called
balanced if

Sk 0 . o 0 0
szyk:[o 0], Xk:YkH:[O @k],

where ¥y =diag(oy1,...,0, r), Op=diag(fk,... ,9;,37”]30), k=0,..., K—1.
k

k,n

Consider that the set of periodic matrix pairs {(E, Ak)}f;(f is periodic stable, and the
Cholesky factors of the causal and noncausal Gramians satisfy

X, = R,.R], Y, =L, L},
X, = R, RY, Y, =L,LT.

Then the causal and noncausal Hankel singular values of the periodic descriptor system
(1) are defined as

Ori = VNGEL B ) = GILTE,(Ry),
O = \JN(XAT YkHA) GIET AR,

respectively, where A;(.) and (;(.) denote the eigenvalues and singular values of the
corresponding product matrices. For a balanced system, truncation of states related to
the small causal Hankel singular values does not change system properties essentially.
Unfortunately, we can not do the same for the noncausal Hankel singular values because
truncation of small non-zero noncausal Hankel singular values may lead the system to
become unstable with respect to small perturbations [10)].

Let us consider the singular value decompositions of the product matrices

Yk
LTEkfle = [UkJ, Uk;72] |: Zk
k+1A Rk = Uk73®ka:’F3,

] Vieas Vil T, (36)

)
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where [Uy 1, Ug 2], [Vi,1, Vi2], Ugs and Vi 3 are orthogonal,

21@1 = diag(okJ, e ,Uk’rllz), Ek,Q = diag(ak7T£+1, e ’O-k,ni)’

with o1 > -+ > Oppd > Opfy

e e
singular for £k = 0,1,..., K — 1. Note that the number of non-zero noncausal Hankel
singular values of (1) can be estimated by the following relation

> ... > T and O, =diag(bk1,. .. aek;,r;;o) is non-

7’130 = rank(zf+1AkRk) S min(nm7 nq, nzo)')

where 7 is the index of the lifted pencil A\ — A [29, 2]. Defining the projection matrices
[6] as

Skﬂ“ = [Lk+1Uk+1,1E,:+1{721, I:k+1Uk73@];1/2] € RARXVk+1

Tyr = [Rka,lzﬁ/z, Rka,:s@;;l/Q} € Rk,

with rp, = 7’,]: +r° and Yy = 7’,{“ + 7%, we compute the reduced-order system (35) as

By, = SkT,rEkaH,ra Ay = S’Z:TAka,r’ By, = Slzjer’ Cr = CrTis, (37)

Let H(z) be the transfer functions of the reduced-order lifted system formed from the
reduced-order matrices in (37). Then we have the following Ho-norm error bound

1M —Hla., = sup [H(e™) - H(e™)||2
w€|[0,27] (38)
< 2trace (diag(Xo2, ..., XKx-1.2)),

where H(z) is the transfer function of the lifted system defined in (4), ||.||2 denotes the
spectral matrix norm, and ¥, k = 0,1,..., K —1, contains the truncated causal Hankel
singular values. This error bound can be obtained similarly to the standard state space
case [35].

8 Results

Example 1. We consider first an artificial periodic discrete-time descriptor system
from [2, Example 1] which is reformulated from its original model in [0, Example 1].
In this reformulation, the periodic descriptor system has ur = ni = 404, mi = 2 and
pr = 3 for the periodicity K = 10, i.e., k =0,1,...,9. The set of periodic matriz pairs
{(Ek,Ak)}sz_O1 is periodic stable with n£ = 400 and ny° = 4 for k = 0,1,...,9. The
original lifted system has order n = 4040. The finite eigenvalues of the lifted system are
shown in Fig. 1 which illustrates the stability of the original descriptor system.

We solve the causal and noncausal lifted projected Lyapunov equations using Algorithm 2
and Algorithm 4, respectively. Since, Algorithm 2 is the cyclic reformulation of Algo-
rithm 1, we compute the normalized residual norms at each Smith iteration step for the
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Finite eigenvalues of the lifted pencil

05 * *
t
& * *
[}
= * et *
. *

g o0 CiEr
D * e *
©
E * *
_0.5 * *

208 06 -04 02 0 02 04 06 08
Real part

Figure 1: Finite eigenvalues of the pencil A\ — A.

reachability and observability type of the causal lifted Lyapunov equations using Algo-
rithm 1. To illustrate the efficiencies of the proposed algorithms, we compare the results
with the corresponding ADI (Alternating Direction Implicit) computation of [2]. Fig. 2
shows the decay of the residual norms computed at each Smith iteration step.

