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Abstract

In this paper, we investigate interpolatory model order reduction for large-scale
bilinear descriptor systems. Recently, it was shown in [I4] for linear descriptor
systems that directly extending the standard rational interpolation conditions
used in Ha optimal model reduction to descriptor systems in general yields an
unbounded error in the Ha-norm. This is due to the possible mismatch of the
polynomial part of the original and reduced-order systems. This conclusion also
holds for nonlinear systems as well. In this paper, we deal with bilinear descriptor
systems and aim to pay attention to the polynomial part of the bilinear descriptor
system along with interpolation. To this end, we have shown in [12] how to de-
termine the polynomial part of each subsystem of the bilinear descriptor system
explicitly, by assuming special structures of the system matrices. Considering
the same structured bilinear descriptor systems, in this paper we first show how
to achieve multipoint interpolation of the underlying Volterra series of bilinear
descriptor systems while retaining the polynomial part of each subsystem of the
bilinear system. Then, we extend the interpolation based first-order necessary
conditions for Ho optimality to bilinear descriptor systems and propose an iter-
ative scheme to obtain an Hs optimal reduced-order system. By mean of two
numerical examples, we demonstrate the efficiency of the proposed model-order
reduction technique and compare it with reduced bilinear systems obtained by
using linear IRKA.
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series, Ho optimality.
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1 Introduction

Model order reduction (MOR) plays a vital role in numerical simulation of large-
scale complex dynamical systems. These dynamical systems are governed by ordinary
differential equations (ODEs), or partial differential equations (PDEs), or both. To
capture the essential information about the dynamics of the systems, a fine semi-
discretization of these governing equations in the spatial domain is required, leading
to a large-scale system of ODEs or, in general, differential algebraic equations (DAES).
The simulation, control and optimization studies of such large-scale complex systems
are numerically cumbersome and often not efficient. Thus, MOR provides a remedy
to accelerate the simulation of such large-scale systems and seeks to determine low-
dimensional surrogate systems with acceptable accuracy.

Model reduction for linear ODE systems has been studied for many years by now
and is very well-established; see, e.g., [1l [3 [8, 14, 21]. However, there are many open
and challenging problems with regard to model reduction for nonlinear systems. In
this paper, we consider bilinear differential algebraic equations (DAEs) which are of
the form

Ei(t) = Az(t) + Em: Nyx(t)ur(t) + Bu(t),
P (1.1)

y(t) = Ca(b),

where E, A, N, € R"™" B € R™™ and C € RP*" and the matrix E is singular.
It is assumed that the matrix pencil (AE — A) is stable, this means that all finite
eigenvalues of the matrix pencil (AE — A) lie in the negative half plane. Such sys-
tems can be considered as weakly nonlinear systems [19]. They are linear in the state
and input independently, but not jointly. Bilinear systems appear in various appli-
cations, for example, biology, nuclear fusion, PDE control problems, and electrical
circuits [I7, 18, 22]. Their applications can also be seen in stochastic control prob-
lems [I5] and in parameter-varying linear systems [5]. Moreover, nonlinear systems
can be approximated as bilinear systems via Carleman bilinearization [13] 20].

Many model reduction techniques for linear systems have been extended to bilin-
ear systems with £ = I or E being invertible. For instance, Gramian-based model
reduction techniques such as balanced truncation have been extended for bilinear sys-
tems [7] and interpolation-based model reduction techniques also have been success-
fully extended from the linear case to the bilinear case; see, e.g., [2, @ [19], where
interpolation of the leading k subsystems is considered. In [24], the Gramian-based
Wilson conditions for Hy optimality were extended from linear systems [23] to bilinear
systems.

Later, the analogue problem of determining an Hs optimal reduced-order system for
bilinear systems was considered in [6], where the first-order necessary conditions for Ho
optimality were derived by taking derivatives of the Ho-norm of the error system with
respect to the matrix entries of the realization of the reduced-order system. Based on
these conditions, a bilinear iterative rational Krylov algorithm (B-IRKA) was proposed
which on convergence leads to a locally 2 optimal reduced-order system. Moreover,



recently, a new framework of interpolation for bilinear systems, the so-called multipoint
interpolation, was considered which interpolates the whole underlying Volterra series at
pre-defined frequency points [11] and therein also, the first-order necessary conditions
for Ho optimality in terms of pole-residue formulation were proposed. It is also shown
that the reduced-order system, satisfying these Ho optimality conditions in the pole-
residues form also satisfies the optimality conditions derived in [0].

As has been noted, many model reduction techniques for linear systems have been
extended to bilinear systems with & = I. But still, there are ample challenges when
it comes to model reduction of bilinear descriptor systems with singular E, and it is
necessary to study this case due to its omnipresence in applications [16]. In this paper,
we focus on interpolatory model reduction techniques for bilinear descriptor systems
with singular matrix E. The interpolation conditions for bilinear systems with £ = I
can be readily extended to singular F by just replacing I by E. However, it was
shown in [I4] that directly extending the interpolation conditions for linear ODEs to
linear DAEs leads to an unbounded error in the Hs-norm due to the mismatch of
the polynomial part of the system. This observation immediately holds for bilinear
descriptor systems as well. As a consequence, we need to pay special attention to the
polynomial part of the bilinear system along with interpolation.

Model reduction for a special family of bilinear descriptor systems, whose subsystems
have constant polynomial parts, was recently considered in [12]. There, it was shown
how to achieve the interpolation of the leading k subsystems together with retaining
their polynomial parts. In contrast to this, in this paper we focus on extending the
multipoint Volterra series interpolation to a similar special family of bilinear descriptor
systems while paying attention to the polynomial part of the system. Secondly, we
investigate the first-order necessary conditions for Hy optimality for a special family
of bilinear descriptor systems and propose an iterative scheme to obtain an optimal
reduced-order system.

The structure of the rest of the paper is as follows. We begin with giving a short
overview on the multipoint interpolation framework for bilinear ODEs and visit the
first-order necessary conditions for Hy optimality in Section 2. In Section 3, we show
how to achieve the multipoint interpolation of the underlying Volterra series of bi-
linear descriptor systems along with retaining the constant polynomial part of each
subsystem. Then, in Section 4, we extend the first-order necessary conditions for Ho
optimality to bilinear descriptor systems and propose an iterative algorithm, the so-
called B-IRKA for bilinear descriptor systems which on convergence gives rise to a
locally Ho optimal reduced-order system. Finally in Section 5, we demonstrate the
efficiency of the proposed methodology via several examples.

2 Multipoint Interpolation of the Volterra Series for
Bilinear ODE Systems

In this section, we first briefly overview the multipoint interpolation of the Volterra
series and the first-order necessary conditions for Ho optimality for bilinear ODE



systems. For simplicity, we begin with considering a single-input single-output (SISO)

bilinear system, i.e.,

i(t) = Az(t) + Nz(t)u(t) + Bu(t),

o #0) = Ax(t) + Nalt)ult) + Bu(t) o
y(t) = Cux(t), z(0) =0,

where the dimensions of A, B and C' are the same as defined in (1.1) with p = m =1,
and N € R"™*™. Assuming a stationary and causal bilinear system, the output y(t)
can be described by a nonlinear mapping of the input w(t):

o0 t1 ta tr
y(t):Z/ / / ge(ti,to, . ti)u(t —ty —to .. —t) - u(t — tg)dty - - - diy,
170 Jo 0

where g is the regular Volterra kernel, whose corresponding multivariate transfer
function can be given by

Gr(s1,82,...,8%) = C(spgl — AN -+ (so] — A" N(s:1 — A)"'B.

The transfer function G (s1, s2,. .., sg) is also called the kth order multivariate trans-
fer function associated with the bilinear system. Analogous to the linear case, the
multivariate transfer function can be written in the pole-residue formulation which is
given by the following proposition.

Proposition 2.1. [71] Consider the multivariate transfer function Gi(s1, S2,...,8k) =
C(spI — A)7IN -+ (so — A)"IN(s11 — A)71B and let {\1, 2, ..., A} C C be the n
distinct zeros of det(sI — A). Then the multivariate transfer function can also be
written in the pole-residues form as follows:

Gk(81782,...,8;€): ZZZM7

where

¢l1,...,lk = lim (Sk - /\lk) lim (Sk—l - Alk—l) --- lim (Sl - )\ll)Gk(Sla ey lk)

Sk—>>\lk 5k71—>>\lk71 31—>)\11

Interpolatory model reduction techniques for bilinear systems have been studied
widely in the literature; see, e.g., [2 [, [19], where the leading k subsystems of the
reduced-order system interpolate the corresponding original subsystem. However, re-
cently in [IT], multipoint interpolation for the whole Volterra series was considered at
selected frequency points. We now outline the multipoint interpolation of the Volterra
series problem statement for the bilinear system .



Consider two sets of interpolation points 0; € C and p; € C, for j =1,...,r, along
with matrices U, S € C™", and define the weighted Volterra series

G=D > > > Mt Grl01, 00, 0) (2.3)

k=1l1=1lp=1 l_1=1

and

co T T r
i = Z Z Z Z 19[17---7lk—1;]'Gk?(/’Lj7/’(’ll’ ‘e 7/“1%1)7 (2'4)

k=1l1=1lo=1 Ip_1=1

where 1,1, _,,; and ¥, ., ; are the weights associated to each subsystem in the
Volterra series, and are defined in terms of the elements of the matrices U and S as
follows:

Mseoidi1,d = Ul Wiy g * " Ui,y for k=2 and my, =1, (2.5)
1911,~~-,lk—1’j = Sjlk—15lk—1,l—2 """ Sla,ly for k>2 and 1911 =1

The goal of the new interpolation framework is to construct a reduced-order system
of dimension r:

5. { I,.(t) = Az(t) + Nz (t)u(t) + Bu(t), 26)

g(t) = Ci(t), (0)=0,

where A, N € R™" and B, CT e R", such that the following interpolation conditions
are satisfied for each j=1,... 7

Cj = Z Z Z Z nllsnwlk—l’jék(o—ll’Ul2’ . '7Uj) (2'7)

k=1lL=1lo=1 lp_1=1
and o0 T T T
Pi = ZZ Z Z Doty G G (g g - - By ) (2.8)
k=111=112=1 lp_1=1
where Gy (1, - - ., pux) is the kth order multivariate transfer function associated with

the reduced-order bilinear system (2.6]). Similar to the linear case, the reduced-order
system matrices are constructed via projection matrices V and W, assuming W%V
being invertible, as follows:

I
I

WTv)y=twT Ay, N=WTv)"'wTnNV,

R 2.9
WwTv)y='wTB, C=qv. 29)

B

Then, the problem of identifying these projection matrices is considered in [IT] which
provides the reduced-order system such that the interpolation conditions are satisfied.
The following theorem suggests the choice of the projection matrices.



Theorem 2.2. [I1] Consider a SISO bilinear system ¥ := (A, N, B,C) of dimension
n and the interpolation points o; € C and p; € C, j=1,...,7, along with matrices
U,S € C™*". Let the projection matrices V. and W be the solutions of the following
Sylvester equations

VQ— AV - NVU" = Be® (2.10)

and
W= — ATW — NTwsT = c%e”, (2.11)
where Q = diag(o1,...,0.), E = diag (u1,..., ), and e is the vector of ones in

R™. Assume WTV € R™" to be invertible and that the reduced-order system 3=
{A,N,B,C} of order r is computed using the projection matrices V- and W as shown

in (2.9). Then, the interpolation conditions (2.7) and (2.8]) are fulfilled.