This iteration is stopped as soon as the normalized Lyapunov residual reaches the toler-
ance tol = 10710, In Fig. 3(a), we present the approzimate causal Hankel singular values
ok,; computed from the singular value decompositions of the matrices LZEk_le, where
Ry and Ly, are the low-rank Cholesky factors of the causal reachability and observability
Gramians, respectively.

We approximate system (1) by a reduced-order model obtained by truncating the states
corresponding to the small causal Hankel singular values satisfying o ; < 1074, The
largest 80 causal Hankel singular values of the original lifted system, and the approzi-
mate 71 causal Hankel singular values for the reduced-order lifted system are shown in
Fig. 3(b).

For different subsystems, the numbers of the computed non-zero noncausal Hankel singu-
lar values are identical and given by r° = 2 for k =0,1,...,9. The computed reduced-
order model has subsystems of orders (9,9,9,9,9,9,9,9,

10,9). Note that stability is preserved in the reduced-order system.

Fig. /(a) shows the norms of the frequency responses H(e™) and H(e™) of the original
and reduced-order lifted systems for a frequency range [0, 27]. We observe a good match of
the system norms. Finally, in Fig. /(b), we display the absolute error |H(e™)—H (™) oo
and the error bound given in (38).

Example 2. As a second model problem we consider here an artificial continuous-time
model from Section 4.3 of [72], where a spring-damper model is considered as an artificial
model of piezo-mechanical systems. We consider n = 500,10 = 100, nin = 2, nout = 3 for
our model problem, and hence the dimension of the continuous-time model is 2n + 1 =
1100. The formulated continuous-time model is converted to a discrete-time model by
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2 Convergence histories of causal PLDALEs

normalized residual norm
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Figure 2: Normalized residual norms for the causal reachability and observability lifted
projected Lyapunov equations.
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Figure 3: (a) Causal Hankel singular values for subsystems; (b) Causal Hankel singular
values for original and reduced-order lifted systems.
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Frequency responses Absolute error and error bound
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Figure 4: (a) The frequency responses of the original and the reduced-order lifted sys-
tems; (b) absolute error and error bound.
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Figure 5: Sparsity patterns of Ay (left) and Ejy (right).

an Euler discretization method [25]. We then change the damping matriz periodically by
introducing some periodic coefficients inside it. As a result, the model is time-varying
and periodic. The details of this periodic model formulation are given in the appendiz.

For the resulting periodic model, we have ny = 1100, my = 2, pr = 3, and a period
K = 10. The periodic matrix pairs {(Ek,Ak)}f:_Ol are periodic stable with n£ = 1000
and ng° = 100 for every k = 0,1,...,9. The resulting periodic system is of index 1, and
the original lifted system has order n = 11000. The sparsity pattern of the periodic pair
at k =0 is shown in Fig. 5.

In Fig. 6(a), we present the largest 260 causal Hankel singular values computed by the
proposed Smith method in Algorithm 2. We approzimate system (1) to the tolerance 10~4
and truncate the states corresponding to the smallest 200 causal Hankel singular values.
The system has 20 noncausal Hankel singular values which are positive, but very small.
The values of these noncausal Hankel singular values lie in the range of [10713, 10719],
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Figure 6: (a) Causal Hankel singular values for original and reduced-order lifted sys-
tems. (b) Noncausal Hankel singular values for original and reduced-order
lifted systems.
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Figure 7: The frequency responses and error bounds of the original and the reduced-order
lifted systems.

and they are shown in Fig. 6(b). It is to be mentioned that our model problem is of index
1, and hence we need only one iteration to compute the noncausal Cholesky factor for
noncausal PLDALEs using Equation (34).