Furthermore, the Hso-norm of the error system can be given in terms of the weighted
sum of the multivariate transfer functions evaluated at all possible combinations of
poles of the original and reduced-order system, see, [IT]. Analogous to the linear case,
the error in the Ho-norm of the error system, due to the mismatch at the reduced-
order system singularities, is eliminated, leading to the following first-order necessary
conditions for optimality:

ZZ Z (]5[1’ A ( >\l17"'7_5\lk) _Gk(_;\lla'-w_}‘lk)) =0 (212)
k=11l1=1 k=1
and

o] T r k
SN S Zai e —A)

k=10L=1 =1

o T T k
:ZZZQEZM Zaié j\llw..,*}\lk) 9

k=11;=1 lp=1

(2.13)

where the \;’s are the zeros of det(sI — A) and lel,...,lk are the residues of the kth
order transfer functions G(si,S2,...,sk), as defined in (2.2). Here, the operator
%Gk(—)\ll ,- .., —Ay, ) denotes the partial derivative of Gy (s, ..., si) with respect to

sj, evaluated at (s1,...,s,) = (—5\51, e —;\lk)~

It is also shown in [I1] that the first-order necessary conditions for Ho optimality
in terms of the pole-residues form are satisfied, if the projection matrices V and W
are computed by setting the interpolation points as mirror image of the poles of the
reduced-order system across the imaginary axis, i.e., 2 = Z = —0 in (2.10) and (2.11] -,
respectively, where © = R™ L AR; the matrices U and S are given by the blhnear term
N asU = R!NR and S = RTNTR 7. and the vector e in and (2:11) is
replaced with R~ 1B and CR respectively. For details, we refer to [10 11].



Remark 2.3. The multipoint interpolation of the underlying Volterra series can be
extended to bilinear descriptor systems by replacing I by E. This yields a reduced-
order system which satisfies the interpolation conditions. However, directly extending
the interpolation conditions to descriptor systems without any modifications, leads to
a poor reduced-order systems with the Ho-norm error blowing up, occuring due to the
unmatched polynomial part of the system. This statement is based on the analysis
in [T]|] for linear descriptor systems.

Motivated by the work done in [I4], we pay special attention to the polynomial
part of the bilinear descriptor system in this paper along with interpolation. In the
following section we show how to achieve multipoint interpolation of the underlying
Volterra series along with matching the polynomial part of the multivariate transfer
function of each subsystem.

3 Multipoint Interpolation of the Volterra Series for
Bilinear Descriptor Systems

Here, we deal with a special family of bilinear descriptor systems (DAEs). The consid-
ered family consists of those systems with all associated multivariate transfer functions
having constant polynomial part. For simplicity, we begin with a single-input single-
output bilinear descriptor system, i.e.,

Ei(t) = Az(t) + Nx(t)u(t) + Bu(t),
y(t) = Cux(t),

where the dimensions of E, A, B and C are as defined in (L.1) with p = m =1
and Ny = N € R™ ™. Similar to bilinear ODEs, the kth order multivariate transfer
function of the bilinear descriptor systems (3.1)) can be given by

(3.1)

Hy(s1,82,...,8,) = O(sE — A) "IN - (soF — A)"'N(s1E — A)"'B. (3.2)

Our goal is to extend interpolation based model reduction techniques to bilinear
DAEs. Therefore, we first intend to determine an explicit expression for the polynomial

part of the multivariate transfer function Hy(s1, S2,...,Sk), by assuming a special
structure of the matrices F and A in (3.1]) as follows:
_ |E1n Ene _[An Arw
E = [ 0 0 and A= Ayy Agy| (3.3)

where Ao and Eqq — E12A521A21 are invertible. This means that the matrix pencil
(A, E) has nilpotency index 1. It was shown in [I2] that the kth order multivariate
transfer function of the bilinear system, having the structure of the matrices as shown
in (3.3), has a constant polynomial part which can be determined by the following
lemma.



Lemma 3.1. [12] Let Hy(s1,82,...,8;) = C(sxE — AN ...(s20E — A)"'N(s1E —
A)~1B be the Laplace transform of the kth order subsystem. Then, the polynomial
part of Hy(s1, s2,...,Sk) is constant and can be given as

Dy = C(MN)*'MB,

0 EL B Ay

where M = 1 A 1
0 —A, (I +AnEy E12A22)

and EA = E11 — E12A2_21A21.

Now, we discuss the interpolation based model reduction techniques for bilinear de-
scriptor systems that also retain the explicitly computed constant polynomial part of
the subsystems together with interpolation. Recently, the problem of the interpola-
tion of the leading k subsystems of bilinear descriptor systems while retaining their
polynomial parts was considered in [12], i.e.,

Hi(al,ag,...7ai):]:Ii(al,027...,ai)7 for izl,...,k, (34)

where {0;} C C are the interpolation points and ﬁk(sl, S2,...,8k) is the regular kth
order multivariate transfer function of the reduced-order system, which is of the form

Hi(s1,82,...,86) = C(sp B — A)7IN - (s9FE — A)"'N(syE— A)"'B+ D, (3.5)

with invertible E. It can be easily seen that the polynomial parts of Hg(s1, so,...,sk)
and ffk(sl, Sa,...,Sk) are equal to Dy.

In contrast to this, we focus on interpolating the underlying Volterra series and at
the same retaining the polynomial part of each subsystem. Therefore, we revisit the
following multipoint Volterra interpolation problem. We consider two sets of interpo-
lation points o; € C and p; € C, j =1,2,...,r, along with matrices U, S € C"™*", and
define the weighted Volterra series as follows:

Vi= Z Z Z My doeolier i B (015 055 - 05) (3.6)

k=1l1=1 ly_1=1

and

Vi = Z Z te Z 1911,l2,--.,lk71,ij(,u'ja Hiyyeoos ,u'lk71)a (37)

k=1l1=1 lx_1=1

where the weights n;, 1,....1,_,,; are defined in in terms of the elements of the
matrix U and similarly for ¥y, 5, ... 1. ,,;. It is assumed that v; and -y; converge for
each j = 1,2,...,7. The goal of the multipoint Volterra series interpolation is to
determine a reduced-order system, with its kth order multivariate transfer function
being of the form , so that the following are satisfied for each 7 =1,...,7:

v = Z Z ... Z nll,lz,...,lk—ldﬁk(olw0127 e ,Uj) (38)

k=11=1 lpg—1=1



and

=3 ot Hi (g iy ) (3.9)

k=1l=1 lx_q1=1

As a first step in this direction, we establish the relation between the weighted Volterra
series and the generalized Sylvester equation for the bilinear descriptor systems in the
following lemma, similar to the case of bilinear ODEs in [IT, Lemma 3.1].

Lemma 3.2. Consider ¥ := {E, A, N, B,C} to be a SISO bilinear descriptor system
and let 0;j € C and pj € C, j =1,...,7, be two sets of interpolation points. Given
matrices U, S € C™*", and assume the following series

=33 Mt (0 E— AN (01,E = A)"'N(0, E— A)'B
k=11=1 le—1=1

(3.10)

and

=33 nteetyri(0E—= AN (0, E — AN (0, E = A)7TCT
k=11:=1 lk_1:1
(3.11)
converge for each j = 1,2,...,r. Then, the matrices V and W, whose jth columns
are vj and w;, respectively, solve the following generalized Sylvester equations

EVQ — AV — NVUT = Be” (3.12)

and
ETwz — ATW — NTw ST = cTel, (3.13)

respectively, where ) = diag(o1,02,...,0,) and = = diag(p1, ta, - -« fir)-

The proof of the above lemma is analogous to [I1, Lemma 3.1] where E = I was
considered. Nevertheless, it can be easily extended to £ # I in a similar fashion.
Therefore, for brevity of the paper, we skip the proof.

Next, in the following theorem, we discuss the construction of a reduced-order system
with required modifications so that and can be satisfied.

Theorem 3.3. Consider a SISO bilinear descriptor system of order n. Assume
for some r < n that two sets of interpolation points 05 € C and p; € C, j =1,2,...,7,
and matrices U, S € C™%" such that A(U) N A(S) = 0, where A() denotes the spec-
trum of a matrix. Let the matrices V. and W be the solutions of and ,
respectively, and La, Ly, Lp and L. be the solutions to

LAV + LyVUT 4 Le® =0, (3.14a)
LAW + LEwsT + LTe! =0, (3.14b)
WTLB + [a17a27°"7a’r]T :07 (3 14C)
LCV+[517627757"}:07 (3 14d)



where

= Z Z Z D1y ol D (3.15)

k=11;=1 lg—1=1

and

[e%e] s r
Bi=D2 " D MidetiaiDi (3.16)

k=1lh=1 Ig_1=1
If the matrices of the reduced-order system are computed as
E=wTEYV, A=WT(A+ LAV, N=WT(N+Ly)V,

., - (3.17)
B=W"(B+Lg), C=(C+Lc)V,

then, the interpolation conditions (3.8) and (3.9) are satisfied for each j =1,...,r.
Furthermore, if E is invertible, then the polynomial part of each subsystem is also
matched.

Proof. We begin with the Sylvester equation, determining the projection matrix V'
EVQ — AV — NVUT — Bel = 0. (3.18)

Subtracting (3.18) and (3.14a)) yields

EVQ — (A4 LA)V — (N +Ly)VU" — (B + Lg)e” = 0.
Premultiplying the above equation by W7, we obtain

WT(BEVQ — (A4 La)V — NVU" — (B+ Lg)e") = 0.
This implies . o .

EQ—A—-NUT - Be' =0.
From the above equation, it follows that ¥ = I solves the following projected Sylvester
equation: . R . R
EVQ — AV — NVUT — Be? =0, (3.19)

where [ is an identity matrix of appropriate dimension. The above projected Sylvester
equation has a structure similar to the one in Lemma [3:2] So, using Lemma [3.2] the
Jjth column of ¥, denoted by 1, can be given as

V=33 > st g (0B = A)TIN (01, E = A)T N (0, E— A)7'B.
k=1li=1  lj_1=1
(3.20)
Now, we multiply v; by C to obtain

Gy = (C+ Le)Viby = OV + Le V. (3.21)

10



The vector 9; is the jth column of the identity matrix. Therefore, V1); gives the jth
column of the matrix V', given in (3.10) and multiplication with C' gives

CVY; =33 Y Moty i Hi(00,, 005, 05) = v (3.22)

k=1l=1 l_1=1

By , we get
chw] = Z Z e Z nll,lz,...,lk,l,jDk“ (323)

k=11=1 lp—1=1

Finally, we substitute (3.22)), (3.23) and the expression for ¢, from (3.20) in (3.21) to

have

vj = Z Z Z ml,lmm,lk—l,jé(UjEA’ - A)_lN" ’ (Ule - A)_lN(UllE - A)_IB

k=1li=1  lp_1=1

+Z Z Z nllJZa-u»lk—l,j‘Dk

k=11=1 lp—1=1

T T

o0
E § E My, HE (O3 Ol 05).

k=11;=1 lg—1=1

Using a similar argument, we can prove

o0 T T
V= Z Z Z ﬂlhlzym,lk—thk(:uja/~Ll17' co My )-

k=1li=1 lp_1=1

Since, we have assumed the form of the kth order multivariate transfer function of the
reduced-order system as shown in and F being invertible, this means that the
polynomial parts of each subsystem of the original and reduced-order system are equal
to Dy. This concludes the proof. O

Remark 3.4. Theorem extends the interpolation for linear systems with D #
D, [4, Thm. 3] to bilinear systems.