The computed reduced-order model has subsystems of order r = (9,8,8,7,8,
9,7,8,8,8), and ¥ = 80. In Fig. 7(a), we show the norms of the frequency responses
H and H for a frequency range [0,27]. The absolute error |H — H||oo and the error

bound are also displayed in Fig. 7(b). One can see that the error bound is tight in this
example.

9 Conclusions

We discussed the structure preserving Smith iterations to compute the low-rank factors
for the solutions of large sparse projected periodic discrete-time algebraic Lyapunov
equations exploiting the generalized inverses of the periodic matrix pairs associated
with the periodic descriptor system. These low-rank factors are used in a balanced
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truncation model reduction approach to find a reduced-order model for periodic discrete-
time descriptor systems. The proposed model reduction method delivers a reduced-order
model that preserves the regularity and stability properties of the original system.

An important advantage of our computational approach is that one can directly compute
the generalized inverses of the periodic descriptor system, without explicitly manipulat-
ing the lifted representations. Beside this, the proposed Smith iterations preserve the
cyclic block diagonal structures at all iteration steps which is the main challenging task
in periodic iterative computations.

The major drawback of our proposed method is that it computes the periodic projectors
explicitly for the computations of periodic generalized inverses which is numerically
expensive and not a wise approach for higher index systems. Hence we restrict the
proposed model reduction approach for systems of index-1.

Appendix

The MATLAB codes of the periodic model formulation used in the second model prob-
lem. The following codes will construct the periodic matrices Ey, A, Bi, and Cy for
k=0,1,...,9. Note that E} are constant matrices in the following construction.

n=500;

1=100;

nin=3; 7% number of output

nout=2; % number of output

K=10;  Y%period

den=0.001;

I=speye(n);

M=.5*I+spdiags(-0.2%ones(n,1),2,n,n)+spdiags(-0.2%ones(n,1),-2,n,n)+...
spdiags(0.2*ones(n,1),4,n,n)+spdiags(0.2*ones(n,1),-4,n,n);

K_uu=spdiags(5*ones(n,1),0,n,n)+spdiags(-1*ones(n,1),2,n,n)+...
spdiags(-1*ones(n,1),-2,n,n)+ spdiags(2*ones(n,1),4,n,n)+...
spdiags(2*ones(n,1),-4,n,n);

D=cell(1,K);

for i=1:K
mu(i)=0.05+.01%1i;
nu(i)=.8+.01%1i;
D{i}=mu (i) *M+nu (i) *K_uu;

end
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K_pp=spdiags(-5*ones(1,1),0,1,1)+spdiags(ones(1,1),2,1,1)+...
spdiags(ones(1,1),-2,1,1)+spdiags(-2*ones(n,1),4,1,1)+...
spdiags (-2*ones(n,1),-4,1,1);

K_up=sprand(n,l,den);

% Transformation to first order system %

E1=[TI spalloc(n,n,0);spalloc(n,n,0) M];
J1=cell(1,K);
for i=1:K

J1{i}=[spalloc(n,n,0) I;-K_uu -D{i}];
end

J2=[spalloc(n,1,0);-K_up];

J3=[-K_up’ spalloc(l,n,0) 1;

J4=-K_pp;

clear M K_uu D K_pp K_up

Bli=[spalloc(n,nin,0) ;spdiags(ones(n,1),0,n,nin)];
B2=spdiags(zeros(1,1),0,1,nin);
Cli=[spdiags(ones(n,1),0,nout,n) spalloc(nout,n,0)];
C22=spdiags(zeros(1l,1),0,nout,l);

E= [El spalloc(size(J2,1),size(J2,2),0);
spalloc(size(J3,1),size(J3,2),0)
spalloc(size(J4,1),size(J4,2),0)]; 7% note E{i}=E; for i=0,1,...,9.

% Set the periodic matrices %
Ad=cell(1,K) ;B=cell(1,K); C=cell(1,K);

for i=1:K
Ad{i}=[J1{i} J2;J3 J4];
B1{i}=Bl1lx*cos(i);
B{i}=[B1{i}; B2];
C1{i}=C11*sin(i);
c{i}=[Cc1{i} c22];

end

A=cell(1,K);

for i=1:K
A{i}=(0.6*E-.015%Ad{i});

end
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