Remark 3.5. In Theorem[3.3, it is assumed that the matrices U and S do not have
any common eigenvalue in order to have simultaneous solutions of the set of equa-

tions (3.14a)—(3.14d) for the matrices La,Ly,Lp and Lc. If the matrices U and S

have common eitgenvalues, then this leads to numerical issues which we discuss in the
next section.

Theorem shows how to choose the projection matrices and to obtain a reduced-
order system with the required modifications which not only interpolates the underly-
ing Volterra series but also retains the polynomial part of each subsystem. Meanwhile,

11



we also like to highlight an important aspect that the reduced-order system matri-

ces obtained from Theorem are not obtained via projection of the original system

matrices . They are rather obtained via projection of another bilinear system (in-

termediate bilinear system) of order n whose kth order multivariate transfer function

is given by

H(s1,52,...,81) = C(spEE — A) "IN - (soF — A)"'N(s, E — A)"'B + Dy,
(3.24)

where

E=F, A=A+ Ly, N =N + Ly,

~ . (3.25)
B=B+Lg, C=C+ILc.

Interestingly, we project the intermediate bilinear system using the projection matrices
V and W which depend on the original bilinear system matrices, as opposed to the
intermediate bilinear system matrices. So next, to resolve this discrepancy, we show
the formulation of the reduced-order system, obtained in Theorem in a standard
projection framework using the intermediate bilinear system. We reveal that the pro-
jection matrices obtained using the original and intermediate bilinear system matrices
are exactly the same.

Proposition 3.6. For some r < n, we consider two sets of interpolation points o; € C
and p; € C, j =1,...,r, and matrices U, S € C™*" such that A(U) N A(S) = 0. Let
the matrices V- and W be the solutions of and , respectively, and let the
projection matrices V. and W be the solutions to

EVQ— AV — NVUT = Be? (3.26)
and o o o 3
ETWwQ — AW — NTWST = CTeT, (3.27)
respectively. Then, V. =V and W =W also solve ([3.26) and ([3.27)), respectively.
Proof. We begin with proving that the matrix V also satisfies (3.26]). We start with
EVQ - AV - NvUT
=FEVQ— AV — L,V — NVUT — LyVUT  (substituting for A and N from (3.25))
= (EVQ — AV — NVUT) — (LAV + LyVUT)

From (3.12), EVQ — AV — NVUT = Be” and using the relation between L 4, Ly and
Lp from (3.14al), we get

EVQ— AV — NVU"T = Be + Lge”
= (B+ Lg)e” = BeT.

An analogous argument can be given for (3.27) as well. This proves the assertion. [

12



Based on this investigation, we propose the following corollary.

Corollary 3.7. The reduced-order system, determined in Theorem[3.3, coincides with
the reduced system obtained from the intermediate bilinear system, whose kth order
multivariate transfer function is given in , via the projection subspaces V and
W in a standard projection framework.

4 H,-Model Order Reduction for Bilinear Descriptor
Systems

So far, we have shown how to determine a reduced-order system with the appropriate
modifications such that the multipoint interpolation of the underlying Volterra series
can be achieved together with retaining the polynomial part of each subsystem. In
this section, we discuss the first-order necessary conditions for Hs optimality of the
special structured bilinear descriptor systems. The first-oder necessary conditions, in
terms of the pole-residues of the multivariate transfer functions, for bilinear ODEs
were derived in [II] by minimizing the error in the Ho-norm of the error system. In
this paper, we consider the analogous first-order necessary conditions for optimality
for bilinear descriptor systems which are as follows:

Z Z Z qgll’l2""’lk—1’ij(_5\l17"'7_5\lk)

k=1li=1 lp_1=1

o 7 r (4.1)
= Z Z Z ¢EZ1712,‘-»711‘:—17]"[;[]6(_5“17"'v_j‘lk)
k=1 l1:1 Zk71:1
and
co T T k P
ZZ”'Z@“ Za— )\11,.“,*)\1,9)
k=1l=1 Ip=1 j=1
(4.2)
co T L k 9 R R
=SS S Z G—%Hk(wl, =) |
k=1l=1  lx=1 j=1
where ¢>ll ,,,,, 1, and 5\11. are the residues and poles, respectively, of the transfer functions
H, (s1,82,.-.,8k). In this regard, we first establish the connection between the multi-

point interpolation of the Volterra series interpolation conditions and the pole-residues
of the kth order multivariate transfer function of the reduced-order system.

Lemma 4.1. Let Hi(s1,5s9,...,5,) and ﬁk(sl, S2,...,8k) be the kth order multivari-
ate tmnsfer functions of the original and reduced-order systems as shown in (3.2) and
in , respectwely Decompose YAZ = Q = diag(A1,Ae,...,A) and YEZ = 1,

where {)\1,/\2,.. A, -} are the eigenvalues matriz pencil (A, E) and the columns of
Z =lz1,29,. .., r] and Y = [y1,Y2,-..,Yyr] are the right and left eigenvectors, respec-
tively.
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Moreover, define B = YB, N=YNZ andC = C’Z, and let é)h,lz,..-,lk be the residues
corresponding to the kth order multivariate transfer function Hy(s1,...,Sk). Assume
that the projection matrices V. and W solve

EV(-Q) — AV — NVNT = BB”, (4.3)
ETW(—Q) - ATW - NTWN = C”¢,

respectively. Then,

CEeV) =33 bntar i Hi(= iy =), (4.5)

k=1l1=1 Ip=1

Proof. We begin by comparing (4.3) and (3.12)) which readily shows that these two
equations are equivalent after setting

U=N, e=B and o;,=-X;, j=1,...,n

By applying Lemma [3.2} we can write the jth column of V, v;, as follows:

0 =33 Y e B E = AN (B - A)TINGGLE — A)B
k=21;=1 le—1=1
+B;j(\E - A)7IB,
(4.6)
where my, 1, 0.5 = NG )N (lg=1,l—2) - - - N (l2, 1) for k > 2 by the definition of
Mo,y 1D , and B; is the ith element of B. Multiplying by C yields

o T T
Co; = 3 o > e BuHe (=M, =A) + BiH(=Xy). (47
k=21;=1 lp—1=1
Hence,
S5 o S e B Hi (<A, =) + BiHi (=)
k=211=1 l—1=1
PP DEEE Moot y2 By Hi (= Aiys - ooy —A2) + BaHi(—A2)
(C’V)T: k=21,=1 lp_1=1 (4 8)
S5 > nll,.“,lk,l,TBllHk(_S\ll7v--a_xr)+BTH1(_)\T)
li=21=1 1 =1 |

Next, we premultiply the above equation by C = [Cy,Ca,...,C,], where C; is the ith
element of C. This yields

CeV)®=3"3 > Mt anCu By He (=N =hy) + Y CuBi Hi(=A)-

k=211=1 lp=1 le=1

(4.9)
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Now, we recall the expression for the residues éll,---,lk of the kth order multivariate
transfer function of the reduced-order system which are given as

o, = G, By,
Pyl = Clknll ----- lk—lalth? for k> 2.

Lastly, we substitute the above relation in (4.9) which leads to the desired result. [

Our next task is to obtain a reduced-order system which satisfies the necessary
conditions for optimality (4.1) and (4.2)). The following theorem reveals the choice of
a reduced-order system ensuring the first-order necessary conditions for s optimality.

Theorem 4.2. Let Hy(s1, S2,-- -, Sk) and ﬁk(sl, $9,...,8k) be the kth order multivari-
ate transfer functions of the original and reduced-order bilinear systems, respectively,
and assume the projection matrices V- and W are given by and , respectively.
Also, assume that La, Ly, Lp and Lo satisfy the following set of equations:

LAV + LyVNT + LgBT =0, (4.10a)
LAW + LYWN + LEc =0, (4.10b)
WTLB + [0!1, ag, ... 7ar]T =0, (4100)
LCV+[51762’---7BT] 207 (410d)
where . .
@ = Z Z Z 19[17l2;<-~7lk717jcl1Dk? (4.11)
k=1l=1 lp_1=1
and o )
B = Z Z Z Moz, oe.5 B0 D (4.12)
k=1 l1:1 lk_lzl
with

Myrodior g = NG )N (1, l—2) - N (la, 1) for k> 2,
Vit = N—1, )N (lp—2, 1) - - - N(l1,12)  for k> 2.
If the reduced-order system matrices are computed as shown in (3.17), then the first-

order necessary conditions for Ha optimality (4.1) and (4.2) are satisfied along with
retaining the polynomial part of each subsystem.

Proof. We begin by recalling Lemma [3.2] which provides us the formulation of the jth
column of the identity matrix, 1;, see equation ([3.20)),
Vi=D > D st B0 E = A)TIN (01, E = A) TN (o, E — A) 7B,

k=1l1=1 lpy_1=1
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Now, we multiply the above equation by C to get

CU =(C+Lc)V=CV+LcV. (4.13)
Transposing and premultiplying by C leads to

cewm? =cen)T +C(Lev)T.

Next, we substitute LoV given in (4.10d) and employ (4.12) which on simplification
yields

- OC s T ~ ~ ~ b
Z Z Z nll,l27---,lk71,jBllHk'(_)\ll7'"3_)\1))
E=1l=1 lx_1=1
. SO Y Mtaeti B He (=N —A2))
c(cv)t =¢ |k=1u=1 n =1
> 2 S Mdordnrd B He(= Ay, o =A)
Lk=11;=1 lp_1=1 i

Using Lemma [£.1] and simple algebra gives us

SN D Gntorti i (A=A

k=1l=1 lp_1=1

=D > Y Pt (= =),

k=1li=1 lp_1=1

(4.14)

The second necessary condition (4.2]) can be easily obtained in a similar fashion as
shown in [II, Thm. 4.2] by tracing the terms corresponding to W (:, )TV (s, j), for
jg=12...,r O

Clearly, still the computation of the reduced-order system matrices involves the
matrices L4, Ly, Lp and L. which are not readily available. In what follows we show
how to compute the reduced-order system without explicitly computing these matrices
and related computational issues.

Computational issues

Now, we discuss the computational issues regarding determining the reduced-order
system. It is interesting to note that we do not need the matrices L s, Ly, Lp and L¢
explicitly, but we rather require expressions for W7 LV, WTLxV,WT Lg and LoV to
determine the reduced-order system. The expressions for W' Ly and LoV are given

in (4.10d) and (4.10d]), respectively which are
WPLp = —[CT"Dy + NTCT Dy + (NT)2CT D3 4 - -],
LoV = —[DiBT + DoBYNT 4+ DsBT(NT)?2 4.1,
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In order to determine the expressions for WL 4V and WT LxV, we premultiply (4.10al)
and (4.10b) by W7 and V7T, respectively, and obtain

WTLAV + WILNVNT + WT LB =0, (4.15)
VILAW + VILIWN +VTLLC = 0. (4.16)

Now, we subtract (4.15)) from the transpose of (4.16)), leading to the following Sylvester
equation in WTLyV:

NEWTLNVTY = (WTLNVINT +CTLeV —WT LB = 0. (4.17)

In order to have a unique solution of the above Sylvester equation, the matrix (f ®
NT —-N® f) should be invertible. But, it is easy to see that the matrix contains zero
eigenvalues. Therefore, the Sylvester equation either does not have a unique
solution or has no solution. However, if one assumes D, = 0 for k£ > 3, then at-
least one solution for WT LV can be easily computed which satisfies . In this
scenario, the equation boils down to

NEWTLNV —CTDoBY) — (WTLNV — CTDoBYNT = 0.

This implies WT Ly V = CT DyBT satisfies the above Sylvester equation, although it
is not unique. The expression for W7 L4V can be simply computed by inserting the
expressions for W' Lg and WTLyV in ([4.15).

Remark 4.3. As we have noted above, the Sylvester equation either does not
have unique solution or even has no solution. However, it is possible to determine the
solution if D, =0V k > 3.

In case of Dy, # 0 for some k > 3, the equation , in general, does not have
any solution. This implies that it is not possible to obtain a reduced-order system,
satisfying necessary conditions for optimality. Nevertheless, here we set WT LxV equal
to CT Dy BT which often is a good choice as Dy, generally decreases fast.

Remark 4.4. It is shown in [12] that if the bilinear term has the following structure:

_ |Ni1 Npg
v=[% )

then the higher order systems with k > 2, all have zero polynomial parts, i.e., Dy =
OV Ek>2.

Here now, we sketch an iterative algorithm based on our theoretical discussions for
the special class of bilinear descriptor systems considered here.

Remark 4.5. Algom'thm extends the algorithm proposed in [13] for bilinear descrip-
tor system for which the polynomial part of each subsystem was assumed to be zero.

Remark 4.6. The expressions for Rp and R require the summation of the infinite
series. However, D; generally decreases fast, therefore one can consider only the lead-
ing terms which may approximate the infinite summation very well. In all practical
applications we consider in the next section, Dy, =0V k > 2.
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Algorithm 1 B-IRKA for bilinear descriptor systems with index-1 matrix pencil.
1: Input: £, A N, B,C.
2: Make an initial guess of 0, B, N and C.
3: while no convergence do
4: Solve for V and W
EV(-Q)+ AV + NVNT + BBT =0,
ETW(-Q) + ATW + NTWN + CTC = 0.
5: Compute the expression for

WTLlg == > (NT)*ICTDy, = Rp
k=1

LoV =-— Z DkBT(NT)k_l = Rc.
k=1
6: Determine the expression for WTLyV = CTDyBT =: Ry.
7 Determine the expression for WT L,V =: R4,
Ra=—-RyNT —RpBT.
8: Compute the reduced-order system matrices:
E=WTEV, A=WTAV 4+ R4, N =WTNV + Ry,

B=WTB+Rp, C=0CV+Rec.
9: Determine Y and Z such that YAZ =Q, YEZ = 1.
10: Compute N =YNZ, B=YBand C=CZ.
11: end while
12: Output: E,A,N,B,C’.

Remark 4.7. The application of Algorithm[1)is not only restricted to bilinear descrip-
tor systems with index-1 matriz pencil as shown in , but also can be applied to all
bilinear descriptor systems, whose subsystems all have constant polynomial parts. For
instance, all subsystems of the bilinear descriptor system with the following structure
of matrices:

0 O Ao O

[Nt Nio

o [En 0} ’ A {An A12:| 7
B
}, B:[Ol] and C=[C1 Cs],

have constant polynomial parts. Here, the matriz pencil (A, E) has a nilpotency index-
2. Theoretically, Algorithm (1| can be employed to determine a Ho optimal reduced-
order system. But numerically, we have experienced that as the nilpotency index of
the matriz pencil (A, E) increases, the convergence of Algorithm becomes more and
more difficult.

Thus far, we have presented how to obtain the realization of the reduced-order
system which satisfy it’s the first-order necessary conditions for Ho optimality together
with retaining the polynomial part of each subsystem, by assuming the structure of
the kth order multivariate transfer function of the reduced-order system as in .
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Figure 1: Nonlinear transmission line circuit.

However, the corresponding time-domain bilinear system can be given by

Ei(t) = Az(t) + Na(t)u(t) + Bu(t),
g(t) = Z Dyu®(

For a detailed proof, we refer to [12]. Also, therein, the computational issue of

oo}
3" DjuF(t) is also discussed and shown how to deal with this summation cheaply.
k=1

5 Numerical Results

In this section, we illustrate the performance of the proposed B-IRKA for bilinear
descriptor systems using various numerical examples. We also compare them with
the reduced bilinear system, whose matrices E,A,B and C are obtained by linear
IRKA [14 Algo. 5.2], and the reduced bilinear terms, N , are determined by simply
projecting the bilinear terms by using the same projection matrices. The stopping cri-
terion for Algorithm 1 is chosen based on the relative change of the norm of the poles
of the reduced-order system. If the relative change becomes smaller than tol then
we stop the iterations, where tol is chosen as the square-root of machine precision.
Moreover, the initialization of the algorithm is done by choosing arbitrary interpola-
tion points and tangential directions. We also consider a scaling factor for smooth
convergence of B-IRKA as discussed in [6 [[0]. All the simulations are carried out
in MATLAB® version 7.11.0.584(R2010b)64-bit(glnza64) on an Intel(R) Core(TM)2
Quad CPU Q9550 @2.83GHz, 6MB cache, 4GB RAM, openSUSE 12.1 (x86-64).

5.1 Nonlinear RC Circuit

As a first example, we study the nonlinear transmission line circuit whose circuit
diagram is shown in Figure[l} The nonlinearity in the system appears due to the diode
I-V characteristic g(vp) = €*°VP 4-vp — 1, where vp is the voltage across the diode. As
discussed in [12], the system can be modelled as a quadratic-bilinear descriptor system
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(QBDAE) of dimension (2n; + n2), where n; and ny are the numbers of capacitors
(C) and linear resistors (R), respectively. The output of the system is the average
voltage over all nodes. We set n; = 10 and ny = 20, and all electrical component
equal to 1, leading a QBDAE of order n = 40 with the structure of the matrices E and
A as shown in (3.3). However, Carleman bilinearization for descriptor systems [13]
is employed on the QBDAE which gives us a bilinearized system of order 840. The
polynomial part of the first subsystem of the bilinearized system is D; = 0.0333 and
higher order subsystems all have zero polynomial parts.

We determine the reduced-order system of order » = 5 by employing Algorithm
We choose the scaling factor v = 0.5. We also determine the reduced bilinear system
by employing IRKA. To illustrate the accuracy of the reduced-order systems, we plot
the time-domain response for the input u(t) = cos(2wt)e™¢ + 1 in Figure and the
relative errors are shown in Figure Also, we compare the reduced bilinear system
obtained by applying Algorithm [I] with the reduced bilinear system determined by the
linear TRKA.

—— Original System  —— Obtained from B-IRKA  —— Obtained from IRKA ‘

Response Relative Error
T T 10° T T T
10_2 F/\/\/\V—b—A
1074 - |
0 | | | | | | |
0 1 2 3 4 5 0 1 2 3 4 5
Time [s] Time [s]
(a) Transient response for an input (b) Relative error.

u(t) = cos(2mt)e™ " + 1.

Figure 2: Comparison of reduced-order systems obtained by employing B-IRKA and
IRKA with the original system.

Evidently, the reduced-order system obtained by using B-IRKA replicates the input-
output behaviour of the original system much better as compared to the reduced-order
system obtained by using IRKA. We also observe that the higher accuracy of the
reduced-order system, determined by B-IRKA, can be achieved by increasing the order
of the reduced system. On the other hand, the reduced bilinear system determined by
using IRKA produces an unstable reduced-order system, as the order of the reduced
system increases.
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5.2 Parametric RLC Circuit

Next, we consider an RLC circuit as shown in Figure [3| whose first node has three
branches, connected to the voltage source V via a constant resistance R, to a variable
resistance, and to ground via a capacitor. The last, nth, node of the circuit is connected
to the ground via a capacitor. All other nodes also have three branches; the first one
is grounded via a capacitor; the second one is connected to an inductor and the third
one is connected to a variable resistor as shown in Figure

Ry R, Lo,

vT() —e g o S —C —e

I

Figure 3: RLC circuit diagram.

Using Kirchhoff’s voltage law at each node, we obtain the following system of equa-
tions:

ijii(tt):ij_i”l’ j=1,2,...,n—1,
Lj%:—Rjij+1+Uj+1_vj» j=12...,n—1,
O0=vi +41R. =V,
gy = in-

Here, we set all the capacitors C, inductors L, and the resistance R equal to 1. We
also assume that the variable resistances vary linearly with the parameter p as follows:

Rj :Rj(l +p). (51)

Also, we consider R; = 1 . Combining all these equations and utilizing the parametric
relation of the variable resistance, we obtain the following parametric linear system:

Eix(t) = Az(t) + pA1z(t) + Bu(t),

y(t) = Ca(t), (5:2)

where 2(t) is the state vector containing the voltage at each node and current through
resistances. The input u(t) is the voltage source, and the quantity of interest y(t) is
the current through the voltage source. It has been shown in [5] that a special class of
linear parametric systems can be treated as bilinear systems, by re-writing parameters
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p as inputs to the system. Therefore, we can write the system [5.2) as a bilinear system
with two inputs @(t) = [u(t), p]* as follows:

(5.3)

where Ny = 0, N = Ay, and B = [B,0]. We determine reduced bilinear systems
of order » = 15 using B-IRKA. We choose the scaling factor v = 0.1 for smooth
convergence of B-IRKA. We also determine the reduced bilinear system by employing
IRKA of the same order. The computed reduced bilinear systems can be again re-
written as reduced parametric linear systems. In Figure @] we show the comparison
of the transfer functions of the original and reduced-order systems with respect to the
parameter p and the frequency w. In Figure [5] we plot the relative Ho, error with
respect to the parameter p.

o(H(jw) — H(jw))/o(H(jw)) o(H(jw) — H(jw))/o(H(jw))
1072 102
1077 |

10712 |

10t

-0.2 107!
w w

(a) Using B-IRKA. (b) Using IRKA.

Figure 4: Comparison of the reduced-order systems obtained by using B-IRKA and
IRKA with the original system.
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Figure 5: Comparison of relative Ho-norm.

These figures clearly show that the reduced-order system obtained by using B-ITRKA
outperforms the one obtained by using IRKA for a wide range of the parameter.
However, the projection matrices computed by using IRKA capture the dynamics of
the original system very well in the vicinity of the parameter p = 0. This is why one
can see a sharp drop in the relative errors in Figure [] and [f] around the parameter
p=0.

6 Conclusions

In this paper, we have extended the multipoint Volterra series interpolation to a family
of bilinear descriptor systems with the polynomial part of its kth order multivariate
transfer function being constant. We have presented the modified interpolation condi-
tions which not only achieve multipoint interpolation of the underlying Volterra series,
but also retain the polynomial part of each subsystem. Based on the first-order nec-
essary conditions for Hy optimality, we have proposed an iterative rational Krylov
algorithm, the so-called B-TRKA for bilinear descriptor systems, which converges to a
locally Hs optimal reduced-order system, if it converges. Using two numerical exam-
ples, we have demonstrated the efficiency of the proposed methodology and compared
it with reduced-order systems obtained by using IRKA.
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